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P R E F A C .^.. 



Im ^6 preparation of this work, the Author's pre^'*ni8 treatise. 
"Elen<entsof Geometry, Plane and Spherical Trigonometry, Nid Gonio 
Section^,'' has formed the ground-work of construction. /\it in 
adapting ikhe work to the present advanced state of Mathematical . "du- 
ration in our best Institutions, it was found necessary to so alter the 
plan, and the arrangement of subjects, as to make this essentially a 
new work. The demonstrations of propositions have undergone radical 
changes, many new propositions have been introduced, and the number 
of Practical Problems greatly increased, so that the work is now be- 
lieved to be as full and complete as could be desired in an elementary 
treatise. 

In view of the fact that the Seventh Book is so much larger than the 
others, it may be asked why it is not divided into two ? "We answer, 
that classifications and divisions are based upon differences, and that 
the differences seized upon for this purpose must be determined by the 
nature of the properties and relations we wish to investigate. There 
]R such a close resemblance between the geometrical properties of the 
polyedrons and the round bodies, and the demonstrations relating to 
the former require such slight modifications to become applicable to the 
latter, that tnere seems no sufficient reason for separating into two 
Books that part of Geometry which treats of them. 

The subject of Spherical Geometry, which has been much extended 
in the present edition, is placed as before, as an introduction to Spheri- 
cal Trigonometry. The propriety of this arrangement may be ques- 
tioned by some ; but it is believed that much of the difficulty which the 
student meets in mastering the propositions of Spherical Trigonometry, 
arises from the fact that he is not sufficiently familiar with the geome- 
try of the surface of the sphere ; and that, by having the propositions 
of Spherical Geometry fresh in his mind when he begins the study of 
Spherical Trigonometry, he will be as little embarrassed with it as 
with Plane Trigonometry. 

(iii) 
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Both author and teacher must yield to the demands of the age, and 
by a judicious com^nation of the abstract anjMttie<ftDi]<Brgto, the theo* 
retical and tl^e pn^olical, make the student fdll fliat What he learns 
with perhaps jpaiaU effort at first, may be made available in import- 
ant applicatiJis^ 

In teaching Geometry and Trigonometry, questions should be asked, 
extra problems given, and original demonstrations required when the 
proper occasions arise ; but care should be taken that the pupil's powers 
are not over-tasked. By helping him through his difficulties in such 
a way that he shall be scarcely conscious of having received assistance, 
he will be encouraged to make new and greater efforts, and will finally 
acquire a fondness for a study that may have been highly repugnant 
to him in the beginning. 

A demonstration that is easily followed and comprehended by one, 
may be obscure and difficult to another ; hence the advantage that will 
sometimes be gained by giving two or more demonstrations of the same 
proposition. When the student perceives that the same results may 
frequently be reached by processes entirely different, he will be stimu- 
lated to independent exertion, and in no respect can the teacher better 
exhibit his tact than in directing and encouraging such efforts. 

Instances will be found throughout the work in which the more im- 
portant propositions are twice and three times demonstrated ; and as 
the methods of demonstration are in each case quite different, it is 
believed that extra space has not been thus occupied unprofitably. 

Practical rules with applications will be found throughout the work, 
and in addition to these, there are in both the Geometry and the Trigo- 
nometry, full collections of carefully selected Practical Problems. 
These are given to exercise the powers and test the proficiency of the 
pupil, and when he has mastered the most or all of them, it is not 
likely that he will rest satisfied with present acquisition, but conscious 
of augmented strength and certain of reward, he will enter new fields of 
investigation. 

The Author has been aided, in the preparation of the present work, 
by J. P. Quinby, A. M., of the University of Rochester, N. Y., late 
Professor of Mathematics in the United States Military Academy at 
West Point. The thorough Scholarship, and long and successfiil ex- 
perience of this gentleman in the class-room, eminently qualify him for 
such a task ; and to him the public are indebted for much that is valuable, 
both in the matter and arrangement of this treatise, 

October, 1860. 
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GEOMETEY. 



DEFINITIONS. 

1. Gteometry is the science which treats of position, and 
of the forms, measurements, mutual relations, and pro- 
perties of limited portions of space. 

Space extends without limit in all directions, and contains all 
bodies. 

2. A Point is mere position, and has no magnitude. 

3. Extension is a term employed to denote that pro- 
perty of bodies by virtue of which they occupy definite 
portions of space. The dimensions of extension are 
lengthy breadth^ and thicJcness. 

4. A Line is that which has extension in length only. 
The extremities of a line are points. 

5. A Eight or Straight Line is one all of whose parts 
lie in the same direction. 

6. A Curved Line is one whose consecutive parts, how- 
ever small, do not lie in the same direction. 

7. A Broken or Crooked Line is 
composed of several straight lines, 
joined one to another successively, 
and extending in different directions. 

When the word line is used, a straight line is to be understood| 
unless otherwise expressed. 

8. A Surface or Superficies is that which has extension 
in length. and breadth only. 

9. A Plane Burfiace, or a Plane, is a surface such that 

(9) 

• » 




10 GEOMETRY. 

if any two of its points be joined by a straight line, every 
point of this line will lie in the surface. 

10. A Curved Surface is one which is neither a plane, 
nor composed of plane surfaces. 

U, A Plane Angle, or simply an Angle, 
is the difference in the direction of two 
lines proceeding jfrom the same point. 

The other angles treated of in geometry will be named and defined 
in their proper connections. 

12. A Volume, Solid, or Body, is that which has exten- 
sion in length, breadth, and thickness. 

These terms are used in a sense purely abstract, to denote mere 
space — whether occupied by matter or not, being a question with 
which geometry is not concerned. 

Lines, Surfaces, Angles, and Volumes constitute the 
different kinds of quantity called geometrical magnitudes. 

13. Parallel Lines are lines which have 

the same direction. 

Hence parallel lines can never meet, however far they may be 
produced ; for two lines taking the same direction cannot approach 
or recede from each other. 

Two parallel lines cannot be drawn firom the same point; for il 
parallel, they must coincide and form one line. 

PLANE ANGLES. 

To make an angle apparent, the two 
lines must meet in a point, as AB and 
AO^ which meet in the point A, 

Angles are measured by degrees. 

14. A Degree is one of the three hundred and sixty 
equal parts of the space about a point in a plane. 

If, in the above figure, we suppose AC to coincide with ABy 
there will be but one line, and no angle > but if A£ retain its posi 
lion, and A begin to revolve about the point A, an angle will be 
formed, and its mignitude will be expressed bv that number of the 



.^ 
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860 equal spaces about the point A, which is contained between 
AB and AC. 

Angles are distinguished in respect to magnitude by 
the terms Eight, Acute, and Obtuse Angles. 

15. A Right Angle is that formed by one 
line meeting another, so as to make equal 
angles with that other. 

The lines forming a right angle are perpendicular 
to each other. 

16. An Acute Angle is less than a right 
angle. 

17. An Obtuse Angle is greater than 
a right angle. 

Obtuse and acute angles are also called 
ohligue angles; and lines which are neither parallel nor perpen- 
dicular to each other are called oblique Imes. 

18. The Vertex or Apex of an angle is the point in which 
the including lines meet. 

19. An angle is commonly designated by a letter at its 
vertex; but when two or more angles have their vertices 
at the same point, they cannot be 
thus distinguished. 

For example, when the three lines 
ABf A 0, and AD meet in the common 
point A, we designate either of the an- 
gles formed, by three letters, placing ^* 
that at the vertex between those at the 
opposite extremities of the including 
lines. Thus, we say, the angle BAG, 
etc. 

20. Complements. — Two angles are said to be comple- 
ments of each other, when their sum is equal to one right 
angle. 

21. Supplements. — Two angles are said to be supple- 
ments of each other, when their sum is equal to two right 
angles. 
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PLANE FIGURES. 

22. A Plane Figure, in geometry, is a portion of a 
plane bounded by straight or curved lines, or by both 
combined. 

23. A Polygon is a plane figure bounded by straight 
lines, called the sides of the polygon. 

The least number of sides that can bound a polygon is 
three, and by the figure thus bounded all other polygons 
are analyzed. 

FIGURES OF THBEE SIDES. 

24. A Triangle is a polygon having three sides and 
three angles. 

Tri is a Latin prefix signifying three; hence a Triangle is lite- 
rally a figure containing three angles. Triangles are denominated 
from the relations both of their sides and angles. 

25. A Scalene Triang^le is one in 
which no two sides are equal. 



26. An Isosceles Triangle is one in 
which two of the sides are equal. 





27. An Equilateral Triangle is one in 
which the three sides are equal. 

28. A Bight -Angled Triangle is one 
which has one of the angles a right 
angle. 

29. An Obtnse-Angled Triangle is one 
having an obtuse angle. 
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30. An Aoute-Angled Triangle is one 
in which each angle is acute. 





3L An Eqiiiangnlar Triangle is one 
liaving its three angles equal. 



Equiangular triangles are also equilateral^ and yice versa. 
FIGUBES OF FOUR BIDES. 

32. A Quadrilateral is a polygon having four sides and 
four angles. 

33. A ParaUelogram is a quadrilateral 

which has its opposite sides parallel. / / 

Parallelograms are denominated from the rela- ^ ' 

tions both of their sides and angles. 

34. A Bectangle is a parallelogram hav- 
ing its angles right angles. 

35. A Sqnare is an equilateral rectangle. 



36. A Bliomboid is an oblique-angled parallelogram. 



37. A Bliombus is an equilateral rhom- 
boid. 




•: ".>* 



38. A Trapezium is a quadrilateral having 
no two sides parallel. 

39. A Trapezoid is a quadrilateral in 
which two opposite sides are parallel, and 
the other two oblique. 

40. Polygons bounded by a greater number of sides 

a 
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than four are denominated only by the number of sides. 
A polygon of five sides is called a Pentagon j of six, a 
Hexdgon / of seven, a Heptagon ; of eight, an Octagon / 
of nine, a Nonagon^ etc, 

4L Diagonals of a polygon are lines 
joining the vertices of angles not ad- 
jacent. 

42. The Perimeter of a polygon is its boundary consid 
ered as a whole. 

43. The Base of a polygon is the side upon which the 
polygon is supposed to stand. 

44. The Altitude of a polygon is the perpendicular 
distance between the base and a side or angle opposite 
the base. 

45. Equal Magnitudes are those which are not only 
equal in all their parts, but which also, when applied the 
one to the other, will coincide throughout their whole 
extent. 

46. Equivalent Magnitudes are those which, though they 
do not admit of coincidence when applied the one to the 
other, still have common measures, and are therefore 
numerically equal. 

47. Similar Figures have equal angles, and the same 
number of sides. 

Polygons may be similar without being equal; that iS; the angles 
and the number of sides may be equal, and the Ungi^ of the sides 
and the size of the figures unequal. 

THE CIRCLE. 

48. A Circle is a plane figure bound- 
ed by one uniformly curved line, all of 
the points in which are at the same c^ 
distance from a certain point within, 
called the Center^ 

49. The Circumference of a circle is 
the curved line that bounds it 
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50. "The Diameter of a circle is a line passing tlirongfa 
its center, and terminating at both ends in the circum- 
ference. 

SL The Eadius of a circle is a line extending from 
its center to any point in the circumference. It is one 
half of the diameter. All the diameters of a circle are 
equal, as are also all the radii. 

62. An Arc of a circle is any portion of the circum- 
ference. 

63, An angle having its vertex at the center of a 
circle is measured by the arc intercepted by its sides. 
Thus,. the arc AJB measures the angle AOB; and in gen- 
eral, to compare different angles, we have but to compare 
the arcs, included by their sides, of the equal circles 
having their centers at the vertices of the angles. 

UNITS OF MEASURE. ^^ 

54. The Numerical Expression of a Magnitude is a number 
expressing how many times it contains a magnitude of the 
same kind, and of known value, assumed as a unit. 
For lines, the measuring unit is any straight line of fixed 
value, as an inch, a foot, a rod, etc. ; and for surfaces, the 
measuring unit is a square whose side may be any linear 
unit, as an inch, a foot, a mile, etc. The linear unit 
being arbitrary, the surface unit is equally so ; and its 
selection is determined by considerations of convenience 
and propriety. 

For example, the parallelogram ABDC is mea- q -^ 

sured by the number of linear units in CD, mul- 
tiplied by the number of linear units in AC or 
BD) the product is the square units in ABDC. 
For, conceive CD to be composed of any number ^ ^ 

of equal parts — say five— and each part some unit of linear measure, 
and AC composed of three such units; from each point of divi- 
sion on CD draw lines parallel to -4 C, and from each point of divi- 
sion on ^(7 draw lines parallel to CD or AB] then it is as obvioufl 
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as an axiom tliat tHe parallelogram will contain 5 x 3 s 15 square 
units. Hence^ to find the areas of right-angled parallelograms, mul' 
tipl^ the base hy the aMtude. 



EXPLANATION OF TERMS. 

55. An Axiom is a self-evident truth, not only too sim- 
ple to require, but too simple to admit ofj demonstration. 

56. A Proposition is something which is either pro- 
posed to be done, or to be demonstrated, and is either a 
problem or a theorem. 

57. A Problem is something proposed to be done. 

58. A Theorem is something proposed to be demon- 
strated. 

59. A Hypothesis is a supposition made with a view to 
draw from it some consequence which establishes the 
truth or falsehood of a proposition, or solves a problem. 

60. A Lemma is something which is premised, or demon- 
strated, in order to render what follows more easy. 

6L A CoroUary is a consequent truth derived imme- 
diately from some preceding truth or demonstration. 

62. A Scholium is a remark or observation made upon 
something going before it. 

63. A Postulate is a problem, the solution of which is 
self-evident. 

POSTULATES. 

Let it be granted — 

L That a straight line can be drawn from any one point 
to any other point ; 

n. That a straight line can be produced to any distance, 
or terminated at any point ; 

in. That the circumference of a circle can be de- 
scribed about any center, at any distance from that center. 
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AXIOMS. 

1. Thing% whtch are equal to the same thing are equal t6 
each other, 

2. When equali are added to equals the wholes are equoL 

3. When equaU are taken from equals the remainders are 
equal. 

4. When equals are added to unequals the wholes are 
unequal. 

5. When equals are taken from unequals the remainders 
are unequal. 

6. Things' which are double of the same thing^ or equal 
thingsj are equal to each other. 

7. Things which aire halves of the same thing ^ or of equal 
things^ are equal to each other. 

8. The whole is greater than any of its parts. 

9. Every whole is equal to all its parts taken together. 

10. Things which coincide^ or fill the same spacCj are 
identical, or mutually equal in all their parts. 

11. All right angles are equal to one another. 

12. A straight line is the shortest distance between two 
points. 

18. Two straight lines cannot inclose a space. 

ABBREVIATIONai 

The common algebraic signs are used in this work, 
and demonstrations are sometimes made through the 
medium of equations ; and it is so necessary that the 
student in geometry should understand some of the more 
simple operations of algebra, that we assume that he is 
acquainted with the use of the signs. As the terms 
circle, angle, triangle, hypothesis, axiom, theorem, cor- 
ollary, and definition, are constantly occurring in a course 
of geometry, we shall abbreviate them as shown in the 
following list ; 

2* B 
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Addition is expressed by -f 

Subtraction " " . . . . — 

Multiplication " " .... X 

Equality and Equivalency are expressed by • = 
Greater than, is expressed by . . . • > 
Less than, ." " . . • <[ 

Thus : B is greater than JL, is written . B > J. 
B is less than J., " « . jB<J. 

A circle is expressed by O 

An angle " " ....[_ 

A right angle is expressed by . . . E. [_ 
Degrees, minutes, and seconds, are expressed 

by ^'" 

A triangle is expressed by . ' . . .A 
The term Hypothesis is expressed by . . (Hy.) 
« Axiom " « . . (Ax.) 

« Theorem " « . . (Th.) 

" Corollary « " . . (Cor,) 

« Definition " « . . (Def.) 

" Perpendicular is expressed by . -L 

The difference of two quantities, when it is 
not known which is the greater, is ex- 
pressed by the symbol . • . . rv 

Thus, the difference between A and B is written 
AfsiB.. 
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OF STRAIGHT LINES, ANGLES, AND POLYGONS. 

THEOREM I. 

When one straight line meets another j not at its extremity j 
ike two angles thus formed are two right angles^ or they are 
together equal to two right angles. 

Let AB meet (7i>, and if AB is perpen- ^ f^ 

dicular to CZ>, it does not incline to either 
extremity of CD, In that case, the angle 

ABB is equal to the angle ABQ^ and is c b 

a right angle, bj Definition 15. 

But if these angles are unequal, we are to show that 
their sum is equal to two right angles. Conceive the 
line BJSto be drawn from the point B^ so as not to inchne 
toward either extremity of OD; then, by Def. 15, the angles 
OBJS and JEBB are right angles; but the angles OB A 
and ABD make the same sum, or fill the same angular 
space, as the two angles CBJE? and JEBBj and are, con- 
sequently, equal to two right angles. Hence the theorem ; 
when one straight line meets another , not at its extremity j the 
sum of the two angles is equal to two right angles. 

Oor. Hence, the two angles ABC and ABD are supple- 
mentary to each other, (Def. 21). 

THEOREM II. 

From any point in a straight line^ not at its extremity y the 
sum of all the angles that can be formed on the same side of 
the line is equal to two right angles. 

Let CD be any line, and B any point ^ ^ 

in it. 

We are to show that the sum of all the 
angles which can be formed at jB, on one c 
side of CZ>, will be equal to two right angles. 
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By Th. 1, any two supplementaiy angles, as ABD, 
ABOj are together equal to two right angles. And since 
the angular space about the point B is neither increased 
nor diminished by the number of lines drawn from that 
point, the sum of all the angles DBAj ABJS^ EBH, 
HBO J fills the same spaces as any two angles HBB, 
HBO. Hence the theorem ; from any point in a line^ the 
9um of dU the angles that can be formed on the same side of 
the line is equal to two right angles* 

Cor. 1. And, as the sum of all the angles that can be 
formed on the other side of the line, CD, is also equal to 
two right angles; therefore, all the angles that can he 
formed quite round a pointj B, by any number of Unes, are 
together equal to four right angles. 

Cor. 2. Hence, also, the whole circum- 
ference of a circle, being the sum of the 
measures of all the angles that can be 
made about the center F, (Def. 53), is the 
measure of four right angles; conse- 
quently, a semicircumference, is the mea- 
sure of two right angles ; and a quadrant, or 90®, is the 
measure of one right angle. 




THEOBEM III. .Mffi. 

If one straight line meets two other straight lines at a 
common point, forming two angles, which together are equal 
to two right angles, the two straight lines are one and the 
same line. 

Let the line AB meet the 
lines BD and BE at the com- 
mon point B, making the sum 
of the two angles ABB, ABE, 
equal to two right angles ; we 
are to prove that DB and BE 
are one straight line. 
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If BB and BE are not in the same line, produce BB 
to (7, thus forming one line, BBQ. 

Now by Th. 1, ABB + ABO must be equal to two 
right angles. But by hypothesis, ABB + ABB is equal 
to two right angles. 

Therefore, ABB + ABO is equal to ABB + ABBj 
{Ax,. 1). From each of these equals take away the com- 
mon angle ABBy and the angle ABO will be equal to 
ABEj (Ax. 3). That is, the line BE must coincide with 
BQy and they will be in &ct one and the same line, and 
they cannot be separated as is represented in the figure. 

Hence the theorem ; if one line meets two other lines at a 
common pointy forming two angles which together are equal 
to two right angles^ the two lines are one and the same line. 

THEOREM IV. 

If two straight lines intersect each other, the opposite or 
vertical angles must be equal. 

If AB and OB intersect each 
other at E, we are to demonstrate 
that the angle AEO is equal to 
the vertical angle BEB ; and the 
angle AEB, to the vertical angle 
OEB. 

As AB is one line met by BE, another line, the two 
angles AEB and BEB, on the same side of AB, are equal 
to two right angles, (Th. 1). Also, because OB is a right 
line, and AE meets it, tlie two angles AEO and AEB 
are together equal to two right angles. 

Therefore, AEB + BEB = AEO + AEB. (Ax. 1.) 

If from these equals we take away the common angle 
AEBy the remaining angle BEB must be equal to tiie 
remaining angle AEO, (Ax. 3). In like manner, we can 
prove that AEB is equal to OEB. Hence the theorem ; 
if the two lines intersect each other^ the vertical angles must 
he equal. 
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Second Demonstration. 

By Def. 11, the angle JDJEB is the diffeience in the 
direction of the lines HD and UB ; and the angle A£0 
is the difference in the direction of the lines JEO and HA. 

iJut HL is opposite in direction to HO; and JSB is 
opposite in direction to UA. 

I fence, the difference in the direction of HJD and*£B 
is the same as that of HO and JSAj as is obvions by in- 
spection. 

Tljcrefore, the angle JDJSB is equal to its opposite AJSC. 

In like manner, we may prove AJSD = OJEB. 

Ilence the theorem ; if two lines intersect each otheTj ihs 
vertical angles must be equal. 

THEOREM V. 

J(f a straight line intersects two parallel lineSy the turn of 
the two interior angles on the same side of the intersecting 
line is equal to two right angles. 

[XoTR. — By interior angles, 'we mean angles which lie between the 
parallels ; the exterior angles are those not between the paralleli.] 

Let the line EF intersect the 
parallels AB and CD ; then 
we arc to demonstrate that 
the angles BGE + a ED = 

2 11. L 

Because GB and ED are C ~7h d 

parallel, they are equally in- jf 

dined to the line J?JP, or have 

the same difference of direction from that line. There- 
fore, L ^^^ = L GEB. To each of these equals add 
the l_BaE, and we have FGB +BGE=GEB+BaE. 
But by Th. 1, the first member of this equation is equal 
to two right angles ; and the second member is the sum 
of the two angles between the parallels. Hence the theo- 
rem ; if a line intersects two parallel lines^ the sum of the two 
interior angles on the same side of the intersecting line must 
he equal to two right angles. 
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Scholium. — As AB and CD are parallel lines, and EF is a line 
intersecting them^ AB and EF must make angles equal to those made 
by CD and EF. That is, the angles about the point must be equal 
to the corresponding angles about the point H, 

THEOREM VI. 

If a line intersects two parallel lineSy the aUemate interior 
angles are equal. 

ItetAB and CD be paral- 
lels, intersected by JEF at H 
and 0: Then we are to prove 
that the angle AQ-H is equal 
to the alternate angle Q-HDy /y^ 

and ana == RGB. ' 





By Th. 6, \_BaE + \^' 
(7J7Z) = two right angles. Al- 
so, by Th. 1, \_AOH^-YBaH^two right angles. 
From these equals take ^ay tlie common angle BG-Hj 
and L (^SJ> will be left, equal to [_AaH, (Ax. 3). In 
like manner, we can prove that the angle OHQ- is equal 
to the angle HQ-B. Hence the theorem ; if a line intersects 
two parallel lines^ the alternate interior angles are equal. 
Cor. 1. Since \_AaH^ L FG^B, 
and \_Aan^[_aHD\ 

Therefore, L I'GB = L G^^^ (Ax. l)fc 

Also, \_AaF + l_AaE^2'Bi.[_^ (Th. 1), 

and L OEa +\_AaH^2'Si. L, (Th. 5); 

Therefore, 

[_AaF + \_AaH = L 0^<^ + L^6?i5r, (Ax. l); 
and \_AaF = L GSa, (Ax. 3). ^ 

That is, the exterior angle is equal to the interior opposite 
angle on the same side of the intersecting line. 
Oor. 2. Since [_AGff^ l^FGB, 
and [_AaH^\_CHE\ 

Therefore, l_FaB = L OHE. 

In the same manner it may be shown that 

\_AaF ^ \_EHD. 
Hence, the aUemate exterior angles are equal. 
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THEOREM VII. 

If a line intersects two other lines, making the sum of the 
two interior angles on the same side of the intersecting line 
equal to two right angles, the two straight lines are parallel. 

Let the line EF intersect 
the lines AB and CD, making 
the two angles BaH + Q^HB 
= to two right angles ; then 
we are to demonstrate that 
AB and CB are parallel. C "75 b 

As EFjjs a i:ight line and / • 

d^G^'IBaeets it, the two angles 

VQrB and BGH are together equal to two right angles, 
(Th. l)HB^ut by hypothesis, the angles, ^G^iTand QHB, 
are together equal to two right angles. From these two 
equals take away the common angle BO-ff, and the re- 
maining angles FQ-B and O^ffB must be equal, (Ax. 3). 
Now, because GFB and HB make equal angles with the 
same line FF, they must extend in the same direction ; and 
lines having the same direction are parallel, (Def. 13). 
Hence the theorem ; if a line intersects two other lines, making 
the sum of the two interior angles on the same side of the in- 
tersecting line equal to two right angles, the two lines must he 
parallel. 

Oor. 1. K a line intersects two other lines, making the 
alternate interior angles equal, the two lines intersected 
must be parallel. 

Suppose the L -^fl^-fl' = L <^^^' Adding [_HGB 
to each, we have 

\_AaB:+\_HaB = l ^^^ + L^^^- 

but the first member of this equation, that is, l_AGH+ 
\_^BGrB, is equal to two right angles; hence the second 
member is also equal to the same ; and by the theorem, 
the lines AB and CB are parallel. 

Cor. 2. If a line intersects two other lines, making the 
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opposite exterior and interior angles equal, the two lines 
intersected must be parallel. 

Suppose the [_ FC^B = L <?J?-D. Adding the L J?G^^ 
to each, we have 

^ L FGiB + [_EaB = L (^^J> + ^(^B. 
But the first member of this equation is equal to two 
right angles ; hence the second member is also equal to 
two right angles ; and by the theorem, the lines AB and 
CD are parallel. • 

Cor, 3. K a line intersects two other lines, making the 
alternate exterior angles equal, the lines must be parallel. 

Suppose UBGF=[_OirE, and [_AGF=. l__DIIE. 

By Th. 4, L BaF=^ \___AaH, and L OHE = \__DnG . 

Ax\(}is\nQQ \_BGF==^[_QHE, l_AGE^l_DHG. 

That is, the alternate interior angles are equal; an* I 
hence (by Cor. 1) the two lines are parallel. 

THEOREM VIII. 

If two angles have their sides parallel^ the two angles ivill 
he either equal or siqyplementarij . 

Let J. (7 be parallel to BD^ and AH 
parallel to BF or to BG. Then we are 
to prove that the angle DBF is equal 
to the angle CAH^ and that the angle 
DBG is supplementary to the angle A. 
The angle CAR is formed by the differ- 
ence in the direction of ^(7 and A JT; and 
the angle DBF is formed by the differ- 
ence in the direction of BD and BF. 
But AC and All have the same direc- 
tions as BD and BF^ because they are respectively paral- 
lel. Therefore, by Def 11, L CAH^ {_DBF, But the 
line BG has the same direction as BF^ and the angle 
DBG is supplementary to DBF. Hence the theorem; 
angles whose sidss are parallel are either equal or supple- 
mentary. 
3 
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THEOREM IX. 

Tlie opposite angles of any paraUehgram are equal. 

Let AJEBGr be a parallel- 
ogram. Then we are to 

prove that the angle GBJE G 

is equal to its opposite angle \ 

A. \ 

Produce HB to 2>, and GB \ ^ \ 

to F; then, since BJD is par- 
allel to A (r, and BF to AF, the angle DBF is equal to 
the angle A, (Th. 8). 

But the angles GBF and JDBFy being vertical, are 
equal, (Th. 4). Therefore, the opposite angles GBF and 
A J of the parallelogram AFBGy are equal. 

In like manner, we can prove the angle F equal to 
the angle (?. Hence the theorem ; the opposite angles of 
any parallelogram are equal. 

THEOREM X. 

77ie sum of the angles of any parallelogram is equal to 
four right angles. 

Let ABCD be a parallelo- 
gram. We are to prove that 
the sum of the angles Ay jB, 
and i>, is equal to four right 
angles, or to 360^. 

Because AD and BC are parallel lines, and AB inter- 
sects them, the two interior angles A and B are together 
equal to two right angles, (Th. 5). And because CD in- 
tersects the same parallels, the two interior angles O and 
D Hre also together equal to two right angles. By addi- 
tion, we have the sum of the four interior angles of the 
parallelogram ABOD^ equal to four right angles. Hence 
the theorem ; the sum of the. angles of any parallelogram i$ 
^gual to four right angles. 
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THEOREM XI. 

The 9um of the three angles of any triangle is equal to two 
right angles. 

Let ABO be a triangle, 
and through its vertex 
draw a line parallel to the 
base ABy and produce 
the sides AC and BO. 
Then the angles A and 
a, being exterior and in- 
terior opposite angles on 
the same side of the line AC^ are equal to each other. 
For the same reason, l_ B = \_ i» The angles C and (?, 
being vertical angles, are also equal, (Th. 4). Therefore, 
the angles JL, By O are equal to the angles a, 6, c respect- 
ively. But the angles around the point (7, on the upper 
side of the parallel (7Z>, are equal to two right angles, 
(by Th. 2). Hence the theorem ; the sum of the three 
angles^ etc. 

Second Demonstration. 

lietAJEBGr be a parallelogram. ^ 
Draw the diagonal GU ; thus di- 
viding the parallelogram into two 
triangles, and the opposite angles 
O and E each into two angles. 

Because GB and AB are parallel, the alternate interior 
angles BGJE and GJEA are equal, (Th. 6). Designate 
each of these by 6. 

In like manner, because JEB and AG are parallel, the 
alternate interior angles, BUG and EGAy are equal. 
Designate each of these by a. 

Now we are to prove that the three angles JB, 5, and a, 
and also that the three angles JL, a, and (, are equal to 
two right angles. 




28 GEOMET-RT. 

Because A and B are opposite angles of a parallelo- 
gram, they are equal, (Th. 9), and [_A + L_jB = 2 [_A. 

And all the interior angles of the parallelogram are 
equal to four right angles, (Th. 10). 

Therefore, 2J. + 2a + 26 = 4 right angles. 

Dividing by 2, and JL + a + J = 2 " 

That is, all the angles of the triangle -4 6r^ are together 
equal to two right angles. 

Hence the theorem ; the sum of the three angles, etc. 

Scholium. — Any triangle, as AGE, may be conceived to be part of 
a parallelogram. For, let A GE be drawn independently of the paral- 
lelogram ; then draw EB from the point E parallel ia AG, and through 
the point G draw GB parallel to AE, and a parallelogram will be 
formed embracing the triangle ; and thus the sum of the three angles 
of any triangle is proved equal to two right angles. 

This truth is so fundamental, important, and practical, 
as to require special attention ; we therefore give a 

• Third Demonstration. 

Let ABC be a triangle. Then 
we are to show that the angles J., 
(7, and ABO, are together equal 
to two right angles. 

Let AB be produced to 2>, and 
from B draw BE parallel to AQ. 

Then, EBB and CAB being exterior and interior op- 
posite angles on the same side of the line AD, are equal, 
(Th. 6, Cor. 1). Also, CBE and ACB, being alternate 
angles, are equal, (Th. 6). 

By addition, observing that [__ CBE, added to [_EBDj 
must make [_ CBD, we have 

{_CBD^ [_A + [_C. (1.) 

T^o each of these equals add the angle CBA, and we 
Bl«all have 

l^CBA + [_OBD = L^ + L,C+\_CBA. 
But (by Th. 1), the sum of the first two is equal to two 
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right angles; therefore, the three angles, J., (7, and CBAy 
are together equal to two right angles. 

Hence the theorem ; the sum of the three angles^ etc. 

THEOREM XII. 

If any side of a triangle is prodiicedy the exterior angle i$ 
equal to the sum of the two interior opposite angles. 

Let ABC he a triangle. Pro- 
duce AB to D) and we are to ^ E 
prove that the angle CBD is equal 
to the sum of the two angles A 
and C. 

We establish this theorem by a 
course of reasoning in all respects the same as that by 
which we obtained Eq. (L), third demonstration, (Th. 11). 

Cor. 1. Since the exterior angle of any triangle is equal 
to the sura of the two interior opposite angles, therefore 
it is greater than either one of them. 

Cor. 2. If two angles in one triangle be equal to two 
angles in another triangle, the third angles will also be 
equal, each to each, (Ax. 3) ; that is, the two triangles 
will be mutually equiangular. 

Cor. 3. If one angle in a triangle be equal to one angle 
in another, the sum of the remaining angles in the one 
will also be equal to the sum of the remaining angles in 
the other, (Ax. 3). 

Cor. 4. If one angle of a triangle be a right angle, the 
sum of the othor two will be equal to a right angle, 
and each of them singly will be acute, or less than a right 
angle. 

Cor. 5. The two smaller angles of every triangle are 
acute, or each is less than a right angle. 

Cor. 6. All the angles of a triangle may be acute, but 
no triangle can have more than one right or one obtuse 
angle. 

8* 
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THEOREM XIII. 

In any polygon^ the sum of all the interior angles is equal 
to twice as many right angles^ less four, as the figure has 
sides. 

Let ABCDU be any polygon ; 
we are to prove that the sum of 
all its interior angles, A+B+0 
-i-D+Ej is equal to twice as 
many right angles, less four, as 
the figure has sides. 

From any point, p, within the 
figure, draw lines pA, pB, pO, etc., to all the angles, 
thus dividing the polygon into as many triangles as it 
has sides. Now, the sum of the three angles of each of 
these triangles is equal to two right angles, (Th. 11) ; and 
the sum of the angles of all the triangles must be equal 
to twice as many right angles as the figure has sides. But 
the sum of these angles contains the sum of four right 
angles about the point p ; taking these away, and the 
remainder is the sum of the interior angles of the figure. 
Therefore, the sum must-^e equal to twice as many right 
angles, less four, as thcf £gCre has sides. 

Hence the theorem ; injiny polygon, etc. 

From this Theorem is derived the rule for finding the 
sum of the interior angles of any right-lined figure : 

Subtract 2 from the number of sides, and multiply the re- 
mainder by 2; the product will be the number of right angles. 

Thus, if the number of sides be represented by S, the 
number of right angles will be represented by (2/^—4). 

The Theorem is not varied in case 
of a re-entrant angle, as repre- 
sented at d, in the figure ABCdEF. 

Draw lines from the angle d to 
the several opposite angles, making 
as many triangles as the figure has 
sides, kss two, and the sum of the -A. f 

throe angles of each triangle equals two right angles. 
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THEOREM XIY. 

If the sides of one angle be respectively perpendicular 
to the sides of a second angle, these tivo angles will be either 
equal or supplementary. 

Let BAD be the first angle, and 
froni any point within it, as O, draw 
CB and OD, at right angles, the 
first to AB, and the second to AD, 
and produce CD in the direction . 
CE, thus forming at O the supple- 
mentary angles BOE, BCD ; then 

wfll the angle BCE be equal to the angle A^ and therefbre 
BCD, which is the supplement of BCE, will also be the 
supplement of the angle A. 

For since ABCD is a quadrilateral, the sum of the four 
interior angles is four right angles (Prop. 13), and because 
the angles ABC and ADC are each right angles, the sum 
of the angles BAD, BCD is two right angles. But the 
sum of the adjacent angles BCE, BCD is also two right 
angles. Hence, if in these last two sums we omit the com- 
mon angle BCD, we have remaining the angle BCE, equal 
to the angle BAD, and consequently the angle BCD which 
is the supplement of the first of these equal angles is also 
the supplement of the other. 

Hence the Theorem. 

ScHOLiUK. — ^If the vertex of tho second angle be without the first angle, 
we would draw through any assumed point within the first angle parallels to 
the sides of the second ; the above demonstration will then apply to Che first 
angle, and the angle fonned by the parallels. 

• 

THEOREM XT. 

From any point without a straight line, but one perpen^ 
dicular can be drawn to that line. 

From the point A let us suppose 
it possible that two perpendiculars, 
AB and A C, can be drawn. Now, be- 
cause AB is a supposed perpendicu- 
lar, ihe angle ABC is a right angle ; ' ^^ 
and jMause AC is a supposed per- 
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pendicular, the angle ACB is also a right angle; and if 
two angles of the triangle ABC ViVQ together equal to two 
right angles, the third angle, BACy must be infinitely 
small, or zero ; that is, the tvv'o peri)L iniicuiars being dn.wn 
throu^^h the common point A^ and including no ancile, 
must necessarily cuincid(*, and ibrm one and the same per- 
pendicular. 

Hence the theorem ; from any point without a straight 
line, etc. 

Cor. At a given point in a straight line but one per- 
pendicular can be erected to that line ; for, if tlierc could 
be two perpjcndiculars, we should have unequal right 
angles, which is impossible. 

THEOREM XYI. 

Two triangles wliieh have ttvo sides arid the included angle 
in the one, equal to two sides and the included angle in the 
other, each to each, are equal in all resjMcts. 

In the tw^o A's, ABCaud DEF, 
on the supposition that AB = DE, 
AC^DF, and l__A=^l__D, we 
arc to prove that BC must = EF, 
the [_B=\_E, and the L_C = 

Conceive the A^^Ccut out of the paper, taken up, 
and placed on the A DEF in such a manner that the 
l)oint A shall fall on the point JD, and the line AB on 
the line JDE; then the point B will fall on the point E, 
because the lines are equal. Now, as the [_A = l_I>, 
the line ^(7 must take the same direction as BF, and fall 
on BF; and as, AC = BF, the point (7 will fall on F. B 
being on' E and C on F, i>C' must be exactly on EF, 
(otherwise, two straight lines would enclose a space, Ax. 
1')), and BC= EF, and the tw^o magnitudes exactly till 
the same space. Therefore, BC = EF, L^ = L-E, 
[_C ^[_F, and the two A's are equal, (Ax. 10). 

Ilence the theorem ; two triangles which have two sides, etc. 
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THEOREM XVII. 

When two triangles have a side and two adjacent angles in 
the one, equal to a side and two adjacent angles in the other^ 
each to each, the two triangles are equal in all respects. 

In two a's, as ABO and 
DEF^ on the supposition 
that J?(7 = jE?1; L^ = L^, 
and L (7 = L_ JP, we are to 
prove that AB = DE, AO 

■=DF, audL^ = L-P- 

Conceive the ^ ABC taken up and placed on the A 
LEF^ so that the side BC shall exactly coij^cide with its 
equal side EF\ now, because the angle B is equal to the 
angle E, the line BA will take the direction of ED, and 
will fall exactly upon it; and because the angle is equal 
to the angle F^ the line CA will take the direction of 
FBy and fall exactly upon it ; and the two lines BA and 
C4, exactly coinciding with the two lines ED and FT), 
the point A will fall on i>, and the two magnitudes will 
exactly fill the same space ; therefore, by Ax. 10, they are 
equal, and AB = DE, AO =^ DF, and the [_A = [_D. 

Hence the theorem ; when two triangles have a side and 
two adjacent angles in the oncy equal to, etc. 

THEOREM XVIII. 

If two sides of a triangle are equaly the angles opposite to 
these sides are also equal. 

Let ABO be a triangle; and on 
the supposition that AO=BO,we 
are to prove that the [__^=the [_B. 

Conceive the angle divided into 
two equal angles by the line OB,; 
then we have two A's, ABO and 
BBOy which have the two sides, AO 
and OB of the one, equal to the two 
Bides, CB and CD of the other ; and 
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the included angle ACDj of the one, equal to the in« 
eluded angle BCD of the other : therefore, (Th. 16), AD 
s= jB2>, and the angle J., opposite to CD of the one tri- 
angle, is equal to the angle jB, opposite to CD of the 
other triangle ; that is, [_ j1 = [_ jB. 

Hence the theorem ; if two sides of a triangle are equalj 
the angles J etc. 

Cor. 1. Conversely : if two angles of a triangle are equaly 
the sides opposite to them are equal, and the triangle is 
isosceles. 

For, if JL(7 is not equal to JB(7, suppose BC to be the 
greater, and make BJS==AJE; then will A AUB be isos- 
celes, and [Juab = [_I:BA ; hence [_I!AB = L CAB, 
or a part is equal to the whole, whichiis absurd ; therefore, 
CB cannot be greater than ACy that is, neither of the 
sides ACy BC, can be greater than the other, and conse- 
quently they are equal. 

Cor. 2. As the two triangles, ACD and BCD, are in all 
respects equal, the line which bisects the angle included 
between the equal sides of an isosceles A also bisects the 
base, and is perpendicular to the base. 

Scholium 1. — If in the perpendicular DC, any other point than C 
be taken, and lines be drawn to the extremities A and B^ such lines 
will be equal, as is evident from Th. 16 ; hence, we may announce 
this troth : Any point in a perpendicular drawn from the middle of a 
line, is at equal distances from the two extremities of the line. 

Scholium 2. — Since two points determine the position of a line, it 
follows, ihai a line which joins two points each equally distant from the 
extremities of a given line^ is perpendicular to this line at its middle 
point, 

THEOREM XIX. 

The greater side of every triangle has the greater angle 
opposite to it. 

Let ABC be a A ; and on the supposition that AC iB 
Greater than AB, we are to prove that the angle ABC is 
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greater than the L_ ^' From JL(7, the 
greater of the two sides, take AJD^ equal 
to the less side AB^ and draw BJD^ thus 
making two triangles of the original tri- 
angle. As AB = AD, the L ^^^ = 
ihe\_ ABB, {Th. 18). 

But the [_ABB is the exterior angle 

of the A BBOy and is therefore greater 

than (7, (Th. 12, Cor. 1); that is, the 

L ABD is greater than the L C, Much more, tlien, is 

the angle -4 J? (7 greater than the angle C. 

Hence the theorem ; the greater Me of every triangle, etc. 

Oct. Conversely : the greater angle of any triangle has 
the greater side opposite to it. 

In the triangle ABO, let the angle B be greater than 
the angle A; then is the side AO greater than the side 
BO. 

For, if BO^AO, the angle A must be equal to the 
angle B, (Th. 18), which is contrary to the hypothesis ; 
and if BO^AO, the angle A must be greater than the 
angle B, by what is above proved, which is also contrary 
to the hypothesis ; hence BO can be neither equal to, nor 
greater, than AO; it is therefore less than AO. 



THEOREM XX. 

ITie difference between any two sides of a triangle is less 
ttMn the third side. 

ItetABOhesiA, in which JL (7 is greater 
than AB ; then we are to prove that A 
— AB is less than BO. 

On AO, the greater of the two sides, 
lay off AB equal to AB. 

Now, as a straight line is the shortest 
distance between two points, we have 

AB + BO>AO. (1) 
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From these uiicquals subtract the equals AB = AD^ 
and we have BC > AC— AB. (Ax. 5). 

Hence the theorem ; the difference between any two sides 
of a triangle^ etc. 




T II E OR EM XXI. 

if two triangles have the three sides of the one equal to 
the three sides of the .other ^ each to each, the ttvo triangles are 
equ %ly and the equal angles are opposite the equal sides, 

la two triangles, as ABO and ABD, on the supposition 
tha: the side AB of the one = the side AB o{ the other, 
AO=AI), and BC=BI)y we are to demonstrate that 
[_ACB = \_AI)B, \__BAC = 
[_BAI), and [_ABC=^ l__ABI). 

Conceive the two triangles to 
be joined together by their long- 
est equal sides, and draw the 
line CD. 

Then, in the triangle ACD, 
because AC is equal to AD, 

the angle ACD is equal to the angle ADC, (Th. 18). In 
like manner, in the triangle BCD, because BC is equal 
to BD, the angle BCD is equal to the angle BDC Kow, 
the angle ACD being equal to the angle ADC, and the 
angle BCD to the angle BDC, l__ACD + [__BCD=\_' 
ADC -hl^BDC, (Ax. 2) ; that is, the whole angle ACB is 
equal to the whole angle ADB. 

Since the two sides A C and CB are equal to the two sides 
AD and DB, each to eac4i, and their included angles A CB, 
ADB, are also equal, the two triangles ABC, ABD, are 
equal, (Th. 16), and have. their other angles equal; that 
13, \_BAC^ [_BAD, and [_ABC= [_ABD. 

llence the theorem ; if two triangles have the three sides 
of the oncy etc. 
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THEOREM XXII. 

If tivo triavgles have two sides of the one equal to two 
Bides of the other, each to each, and the included angles un- 
equal, the third sides will he tmequal, and the greater third 
side will belong to the triangle which has the greater included 
angle. 

In the two A's, ABC and 
ACB, let AB and AO oi the 
one A be equal to AB and ^(7 
of the other A, and the angle 
BAC greater than the angle 
BAC\ we are to prove that 
the side J5(7is greater than the 
side CB. 

Conceive the two A's joined together by their shorter 
equal sides, and draw the line BB. Now, as AB = AB, 
ABB is an isosceles A. From the vertex A, draw a line 
bisecting the angle BAB. This line must be perpendic- 
ular to the base i?i>, (Th. 18, Cor. 2). Since the [_BAO 
is greater than the \^BAO, this line must meet BO, and 
will not meet CB, From the point E, where the per- 
pendicular meets BC, draw EB. 

Now BE=^ BE, (Th. 18, Scholium 1). 

Add EC to each ; then BC^BE + EC. 

But BE + EC is greater than BC. 

Therefore BC>BC. 

Hence the theorem ; if two triangles have ttvo sides of 
one equal to two sides of the other, etc. 

Cor, Any point out of the perpendicular drawn from 
the middle point of a line, is unequally distant from the 
extremities of the line. 
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THEOREM XXIII. 

A perpendicular is the shortest line that can he drawn from 
any point to a straight line; and if other lines he dravmfrom 
the same point to the same straight line^ that which meets it 
fa/rthestfrom the jperpendicvla/r wiU he longest ; andlhies 
ai equal distances from the perpendicular^ on opposite 
sideSy are equal. 

Let A be any point without the 
line DE ; let AB be the perpen- 
dicular; and AOy ADy and AE 
oblique lines : then, if jB(7 is less 
than jB2>, and jB(7= BE^ we are to 
show, 

Ist. ThsiiAB is less than AO. 
2d. That JL(7 is less than AD. 8d. That JL(7= AE. 

1st. In the triangle ABGy as AB is perpendicular to 
BCy the angle ABO is a right angle; and, therefore (by 
Theorem 12, Cor. 4) ; the angle BCA is less than a right 
angle ; and, as the greater side is always opposite the 
greater angle, AB is less than AC\ and AO may be 
any line not identical with AB\ therefore a perpen- 
dicular is the shortest line that can be drawn from A 
to the line DE. 

2d. As the two angles, AQB and -4.(72), are together 
equal to two right angles, (Th. 1), and ACB is less than 
a right angle, AOD must be greater than a right angle ; 
consequently, the [_ D is less than a right angle ; and, in 
the A ACBy AB is greater than AOy or AO \& less than 
ADy (Th. 19 Cor). 

3d. In the A's J.jB(7and ABEy AB is common, CB^ 
BEy and the angles at .B are right angles; therefore, AO^ 
AEy (Th. 16). 

Hence the theorem ; a perpendicular is the shortest lincy 
etc. 

Cor. Conversely : if two equal oblique lines be drawn 
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firom the same point to a given straight line, they will 
meet the line at equal distances from the foot of the pei- 
pendicular drawn from that point to the given line. 

THEOREM XXIV. 

2%e apposite sides^ and also the opposite angles of any par* 
allelogram, are equal. 

Let ABOD be a parallelogram. 
Then we are to show that AB = 2>(7, 
AI>^BO,l_A^l_0, and [_A1)0 
« l^ABO. 

Draw a diagonal, as BB ; now, be- 
cause AB and BO are parallel, the al- 
ternate angles ABB and BBC are equal, (Th. 6). Foi 
the same reason, as AB and BO are parallel, the angles 
ABB and BBC are equal. Now, in the two triangles 
ABB and BOB, the side BB is common, 

the l_ABB = [_BBO (1) 

and [_BBC =» [_ABB (2^) 

Therefore, the angle A = the angle (7, and the two tri- 
angles are equal in all respects, (Th, 17); that is, the 
sides opposite the equal angles are equal ; or, AB = i>(7, 
and AB =^B0. By adding equations ( 1 ) and ( 2 ), we have 
the angle ABO^ the angle ABO, (Ax. 2). 

Hence the theorem ; the opposite sides j and the opposite 
angles, etc. ' 

Cor. 1. As the sum of all the angles of a parallelogram 
is equal to four right angles, and the angle A is always 
equal to the opposite angle (7; therefore, if Jl is a right 
angle, is also a right angle, and the figure is a rect- 
angle. 

Cor. 2. As the angle ABC, added to the angle A, gives 
the same sum as the angles of the A ABB; therefore, 
the two adjacent angles of a parallelogram are together 
equal to two right angles. 
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THEOREM XXV. 

If the opposite tides of a quadrilateral are equalj they are 
also parallel^ and tJie figure is a parallelogram. 

Let ABCD be any quadrilateral; 
on the supposition \hziAD = BCy and 
AB = i>Cl we are to prove that AD is 
parallel to BCj and AB parallel to DC. 

Draw the diagonal BD\ we now 
have two triangles, ABD and BCD^ 
which have the side BD common, AD of the one = BO 
of the other, and AB of the one = CD of the other; 
therefore the two A's are equal, (Th. 21), and the 
angles opposite the equal sides are equal ; that is, the 
angle ADB = the angle CBD ; but these are alternate 
angles; hence, AD is parallel to BC, (Th. 7, Cor. 1); 
and because the angle ABD = the angle BDC, AJS is 
parallel to CD, and the figure is a parallelogram. 

Hence the theorem ; if the opposite sides of a quadri- 
lateral, etc. 

Cor. This theorem, and also Th. 24, proves that the 
two A's which make up the parallelogram are equal; 
and the same would be true if we drew the diagonal 
from A to C; therefore, the diagonal of any parallelogram 
bisects the parallelogram. 

TnEOREM XXVI. 

The lines which Join the corresponding extremities of two 
erjvnl and parallel straight lines, are themselves equal and 
parallel; and the figure thus formed is a parallelogram. 

On the supposition that AB is 
equal and parallel to DC^we are to 
prove that AD is equal and parallel 
to BC; and that the figure is a par- 
allelogram. 

Draw the diagonal BD ; now, since 




BOOK I. 41 

AB and DC ore parallel, and BD joins them, the alter- 
nate angles ABB and BBC are equal: and since the 
side AB = the side BC, and the side BB i« common to 
the two A*s ABB and CBBy therefore the two triangles 
are equal, (Th. 16) ; that is, AB = BC, the angle ^ = (7, 
and the \_ABB = the [_BBC; also AB is parallel to 
BC; and the figure is a parallelogram. 

llence the theorem ; the lines which join the corresponding 
extremities^ etc. 

THEOREM XXVII. 

Parallelograms on the same hase^ and between the same 
parallelSy are equivalent, or equal in respect to area or sur" 
face. 

Let ABBC and ABBF be two 
parallelograms on the same base 
AB, and between the same paral- 
lels AB and CB ; we are to prove 
that these two parallelograms are 
equal. 

JSTow, CB and FB are equal, be- 
cause they are each equal to AB, (Th. 24) ; and, if from 
the whole line CB y/e take, in succession, CB and FB, 
there will remain BB = OF, (Ax. 3) ; but BE^AC, and 
AF=^ BB, (Th. 24); hence we have two A's, CAF and 
EBB, which have the three sides of the one equal to the 
three sides of the other, ^ach to each ; therefore, the two 
A's are equal, (Th. 21). If, from the whole figure 
ABBC, we take away the A CAF, the parallelogram 
ABBF will remain ; and if from the whole figure we take 
away the other A EBB, the parallelogram ABEC will 
remain. Therefore, (Ax. 3), the parallelogram ABBF =* 
the parallelogram ABEC. 

Hence the theorem ; Parallelograms on the same hase^ etc. 
4« 
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THEOREM XXVIII. 

Triangles en the same base and between the same paralleU 
are equivalent. 

Let the two a's ABJS and ABF 
have the same base ABj and be be- 
tween the same parallels AB and 
EF; then we are to prove that they 
are equal in surface. 

From B draw the line BDj par- 
allel to AF; and from A draw the line AOj parallel to 
BF; and produce FFy if necessary, to O and D-; now the 
parallelogram ABDF = the parallelogram ABFOj (Th. 
27). But the A ABF is one half the parallelogram 
ABFCy and the A ABF is one half the parallelogram 
ABDF; and halves of equals are equal, (Ax. 7) ; there- 
fore the A ABF = the A ABF. 

Hence the theorem ; triangles an the same base^ etc. 

K 

THEOREM XXIX. 

Parallelograms on equal bases, and between the same par- 
allelsj are equal in area. 

Let ABCD and EFaE, be two 
parallelograms on equal bases, AB 
and FFy and between the same 
parallels, AF and DG- ; then we are 
to prove that they are equal in area. 

AB^FF^HGr; but lineg which join equal and 
parallel lines, are themselves equal and parallel, (Th. 26) ; 
therefore, if JLJSTand BGr be drawn, the figure ABGrSis 
a parallelogram = to the parallelogram ABOD, (Th. 27); 
and if we turn the whole figure over, the two parallelo- 
grams, aHEF and GrHAB^ will stand on the same base, 
CrlTj and between the same parallels ; therefore, &HEF 
«s aHABy and consequently ABCD = EFGiH, (Ax. 1). 

Hence the theorem ; Parallelograms on equal bases, etc. 
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0<yr. Triangles on equal bases, and between the same 
parallels, are equal in area. For, draw ^2> and ECr\ the 
Zi ABD is one half of the parallelogram AOy and the 
Zi EFQ- is one half of the equivalent parallelogram FH ; 
therefore, the A ABD = the A EFa, (Ax. 7). 

THEOREM XXX. 

If a triangle and a parallelogram are upon the same or equal 
bases, and between the same parallels^ the triangle is equivor 
lent to one half the parallelogram. 

Let ABO be a A, and ABDE a 
parallelogram, on the same base AB^ 
and between the same parallels ; then 
we are to prove that the a ABO is 
equivalent to one half of the parallel- 
ogram ABDE. 

Draw EB the diagonal of the parallelogram; now, 
because the two A's ABO and ABE are on the same 
base, and between the same parallels, they are equiva- 
lent, (Th. 28) ; but the A ABE is one half the parallel- 
ogram ABDE, (Th. 25, Cor.) ; therefore the A ABO is 
equivalent to one half of the same parallelogram, (Ax. 7). 

Hence the theorem ; if a triangle and a parallelogram, 

etc* 

THEOREM XXXI. 

The complementary parallelograms described about awj 
point in the diagonal of any parallelbgram, are equivalent to 
each other. 

Let -4.(7 be a parallelogram, and 
BD its diagonal ; take any point, 
as J?, in the diagonal, and through 
this point draw lines parallel to the 
sides of the parallelogram, thus 
forming four parallelograms. 

"We are now to prove that the complementary paral- 
lelogramS; AJS and EO, are equivalent. 
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By (Th. 25, Cor.) we learn that the A ABD = A DBO. 
Also by the same Cor., A a= ^b, and Ac^ A d; there- 
fore by addition 

Aa+A<? = AJ + Ad 

Xow, from the whole a ABD take A « + A <?, and 
from the whole A -D-BCtake the equal sum, A 6 + A rf, 
and the remaining parallelograni8^^andjF(7 are equiv- 
alent, (Ax. 3)."^ 

Ilence the theorem ; the complementary parallelograms, 
etc. 

THEOREM XXXII. 

The perimeter of a rectangle is less than that of any rhonu 
hold standing on the same base^ and included between the same 

parallels. 

Let ABCD be a rect- 
angle, and ABEFsi rhom- 
boid having the same base, 
and their opposite sides 
in the same line parallel 
to the base. 

We are now to prove that the perimeter ABODA is less 
than ABJEFA. 

Because AI) is a perpendicular from A to the line DjE? 
and AF an oblique line, AD is less than AF, (Th. 23). 
For the same reason BO is less than BF; hence AB + 
BC<AF+ BF. Adding the sum, AB + 1)0, to the first 
member of this inequality, and its equal AB + FF to 
the second member, we have AB + B0+ OD + DA, or 
the perimeter of the rectangle, less than AB + BE + 
FF+FA, or the perimeter of the rhomboid. Hence 
the theorem ; the perimeter of a rectangle, etc. 
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Thus far, areas have heen considered only relatively 
and in the abstract. We will now explain how we may 
pass to the absolute measures, or, more properly, to the 
numerical expressions for areas. 

THEOREM XXXIII. 

The area of any plane triangle is measured by the pro-- 
duct of its base by one half its altitude ; or by one half of 
the product of its base by its altitude. 

Let ABC represent any triangle, AB 
its base, and ADy at right angles to ABj 
its altitude ; now we are to show that the 
area of ABQi^ equal to the product of 
AB by one half of AD ; or one half of 
AB by AD ; or one half of the product of AB by AD. 

On AB construct the rectangle ABED; and the area 
of this rectangle is measured by AB into AD (Def. 
54) ; but the area of the A ABO is equivalent to one 
half this rectangle, (Th. 30). Therefore, the area of the 
A is measured by | AB x ADy or one half the product 
of its base by its altitude. Ilence the theorem ; the area 
of any plane triangle^ etc. 

THEOREM XXXIV. 

77ie area of a trapezoid is measured by one half the sum 
of its parallel sides multiplied by the perpendicular distance 
between them. 

Let ABDO represent any trape- 
zoid; draw the diagonal J5(7, divid- 
in^o: it into two triangles, ABO and 
BOD : OD is the base of one tri- 
angle, and AB may be considered ^ 
as the base of the other ; and UF is the common altitude 
of the two triangles. 

Now, by Th. 33, the area of the triangle BOD = J OD 
X JSF; and the area of the A ABO= ^AB x EF\ but 
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by additioD, the area'of the two a'b, or of the trape* - 
zoid, is equal to ^ {AB+CJ>)x£I'. Hence the theorem; 
the area of a trapezoid, etc. 

THEOREM XXXV. 

If one of two linet w divided into any nutniier of partt, th4 
rectangle contained by the two lines is egual to the turn of the 
several rectangles contained by the widitnded Une and the tet»- 
ral parts of the divided line. 

Let AB and AD be two lines, 
and fluppose AB divided into any 
number of parts at the points E, 
F, 0-, etc. ; then the whole rect- 
angle contained by the two lines 
is Aff, which is measured hj AB 
into AB. But the rectangle AL is measored by AS 
into AD ; tie rectangle EK is measured by EF into EL, 
which is equal to EFinto AD; and so of all the other 
partial rectangles ; and the truth of the proposition is as 
obvious as that a whole is equal to the snm of all its 
parts. Hence the theorem ; if one of tao lines is divided. 
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THEOREM XXXVI. 

If a straight line it divided into any two parts, the square 
described on the whole line is equivalent to the turn of the 
squares descrQ>ed on the two parts phi* twice the rectangle con- 
tained by the parts. 

Let AB be any line divided into 
any two parts at the point C; now we 
are to prove that the square on AB 
is equivalent to the sum of the 
squares on -A (7 and CB plus twice the 
rectangle contained by J4(? and OB. 

On AB describe the square AD. 
Through the point C draw CM, par- 
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allel to BD ; take BE = BO, and through H draw EKN, 
parallel to AB. We now have CflT, the square on CB, by 
direct construction. 

Ab AB = BD, and CB = BE, by subtraction, AB — 
CB^BD — BE\ or J[(7= JTZ). But JVJK'= -4(7, being 
opposite sides of a parallelogram ; and for the same rea- 
son* KM == EB. Therefore, (Ax. 1), NK^ KM, and the 
figure NM\B a square on NK, equal to a square on AC. 
But the whole square on AB is composed of the two 
squares CE^ NM, and the two complements or rectangles 
AK and KD ; and since each of these latter is AC m 
length, and BCiu. width, each has for its measure AC into 
CB ; therefore the whole square on AB is equivalent to 
AG' + BC' + 2AC X CB. 

Henc^She theorem ; if a straight line is divided into any 
two parts, etc. 

This theorem may be proved algebraically, thus : 

Let w represent any whole right line divided into any 
two parts a and b ; then we shall have the equation 

w = a + b 
By squaring, w' = a' + 6' + 2ab. 

Cor. If a= b, then w^ = 4a' ; that is, the square de- 
scribed on any line is four times the square described on 
one half of it* 

THEOREM XXXVII. 

The square described on the difference of two lines is equiv* 
{dent to the sum of the squares described on the two lines di- 
minished by twice the rectangle contained by the lin^s. 

Let AB represent the greater of two lines, CB the 
less line, and -4 (7 their difference. 

We are now to prove that the square described on AC 
is equivalent to the sum of the squares on AB and BC 
diminished by twice the rectangle contained by AB 
and BC. 

Conceive the square AF to be described on AB, and 
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the square BL on CB ; on A (7 describe 

the square ACG-My and produce MQ- 

to K. 

As aC^AC, and CL = CB, by 

addition, (6r(7+ CX), or 6ri, is equal 

to A (7+ CB, or -AjB. Therefore, the 

rectangle GrE is JLjB in length, and 

CB in width, and is measured by AB 

xBC. 
Also AE= AB, and AM=^ J. (7; by subtraction, Jlfff 

= CB\ and as MK— AB, the rectangle ^^ is -AjB in 
length, and CB in width, and is measured by AB X BC\ 
and the two rectangles GiE and -Sif are together equiva- 
lent to 2AB X BC. 

Now, the squares on AB and ^(7 make the whole figure 
AHFELC', and from this whole figure, or these two 
squares, take away the two rectangles HK and GrE, and 
the square on J. (7 only will remain; that is, 
AC' = A^' + BC' — 2AB x BC. 

Hence the theoreni ; the square described on the differ- 
ence of two lines, etc. 

This theorem may be proved algebraically, thus : 

Let a represent the greater of two lines, b the less, and 
d their diflference ; then we must have this tiijuation : 

c? s= a — b ' 

By squaring, d? = a^ + i^ — 2ab. 

Cor. If d^ b, then cZ = o"j and ci^ = -j- ; tha^ is, the 

square described on one half of any line is equivalent 
to one fourth of the square described on the whole line. 

THEOREM XXXVIII. 

TJie difference of the squares described on any two lines is 
equivalent to the rectangle contained by the sum and difference 
of the lines. 

Let AB be the greater of two lines, and A C the less, 
and on these lines describe the squares AD^ AM; then^ the 
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difference of the squares on AB and AO hA the two rect- 
angles EF and FO. We are now to 
show that the measure of these rect- 
angles may be expressed \ij{AB + AC) 
X {AB—AC). 

. T^e length of the rectangle EF is jEZ>, 
or its equal AB; and the length of the 
rectangle FC is MCy or its equal AG; 
therefore, the length of the two together (if we con- 
ceive them put between the same parallel lines) will be 
AB + AO; and the common width is (7JB, which is equal 
to AB—AC; therefore, A&—AO^^ {AB+AO) x (AB 
^AO). 

Hence the theorem; the difference of the sqtuires de- 
icribed on any two lines, etc. 

This theorem may be proved algebraically: thus. 

Let a represent one line, and b another ; 

Then a + biB their sum, and a — J their difference ; 

and (a + 6) X {a — b) = aJ' — b\ 

THEOREM XXXIX. 

The sqtuire described on the hypotemise of any right-angled 
triangle is equivalent to the sum of the squares described on 
the other two sides. 

Let ji-B (7 represent any right-angled triangle, the right 
angle at 5; we are to prove that the square on -4(7 is 
equivalent to the sum of two squares; one on AB, the 
other on BC, 

On the three sides of the triangle describe the three 
squares, AD, A I, and BM. Through the point B, draw 
BNE perpendicular to AC, and produce it to meet the 
line 6? J in K\ also produce AF to meet G-I in S, and 
ML to meet 01 produced in K. 

Remark. — That the lines, 61 and ML, produced, meet at the point 
Kf may be readily shown. As the proof of this fact is not necessary for 

the demonstration, it is left as an exercise for the learner. '■■ 
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The angle BACH&s, right angle^ and the angle NAS 

is also a right angle ; if 
from these equals we 
subtract the common 
angle BAHy the re- 
maining angle, BACj 
must be equal to the re- 
maining angle G-AH. 
The angle G^ is a right 
angle, equal to the 
angle ABC ; and AB 
^AG; therefore, the 
two A's ABC and 
AGS are equal, and 
AH=AC. ButJL(7= 
AF; therefore, AH^ 
AF. Now, the two 
parallelograms, AE and AHKB are equivalent, because 
they are upon equal bases, and between the same paral- 
lels, FE and EK, (Th. 29). 

But the square Aly and the parallelogram AHKB^ are 
equivalent, because they are on the same base, AB, and 
between the same parallels, AB and GK\ therefore, the 
square AI^ and the parallelogram AE^ being each equiv- 
alent to the same parallelogram AHKB^ are equivalent 
to each other, (Ax. 1). In the same manner we may 
prove that the square BM is equivalent to the rectangle 
ND ; therefore, by addition, the two squares, AI and 
BMj are equivalent to the two parallelograms, AE and 
iV2>, or to the square AD, 

Hence the theorem ; ike square described vn the hypoU 
mise of a right-angled triangle^ etc. 

Cor, If two right-angled triangles have the hypotenuse^ and 
a side of the one equal to the hypotenuse and a side of the 
other, each to each^ the two triangles are equal. 
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Let ABCsxid AGS he the two A's, in which we sup- 
pose AO^ AS, and BC^ Gff; then will AG « AB. 
For, we have AC' -=^W + B0\ 

or, by transposing, ACT — BC^ 



and AH^^AG^+ GH\ 

or, by transposing, AH^ — Gff*^ AG*. 

But by the hypothesis Zg*—"^' ^Zg"— gg*; 
hence, A^ = A G\ or, AB ^ AG. 

SoHouux. — ^The two sides, ^Band BC, may vary, while ^(7 remains 
constant. AB may be equal ix) BC; then the point A^will be in the 
middle of A C. "Wlien AB is very near the length of A C, and BCyerj 
small, then the point JV^ falls very near to C. Now as AE and ^D are 
right-angled pajrallelograms, their areas are measured by the product 
of their bases by their altitudes ; and it is evident that, as they have the 
same altitude, these areas will vary directly as their bases ^.A"" and 
ITC; henee the squares on AB and BC, which are equivalent to those 
rectangles, vary as the lines ^ AT and NC. 

The following outline of the demonstration of tliis pro- 
position is presented as a useful diisciplinary exercise for 
the student 

We employ the same figure, in which no change is 

made except to draw through (7 the line CP, parallel to BK. 

' The first step is to prove the equality of the triangles 

AGS and ABO, whence AR= AC. But AC^AF; 

therefore AR=^ AF. 

The parallelograms AFEN and ASKB are equiva 
lent. Also, the parallelogram AHKB = the square ABIG, 
(Th. 27), and the parallelogram KBOP^rNFDC^squsLVQ 
BCML. Now, by adding the equals 

AFEN= ABIG 
NEDC = BCML 

we obtain AFDC = ABIG + BCML. 

That is, the square on JLCis equivalent to the sum of 
the squares on AB and BC. 

The great practical importance of this theorem, in the 
extent and variety of its applications, and the frequency 
of its use in .establishing subsequent propositions, ren- 
ders it necessary that the student should master it com- 
pletely. To secure this end, we present a 
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Second Demcmtration. 

Let ABO be a triangle 
right-angled at B. On the 
hypotenuse -4.(7, describe the 
sqvLSiTe AOHi). Prom D and 
H let fall the perpendiculars 
J)b and Udj on AB and AB 
produced. Draw Dn and (7a, 
making right angles with 
JSd. 

We give an outline only 
of the demonstration, requiring the pupil to make it 
complete. 

First Part. — ^Prove the four triangles ABOy AbBy BnHy 
and HaOy equal to each other. 

The proof is as follows: The A*& ABO and DnU are 
equal, because the angles of the" one are equal to the 
angles of the other, each to each, and the hypotenuse 
AO o{ the one, is equal to the hypotenuse BJS of the 
other. In like manner, it may be shown that the A's 
AbB and JEaO are equal. 

Now, the sum of the three angles about A, is equal to 
the sum of the three angles of the A ABO; and if, from 
the first sum, we take \_^BAO + L OABy and from the 
second we take L^ + L OAB = \_BAO+ L OAB^ the 
remaining angles are equal; that is, [^BAb is equal to 
[_ACB ; hence the A's ABO and BbA have their angles 
equal, each to each; and since AO == BA^ the A's are 
themselves equal, and the four triangles ABOy AbB^ 
DrfEy and JFaOpfcre e^ual to each other. 

tSecond. — Prove that the square bBnd is equal to a 
square on AB. The square BdaO ia obviously on BO. 

Third. — The area of the whole figure is equal to the 
square on AOy and the area of two of the four equal 
right-angled triangles. 

Also, the area of the whole figure is equal to two other 
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squares, IDnd and daOB^ and two of the four equal tri- 
angles, DnH and EaC. 

Omitting or subtracting the areas of two of the four 
right-angled a's from each of the two expressions for 
the area of the whole figure, there will remain the square 
on AC J equatto the sum of the two squares, Dndb and 
iaCB. 



rJ "^TTvt -TT^J 



That is, AB^ + BQ^ = AQ\ 

Hence the theorem ; the square described an the hypote- 
nuse of a right-angled triangle, etc. 

Scholium. — Hence, to find the hypotenuse of a right-angled triangle, 
extract the square root of the sum of the squares of the two sides about 
the right angle. 

THEOREM XL. 

In any obtuse-angled triangle^ the square on the side oppo- 
site the obtuse angle is greater than the sum of the squares 
on the other two sides, by twice the rectangle contained by 
either side about the obtuse angle, and the part of this side 
produced to meet the perpendicular drawn to it from the 
vertex of the opposite angle. 

Let ABO be any triangle in which 
the angle at B is obtuse. Produce 
either side about the obtuse angle, 
as OB, and from A draw AD perpen- 
dicular to OB, meeting it produced 
atD. 

It is obvious that OB == OB + BD. 

By Th. 36 we have, CD^ = CW + ^£ x BD + JB£^, 
Adding AJ)' to each member of this equation, we have 

AB' + CD* = Gfi ' + BB" + AB" + 20B x BB. 
But, (Th. 39), the first member of the last equation is 
equal to A(f, and 

BB' + AB' =» AB". 
5* 
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Therefore, this equation becomes 

That is, the square on AO \a equivalent to the sum of 
the squares on OB and ABy increased by twice the rect- 
angle contained by CB and BD. 

Hence the theorem; in any ohtv^e- angled triangle^ the 
square on the side opposite the obtuse angle, etc. 

Scholium. — Conceive AB to tarn about the point A, its intersection 
with CD gradually approaching D, The last equation above will be 
true, however near this intersection is to i>, and when it falls upon D 
the triangle becomes right-angled. 

In this case the l ine £D reduces to zero, and the equation becomes 
AC* = CJf + Aff, in which CB and AB are now the base and per- 
pendicular of a right-angled triangle. This agrees with Theorem 39» 
as it should, since we used the property of the right-angled triangle 
established in Theorem 39 to demonstrate this proposition ; and in the 
equation which expresses a property of the obtuse-angled triangle, we 
have introduced a supposition which changes it into one which is 
right-angled. 

THEOREM XLI. 

In any triangUy the square on a side opposite an acute angle 
is less than the sum of the squares on the other two sideSj by 
twice the rectangle contained by either of these sides, and the 
distance from the vertex of the acute angle to the foot of the 
perpendicular let fall on this side, or side produced, from the 
vertex of its opposite angle. 

Let ABC, either 
figure, represent 
any triangle ; C an 
acute angle, CB 
the base, and AD 
the perpendicular, 
which fells either 
without or on the base, Now we are to prove that 

ZB*= CB^ + AC^—2CB X CD. 
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From the first figure we get JBD ^OD—OB (1) 
and from the second BB^CB—CB ( 2 ) 

Either one of these equations will give, (Th. 37), 

.B5'«a5*+aB'— 2CZ)x QB. 

Adding AJf to each member and reducing, we obtain, 
(Th. 89), AB*=: Ja*+ CJS'—WB x OZ), which proves 
the proposition. Hence the theorem. 

THEOREM XLII. 

If in any triangle a line he drawn from any angle to the 
Tniddlejof the opposite nde, twice the squcp'e of this line^ 
together with ttuiee the square of one half the side bisected, nnU 
be equivalent to the sum of the squares of the other two sides. 

Let AB (7 b6 a triangle, and 
M the middle point of its 
base. 

Then we are to prove that 

2AM^ + 20M* = AO^+AB\ 

Draw AB perpendicular to 
the base, and make AB = p, 
AO^lj AB=-e, 08= 2a, 

AM = my and JSIB = x; then Caf == a, (72> = a + a:, BB 
Bs a — X. 

Kow by, (Th. 39), we have the two following equations : 

f+{a — xy=^c' (1) 

j>' + (g + xy = y (2) 

By addition, 2p' + 2x' + 2a'= 6' + c*. Bxxtp' + a^=^m\ 

Therefore, 2m' + 2a' = 6' + e\ 

This equation is the algebraic enunciation of the 
theorem. 
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THEOREM XLIII. 

The two diagonals of any parallelogram bisect each other ; 
and the sum of their squares is equivalent to the sum of the 
squares of the four si^es of the parallelogram. 

Jjet ABOB be any parallelogram, 
and AO and £D its diagonals. 

We are now to prove, 

Ist. That AJS = JSCy and DU = 
JSB. 

2d. Thsit AO^ + B3^ ^ AB^ + W)*+ 03^ +'AD\ 

1. The two triangles ABU and CDF are equal, be- 
cause AB^ QDy the angle ABE^ the alternate angle 
CBBy and the vertical angles at E are equal ; therefore, 
AEy the side opposite the angle ABEy is equal to OE, 
the side opposite the equal angle CZ>jE?; also J5B, the 
remaining side of the one A, is equal to-EZ), the remain- 
ing side of the other triangle. 

2. As AOB is a triangle whose base, J. (7, is bisected 
m E, we have, by (Th. 42), 

2AE^ + 2E3^ ^AB^ + BO^ (1) 

And as A OB is a triangle whose base, A (7, is bisected 
in Ey we have 

2AE^ + 2EB*='AB^ + BO^ (2) 

By adding equations (1) and (2), and observing that 

Eff = EB\ we have 

4XJ' + 4EB^=='AB^ +'B0' +"ZB* +'B0^ 

But, four times the square of the half of a line is equiv- 
alent to the square of the whole line, (Th. 36, Corollary) ; 
therefore 4tAW==:A0\ and 4EB' = BW; and by sub- 
stituting these values, we have 

AO' +'BB' =:~AB' + Bd^ + BG' + ~AB\ 

which equation conforms to the enunciation of the 
theorem. 
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THEOREM XLIY. 

If a line he htseeted and prodtieedy the rectangle contained 
hf the whole line and the part produeedy together with the 
%quare of one half the bisected line^ wHl be equivalent to the 
square on a Unemadeup of thepariprodueed and onehdif the 
bisected line* 

Let AB be any line, bi- 
sected in (7 and produced 
to D. On CD describe 
the square CF^ and on 
BD describe the square 
BE. 

The sides of the square 
BE being produced, the 
square Q-L will be form- 
ed. Also, complete the construction of the rectangle 
ADEK. 

Then we are to prove that the rectangle, AE^ and the 
square, CiL^ are together equivalent to the square. 

The two complementary rectangles, CL and LF^ are 
equal, (Th. 31). But CL=^AHy the line AB being bisected 
at (7; therefore AJJ is equal to the sum of the two com- 
plementary rectangles of the square OF. To AL add 
the square BE^ and the whole rectangle, AE^ will be 
equal to the two rectangles CE and EM. To each of 
these equals add S3f, or the square on HL or its equal 
CBj and we have rectangle AE + square HM = Clf ; 
but rectangle AE = AJ> x JBi>, and square HM = CB*. 
Hence the theorem, etc. 

Scholium. — If we represent AB by 2a, and BD by x, then AD='' 
2a+x, and AD X BD =: 2ax + a^. But Cff = a«; adding this 
equation to the preceding, member to member, we get AD X BD + 
CBl* = a« + 2ax + sc^ = a+x. But CD==a + x; hence this equar 
tion is equivalent to the equation AD X DB + CI? =«= Cl^y whvck v& 
the algebndc proof of tba iiibeorem. 
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THEOREM XLV. 

Jf a straight line he divided into two equal parts^ and oho 
into two unequal partBy the rectangle contained hy the two unr 
equal parts together with the square of the line between the 
points of division^ will he equivalent to the square on one half 
the line. 

Let AB be a line bisected in (7, and divided into two 
unequal parts in D. 

We are to prove 

that AD X DB+ ? C 

CD' ^ Ad", or 0B\ ^ 

We see by inspection that AB ^^ A0+ OB^ and BB 
e AO— OB; therefore by (Th. 38), we have 

ABxBB^Ad'—'CB\ 

By adding OB* to each of these equals, we obtain 

ABxBB+'OB'^ICf 
Hence the theorem. 



.<■• 
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PKOPOKTION. 

DEFINITIONS AND EXPLANATIONS. 

Thb word Proportion, in its common meaning, de* 
notes that general relation or symmetry existing between 
ibe different parts of an object wbicb renders it agree- 
able to our taste, and conformable to our ideas of beauty 
or utility ; but in a mathematical sense, 

L Proportion is the numerical relation which one quan- 
tity bears to another of the same kind. 

As the magnitudes compared must be of the same kind, 
proportion in geometry can be only that of a line to a 
Unej a surface to a surface^ an angle to an angle^ or a volume 
to a volume, 

2. Eatio is a term by which the number which meas- 
ures the proportion between two magnitudes is desig- 
nated, and is the quotient obtained by dividing the one 

by the other. Thus, the ratio of -4. to J5 is - j, or -4. : 5, 

in which A is called the antecedent, and B the consequent. 
If, therefore, the magnitude A be assumed as the unit or 
standard, this quotient is the numerical value of B ex- 
pressed in terms of this unit. 

It is to be remarked that this principle lies at the found- 
ation of the method of representing quantities by num- 
bers. Por example, when we say that a body weighs 
twenty-five pounds, it is implied that the weight of this 
body has been compared, directly or indirectly, with that 
of the standard, one pound. And sp of g^om^triqal 
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magnitudes ; when a line, a surface, or a volume is said 
to be fifteen linear, superficial, or cubical feet, it is un- 
derstood that it has been referred to its particular unit, 
and found to contain it fifteen times ; that is, fifteen is 
the ratio of the unit to the magnitude. 

When two magnitudes are referred to the same unit, 
the ratio of the numbers expressing them will be the 
ratio of the magnitudes themselves. 

Thus, if A and JB have a common unit^ a, which is 
contained in JL, m times, and in JB, n times, then A^ma 

and B = na. and — = — *= — . 

A ma m 

To illustrate, let the 

line A contain the line A 

a six times, and let the 

line B contain the same ^ 

line a five times: then 

t I II I i 

A=6a and B=^ba, which 5 

. 5 5a 5 

3. A Proportion is a formal statement of the equality 
of two ratios. 

Thus, if we have the four magnitudes JL, 5, O and D, 

such that — = — , this relation is expressed by the pro- 
portion A\B::OiD^ or A : B =^ O: By the first of 
which is read, -4. is to 5 as (7 is to 2> ; and the second, 
the ratio of -4 to 5 is equal to that of Oto B. 

4t, The Terms of a proportion are the magnitudes, or 
more properly the representatives of the magnitudes 
compared. 

6. The Extremes of a proport on are its first and fourth 
terms. 

6. The Means of a proportion are its second and third 
terms. 

7. A Couplet consists of tbe two terpxe of a ratio. The 
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first and second terms of a proportion are called the 
fir^t eoupletj and the third and fourth terms are called 
the second couplet. 

8. The Antecedents of a proportion are its first and 
third terms. 

9. The Consequents of a proportion are its second and 
fourth terms. 

In expressing the equality of ratios in the form of a 
proportion, we may make the denominators the ante- 
cedents, and the numerators the consequents, or the 
reverse, without affecting the relation between the magni- 
tudes. It is, however, a matter of some little importance 
to the beginner to adopt a uniform rule for writing the 
terms of the ratios in the proportion ; and we shall always, 
unless otherwise stated, make the denominators of the 
ratios the antecedents, and the numerators the conse- 
quents.* 

10. Equimultiples of magnitudes are the products arising 
jfrom multiplying the magnitudes by the same number. 
Thus, the products. Am and JBw, are equimultiples of 
A and JS. 

11. A Mean Proportional between two magnitudes is a 
magnitude which will form with the two a proportion, 
when it is made a consequent in the first ratio, and an 
antecedent in the second. Thus, if we have three mag- 
nitudes Ay By and (7, such that A : £ :: S : 0, B is a, 
mean proportional between A and 0. 

12. Two magnitudes are reciprocally ^ or inversely pro- 
portional when, in undergoing changes in value, one is 
multiplied and the other is divided by the same number. 
Thus, if A and B be two magnitudes, so related that when 

A becomes mA^ B becomes — , A and B are said to be 

m 

inversely proportional. 

* For discussion of thd two methods of expressing Batio, see Uni- 
versity Algebsa. 
6 
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13. A Proportion is taken inversely wlien the ante- 
cedents are made the consequents and the consequents 
the antecedents. 

14. A Proportion is taken aUematelyy or hy aUemation^ 
when the antecedents are made one couplet and the con- 
sequents the other. 

15. Hntnally Equiangular Polygons have the same num- 
ber of angles, those of the one equal to those of the 
others, each to each, and the angles like placed. 

16. Similar Polygons are such as are mutually equi- 
angular, and have the sides about the equal angles, taken 
in the same order, proportional. 

17. Homologous Angles in similar polygons are those 
which are equal and like placed ; and 

18. The Homologous Sides are those which are like dis- 
posed about the homologous angles. 

THEOREM I. 

jy the first and second of four magnitudes are equals and 
also the third and fourth, the four magnitudes may form a 
proportion. 

Let Ay Bj (7, and D represent four magnitudes, such 
that A^ S and (7= D; we are to prove that A : B :: 
: D. 

Now, by hypothesis, A is equal to 5, and their ratio is 
therefore 1 ; and since, by hypothesis, is equal to 2), 
their ratio is also 1. 

Hence, the ratio of J. to JB is equal to that of (7 to D ; 
and, (by Def. 8), 

A : B :: : J). 

Therefore, four magnitudes which are equal, two and 
two, constitute a proportion. 
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THEOBE 



If four moffnitudes eanatitvte a praportianj the product of 
the eztrevites is equal to the product of the means. 

Let the four magnitudes J., J5, (7, and 2) form the pro- 
portion A I B :i (7 : 2) ; we are to prove that A x D 

The ratio of ^ to £ is expressed by -j =■ r. 
The ratio of (7 to 2) is expressed by r^y » r. 
Hence, {Ax. 1), -j -> 7,* 

A (jt 

Multiplying each of these equals by -4. x C^, we have 

B X C=Ax B. 

Hence the theorem ; if four rndgnitudeB are in jpropor- 
Hon, etc. 

Cor. 1. Conversely; If we haA)e the product of two mag- 
fiUvdea equal to the product qf two otJier magnitudes^ they 
toiU constitute a proportion of which either two may he 
made the extremes and the other two the m^ans. 

Let the magnitudes B x C :=^ Ax D. Dividing both 
members of the equation by A x C^ we obtain 
B D 
A^O' 

Hence the proportion A i B 11 (7:2). 

Cor. 2. If we divide both members of the equation 

Ax D=^Bx C byJl, 

v T> J5x (7 

we have 2> = — -. — . 

A 

That is, to find the fourth term of a proportion, mulr- 
tiply the second and third terms together and divide the pro* 
duct hy the first term. This is the Bule of Three of 
Arithmetic. 
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This equation bIiowb that any one of the four terms 
can be found by a like process^ provided the other three 
are given. 

THEOREM III. 

If three magnitudes are continued propartianahj the product 
of the extremes is equal to the square of the mean. 

Let Af By and represent the three magnitudes : 
Then A : B :: B : Oy Q>j Def. 11). 

But, (by Th. 2), the product of the extremes is equal 
to the product of the means ; that is, ^ x O^B*. 
Hence the theorem ; tf three magnitudesj etc. 

THEOREM IV. 

Equimultiples of any two magnitudes have the same ratio 
as the magnitudes themselves ; and the magnitudes and their 
equimultiples may therefore form a proportion. 

Let A and B represent two magnitudes, and mA and 
mB their equimultiples. 

Then we are to prove that A : B :: mA : mB. 

The ratio of ^ to 5 is -r, and of mA to mJB is 

A 

— -r = -r» the same ratio. 
mA A: 

Hence the theorem; equimuUiples of any two magn^ 

tudeSy etc, 

THEOREM V. 

jff four magnitudes are proportional^ they wiU be propor- 
tional when taken inversely. 

If A : B :: mA : mBy then B : A :: mB : mA ; 

For in either case, the product of the extremes equals 
that of the means ; or the ratio of the couplets is the 
same. 

Hence the theorem; if four qua/ntiHes are proper- 
tionaly eta. 
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THEOREM VI. 

Magiiitudea which are proportional to the same propoT' 
fmcthy are proportional to each other. 

If A : B=^ F : Q]^ Then we are to prove that 
and a : h = P i Q) A \ B = a i I. 

From the 1st proportion, -_ = ^ ; 

From the 2d " - = -S; 

a JP 

Therefore, by (Ax. 1), -j = -, or ^ : JB = a : 6. 

,ai a 

Hence the theorem ; magnitudes which are proportional 
to the same proportionalsy etc. 

Oor. 1. This principle may be extended through any 
number of proportionals. 

Oor. 2. If the ratio of an antecedent and consequent of one 
proportion is equal to the ratio of an antecedent and conse- 
^uent of another proportion, the remaining terms of the two 
proportions are proportional. 

For, if A : B :: 0:1) 

and M : N :: P : Q 

, . , B N ^. B Q 

hence O : B :: F : Q. 

THEOREM VII. 

If any number of magnitudes are proportional, any one of 
the antecedents will be to its consequent as the sum of all the 
antecedents is to the sum of all the consequents. 

Let A, B, 0, D, E, etc., represent the several magni- 
tudes whicli give the proportions 



A : B 
A : B 

A I B 



: Q: D 
'. E : F 
: Cf-: IT, etc., etc. 



6* B 
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To which we may annex the identical proportion, 

A I B II A : B. 

Now, (by Th. 2), these proportions give the following 

equations, 

A X JD ^ B y. 

A X F ^ B X. E 

A X H^ B X a 

A X B Ma B X Aj etc. etc. 

From which, by addition, there results the equation, 

A{B + 1> + F+H, etc.) = B{A +0+E+a, etc.) 

But the sums B + I> + F, etc, and A + O + E^ etc., 
may be separately regarded as single magnitudes ; there- 
fore, (Th. 2, Cor. 1), 

A : B : : J. + (7+ J^+ fl^, etc. : B + l) + F+ JET, etc. 

Hence the theorem ; \f any number ofTnagnitudes are pro- 
partianalj etc. 

THEOREM VIII. 

If four magnitudes constitute a proportion, the first unU he 
to the stmi of the first and second as the third is to the sum of 
the third and fourth. 

By hypothesis, Ai B :: 0:1); then we are to prove 
that A : A + B :: : 0+ J). 

By the given proportion, -—==:—. 
Adding unity to both members, and reducing them to 

the form of a fraction, we have — ^ — =* — 7=—. Chang- 

A U 

ing this equation into its equivalent proportional form^ 

we have 

A : A + B :: O : 0+ B. 

Hence the theorem ; if four magnitudes constitute a pro* 
portion, etc. 

Oor. If we subtract each member of the equation -^ a 



BOOK II. 67 

§ from unity, and reduce as before, we BhaU have 

A : A — B :: 0: O—B. 

Hence also ; tf four magnitudes conBtitute a propartionj 
ihefimt is to the difference between th^ first and second^ as the 
third is to the difference between the third and fourth. 

THEOREM IX. 

If four magnitudes are proportional^ the sum of the first and 
second is to their difference as the sum of the third and fourth 
is to their difference. 

Let J., Sy (7, and D be the four magnitudes which give 

the proportion 

A : B :: 0:1); 

we are then to prove that they will also give the propor- 
tion 

A + B : A—B :: O + B : O — B. 

By Th. 8 we have A : A + B ^ O : Q + D. 

Also by CoroUary, sameTh., A : A — B =^ Q i — D. 

jSTow, if we change the order of the means in these pro- 
portions, which may be done, since the products of ex- 
tremes and means remain the same, we shall have 

A I O =» A + B : O+B. 
A : 0-= A — B : 0—B. 

Hence, (Th. 6), we have 

A + B : 0+ B r=. A — B : 0—B. 
Or, A + B : A — B ^ + B i 0—B. 

Hence the theorem ;^/{mr magnitudes are proportional, 
€te. 

THEOREM X. 

If four magnitudes are proportional^ like powers or like 
roots of the same magnitudes are also proportional. 

If the four magnitudes, A^ 5, (7, and D, give the pro- 
portion 
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A : £ :: (7:2), 
we are to prove that 

J." : JB» : : (7* : D». 

The hypothesis gives the equation — . == -^. Baking 

both members of this equation to the nth power, we have 
I-: - §r, which, e^re^ed in i« e^mvaient p«p«rti«n.I 

form, gives 

If n is a whole number^ the terms of the given propor- 
tion are each raised to a power; but if n is a fraction 
having unity for its numerator, and a whole number for its 
denominator, like roots of each are taken. 

As the terms of the proportion may be first raised to 
like powers, and then like roots of the resulting propor- 
tion be taken, n may be any number whatever. 

Hence the theorem ; \f four magnitudeBy etc. 

THEOREM XI. 

If four magnitudes are proportional^ and aUofour olJierSy 
theproduMs which arise from multiplying the first four by the 
second f our y term by term^ are also proportional. 

Admitting that A i B :: : J), 

and X : T.ii M i N, 

We are to show that AX : BT:: OM: BN. 

From the first proportion, — =s — ; 

From the second, _.= _-. 

X M 

Multiply these equations, member by member, and 

BT^BN^ 

AX CM' 
Or, AX I BT .1 CM: BN. 

The same would be true in any number of proportions. 
Hence the theorem; if four magnitudes are^ etc. 
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THEOREM XII. 

If four magnitudes are proportional^ and also four others^ 
the quotients which arise from dividing the first four hy the 
second four J term hy term, are proportional. 

By hypothesis, A i B :i (7:2), 
and X I T ::M: IT. 

Multiply extremes and means, AD = CB, ( 1 ) 
and XN=MY. (2) 

' Divide (1) by (2), and ^^J=^^|. 

Convert these four factors, which make two equal pro- 
ducts, into a proportion, and we have 

A B a i> 

X' T'' M' W 

By comparing this with the given proportions, we find 
it is composed of the quotients of the several terms of 
the first proportion, divided by the corresponding terms 
of the second. 

Hence the theorem ; if four magnitudes are proportional^ 
etc. 

THEOREM XIII. 

If four magnitudes are proportional^ we may multiply the 
first couplet, the second couplet, the antecedents or the conse- 
quents, or divide them hy the same quantity, and the remits 
will he proportional in every case. 

Let the four magnitudes A, B, 0, and D give the pro- 
portion AiB i: 0\I). By multiplying the extremes 
and means we have 

A.D^B.a (1) 

Multiply both members of this equation by any num- 
ber, as a, and we have 

aA.D = aB.O 

By converting this equation into a proportion in four 
different ways, we have as follows : 



70 GEOMETRY. 

aAiaBii O : D 
A : B :: aO : oD 
aA : B :: aO : 1) 
A : aB :: : oB. 

Besuming the original equation^ (1)^ and dividing botii 
members by a, we have 

A.B B.C 
a a 

This equation may also be converted into a proportion 
in four different ways, with the following results : 



a a 


G: D 

• 


A I B 11 


a a 


— : jB : : 

a 


^:2> 
a 


A ^ 
A * • • 


0:^ 



a a 

Hence the theorem; if four magnitudea are in proportion^ 
etc. 

THEOREM XIV. 

If three magnitudes are in proportion^ the first is to the 
third as the square of the first is to the square of the second. 

Let Aj By and (7, be three proportionals. 
Then we are to prove that A : (7= A^ : JB* 
By(Th. 8) AO^B" 

Multiply this equation by the numeral value of J., and 
we have A^0= AB* 

This equation gives the following proportion : 

A: O^A'iB'. 
Hence the theorem. 

Remark. — It is now proposed to make an application of the pre- 
ceding abstract principles of proportion, in geometrical inyestigatimis. 
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THEOREM XV. 
If two paraUehgrams are equal in area, the base and per- 
fmdicular of either may be made the extremes of a propor* 
tm^ of which the base and perpendicular of the other are the 





and HLNM, 
be two paral- 
lelograms hav- 
ing equal areas, A B 
by hypothesis ; then we are to prove that 
AB : LN :: MK : BF, 

in which MK &ndCBF are the 
altitudes or perpendiculars of 
the parallelograms. 

This proportion is true, if 
the product of the extremes 
is equal to the product of the means ; 
that is, if the equation 

AB.BF = LNMK is true. 

But AB.BF is the measure of the rectangle ABFE^ 
by (Definition 54, B. I.), and this rectangle is equal in 
area to the parallelogram ABCD, (B. I., Th. 27). 

In the same manner, we may prove that LNMK is 
the measure of the parallelogram NLHM. But these 
two parallelograms have equal areas by hypothesis. 

Therefore, AB.BF = LN.MK is a true equation, and 
(Th. 2, Cor. 1), gives the proportion 

AB : LN .1 MK : BF. 

Hence the theorem ; if two parallelograms are equal in 
areaj etc, 

THEOREM XVI. 

Parallelograms having equal altitudes are to each other as 
their bases. 

Since parallelograms having equal bases and equal 
altitudes are equal in area, however much their angles 
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may differ, we can snppose the two parallelogramB ander 
consideratioa to be mutually equiaDgular, withoat in the 
least impairing the generality of this tJieorem. There- 
fore, let ABOD 

and AEFJ) be two i — i — 7 — 7— t — f—i — 7 — 7 — 7 

parallelograma ////////// 
having equal alta- If f 

tnde8,and let them ////// // // 
be placed with * be 

their bases on the same line AE, and let the side, AD, 
be common. Firat suppose dieir bases commensurable, 
and that AM being divided into nine equal parte, AB 
coutidns five of those parts. • 

I^ through the pointa of division, lines be drawn paral- 
lel to AJ>, it is obvious that the whole figure, or the 
parallelogram, AEFD, will be divided into nine equal 
parts, and that the parallelogram, ABCJO, will be com- 
posed of five of those parts. 

Therefore, ABCD : AEFD : : AB : AS : : 5 : 9. 

Whatever be the whole numbers having to each other 
the ratio of the lines AB and AM, the reasonibg would 
remain the same, and the proportion is established when 
the bases are commensurable. But if the bases are not 
to each other in the ratio of any two whole numbers, it 
remains still to be shown that 

AEFJ) : ABCD :: AF : AB (1) 

If this proper 



tion is not true, 
there must be a 
line greater or leas 
than AB, to which 
AF will have the 
same ratio that AFFB has to ABOB. 

Suppose the fourth proportional greater than AB, m 
AK, then, 

AFFB : ABOB .. AF : AK (2). 
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If we now divide the line AE into equal i>Brts, each 
less than the line BK^ one point of division, at least, will 
fall between B and K. Let L be such point, and draw 
iilf parallel to BO. 

This construction makes AE and AL commensura- 
ble; and by what has been already demonstrated, we 

have 

AEFD : ALMD :: AE : AL. (3) 

Liverting the means in proportions ( 2 ) and ( 3 ), they 

become * 

AEFD : AE II ABCD : AK\ 

and AEFD i AE :: ALMD : AL. 

Hence, (Th. 6), 

ABOD : AK :: ALMD : AL. 
By inverting the means in this last proportion, we have 
ABOD : ALMD :: AK : AL. 

But AK is, by hypothesis, greater than AL; hence, if 
this proportion ia true, ABOD must be greater than 
ALMD; but on the contrary it is less. We therefore 
conclude that the supposition, that the fourth propor- 
tional, AK^ is greater than AB, from which alone this 
absurd proportion results, is itself absurd. 

In a similar manner it can be proved absurd to sup- 
pose the fourth proportional less than AB. 

Therefore the fourth term of the proportion ( 1 ) can be 
neither less nor greater than AB ; it is then AB itself, 
and parallelograms having equal altitudes are to each 
other as their bases, whether these bases are commensur- 
able or not. 

Hence the theorem ; Parallelograma hamng equal alti- 
Mds, etc. 

Cor. 1. Since a triangle is one half of a parallelogram 
having the same base as the triangle and an equal alti- 
tude, and as the halves of magnitudes have the same 
ratio as their wholes ; therefore, 
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Triangles having the same or equal altitudes are to eaeh 
other as their bases. 

Cor, 2. Any triangle has the same area as a right- 
angled triangle having the same base and an equal alti- 
tude ; and as either side about the right angle of aright- 
angled triangle may be taken as the base, it follows that 

Two triangles having the same or eqiuil bases are to eaeh 
other as their altitudes. 

Cor. 8. Since either side of a parallelogram may be 
taken as its base, it follows from this theorem that 

Parallelograms having equal bases are to each other as their 
altitudes. 

THEOREM XVII. 

If lines are drawn cutting the sides^ or the sides producedy of 
a triangle proportionallgj such secant lines are parallel to the 
base of the triangle ; and conversely, lines drawn parallel 
to the base of a triangle cut the sideSy or the sides produeedy 
proportionally. 

Let ABO be any triangle, and 
draw the line BE dividing the sides 
AB and AC into parts which give 
the proportion 

AB : BB :: AH : EC. 

"We are to prove that BE is parallel 

to^a 

li BE is not a parallel through 
the point B to the line BO^ suppose 
Bm to be that parallel ; and draw the 
lines i>(7and Bm. 

Now, the two triangles ABm and 
mBOy have the same altitude, since 
they have a common vertex, D, and their bases in the 
same line, A0\ hence, they are to each other as their 
'baBes,-4m and mO^ (Th. 16, Cor. 1). 
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That is, A ADm : A mDO : : Am : mOy 
Also, A AmD : A DmB : : AD : BB. 

But, since Dm is supposed parallel to BO^ the triangles 
DBm and i>0!r7» have equal areas, because they are on 
the same base and between the same parallels, (Th. 28, 
B.I). 

Therefore the terms of the first couplets in the two 
preceding proportions are equal each to each, and conse- 
quently the terms of the second couplets are proportional, 
(Theorem 6). 

That is, AB : BB : : Am : mO 

But AB : BB :: AB : BO by hypothesis. 

Hence we again have two proportions having the first 
couplets, the same in both, and we therefore have 

AB : BO :: Am : mO 
By alternation this becomes 

AB : Am : : BO : mO 

That is, AB is to Am^ a greater magnitude is to a less, 
as JSO is to w (7, a less to a greater, which is absurd. 
Had we supposed the point m to fall between B and (7, 
our conclusion would have been equally absurd ; hence 
the suppositions which have led to these absurd results 
are themselves absurd, and the line drawn through the 
point B parallel to BO must intersect AO in the point 
JS. Therefore the parallel and the line BB are one and 
the same line. 

Oonversely : HBB be drawn parallel to the base of the 
triangle, then will 

AB I BB 11 AB : BO 
For as before, 

A ABB : A BBO :: AB : BO 
and A BBB : A ABB ii BB i AB 

Multiplying the corresponding terms of these propor- 



•.\* 



>* 



78 



OBOMBTRT. 




But AB is /tebmmon to the two triangles ; therefore, 
the three sides of the A ABB are respectively equal to 
the three sides of the A ABQ^ and the two A*s are equal, 
(B. I, Th. 21). 

But the A*s ABB J and oJc, are equiangular by con* 
struction; therefore, the A's, ABO^ and ahc^ are also 
equiangular and similar. 

Hence the theorem ; if any triangle have its sides, etc. 

Second Bemanstration. 

Let abe and ABO be two triangles 
whose sides are respectively propor- 
tional, then will the triangles be equi- 
angular and similar. 

That is, L« = L.A L* = L-S> and 

If the L {? be in fact 
equal to the [_ C^ the tri- 
angle abc can be placed 
on the triangle ABO, ca 
taking the direction of 
OA and cb of OB. The 
line ab will then divide ^ 
the sides OA and OB proportionally, and will therefore 
be parallel to ABj and the triangles will be equiangular 
and similar, (Th. 17). ' 

But if the L (? be not equal to the L ^^ ^^^ place ae 
on J. (7 as before, the point c falling on O. Under the 
present supposition cb will not fall on CB, but will take 
another direction, (7F, on one side or the other of OB. 
Make OV equal to cb and draw a V. 

Now, the A abc is represented in magnitude and posi- 
tion by the*A a VO; and if, through the point a, the line 
ab be drawn parallel to ABj we shall have 

Oa : VA :: ab : AB; 
but by (Hy.) Oa : OA :: aV : AB. 
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Hence, (Th. 6), 



al I AB i: aV : AJB; \ 

which requires that <i6 = a F, but (Th. 22, B. I) ab can 
not be equal to aV; hence the last proportion is absurd, 
and the supposition that the [_(? is not equal to the L ^j 
which leads to this result, is also absurd. Therefore, 
the Le is equal to the L ^i and the triangles are equi- 
angular and similar. 

Hence the theorem ; if any triangle hive its sideSf etc. 



THEOREM XIX. 



Al- 
Bl- 
Cl- 
Dl- 



^ 



I 



^ 



If four straight lines are in proportion^ the rectangle conr 
tained by the lines which constitute the extremes^ is equivalent 
to that contained by those which constitute the means of the 
proportion. 

Let J., By (7, i>, represent the four 
lines; then we are to show, geo- 
metrically, that AxI) = Bx O. 

Place A and B at right angles to each 
other, and draw the hypotenuse. Also place 
O and D at right angles to each other, and 
draw the hypotenuse. Then bring the two 
triangles together, so that shall be at right 
angles to ^, as represented in the figure. 

Now, these two A's have each a R. [__, 
and the sides about the equal angles are pro- 
portional ; that iQj A : B :: 0:1); hence, 
(Th. 17, Cor. 2), the two A's are equiangular, and the 
acute angles which meet at the extremities of B and (7, 
are together equal to one right angle, and the lines B 
and are so placed as to make another right angle; 
therefore, also, the extremities of J., B, (7, and Z>, are in 
one right line, (Th. 8, B. I), and that line is the diag- 
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onal of the parallelogram be. By Th. 81, B. I, the 
complementary parallelograms about this diagonal are 
equal ; but, one of these parallelograms is B in length, 
and in width, and the other is i> m length and A in 
width; therefore, 

B X ^ A X J). 

Hence the theorem; if four straight lines are inpropor* 
tioUj etc, 

Oor. When B = (7, then A x JD ^ B% and B is the 
mean proportional between A and B. That is, if three 
straight lines are in proportion, the rectangle contained 
by the first and third lines is equivalent to the square 
described on the second line. 

THEOREM XX. 

Similar triangles are to one another as the squares of their 
homohgoVjS sides. ^ 

Let ABO and DEF be two 
similar triangles, and LQ and 
MF perpendiculars to the sides 
AB and BE respectively. Then 
we are to prove that 
AABC:^BEF-=-AB^iBE\ 

By the similarity of the tri- 
angles, we have, 

AB iBE =L0 : MF 
But, AB : BE ^ AB: BE 

Hence, ZE' : TiE' ^ AB x LOi BE x MF. 

But, (by Th. 30, B. I), AB x LO is double the area 
of the A ABC J and BE x MF is double the area of the 
A BEF. 
Therefore, A ABO: A BEF:: AB x LO :BExMF 
And, (Th. 6), A ABO: A BEF = ZF : 1^\ 

Hence the theorem ; similar triangles are to one anot^er^ 
etc. 
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The following illnstration wiU enable the learner fully 
to comprehend this important theorem, and it will also 
serve to impress it upon his memory. 

Let dbc and ABG represent two equiangular triangles. 
Suppose the length of 
the side o^ to be two 
units, and the length 
of the corresponding 
side -4.(7 to be three 
units. 

Now, drawing lines 
through the points of 

division of the sides ae and J. (7, parallel to the other sides 
of the triangles, we see that the smaller triangle is com- 
posed of four equal triangles, while the larger contains 
nine such triangles. That is, ' 

the sides of the triangles are as 2 : 8, 

and their areas are as 4 : 9 = 2* : 8'. 




THEOREM XXI. 

Similar polygons may he divided into the same number of 
triangles; and to each triangle in one of the polygons there 
will be a corresp(mding triangle in the other polygon^ these 
triangles being similar and similarly situated. 

Let^5(7i>^and abode 
be two similar polygons. 
Now it is obvious that we 
can divide each polygon ® 
into as many triangles as 
the figure has sides, less 

two; and as the polygons have the same number of sides, 
the diagonals drawn from the vertices of the homologous 
angles will divide them into the same number of tri- 
angles. 
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Since the polygons are similar, tlie angles EAS and edb^ 
are equal, and 

JEA : AB :: ea : ah. 

Hence the two triangles, EAB and eah^ having an angle 
in the one equal to an angle in the other, and the sides 
aboat these angles proportional, are equiangular and 
similar, and the angles ABE and cibe are equal. 

But the angles ABO and ahc are equal, because the 
polygons are similar. 

Hence, \_ABO—\_ABE^ \_ab€ — \_abei 

that is, [_EBO^ \___ehc. 

The triangles, EAB and eoJ, being similar, their ho- 
mologous sides give the proportion, 

AB I BE II ah I be; (1) 
and since the polygons are similar, the sides about the 
equal angles B and b are proportional, and we have 

AB : BO :: db : be; 

or, BO : AB :: be : ab. (2) 

Multiplying proportions (1) and (2), term by term, and 
omitting in the result the factor AB common to the terms 
of the first couplet, and the factor ab common to the 
terms of the second, we have 

BO : BE :: be : be. 

Hence the A's EBO and ebe are equiangular and similar; 
and thus we may compare all of the triangles of one 
polygon with those like placed in the other. 
Hence the theorem; rnnilar polygon% may be dimdedj etc. 

THEOREM XXII. 

The perimeteri of similar polygons are to one another as 
their homologous sides; and their areas are to one another as 
the squares of their homologoiis sides. 

Let ABODE and ahcde be two similar polygons ; then 
we are to prove that AB is to the sum of all the sides 




BOOK II. 83 

of the polygon J.^(71>, as 

a5 is to the sum of all 

the sides of the polygon 

ahcd. ^* 

We have the identical 

proportion 

AB : db :: AB : ah] 

and since the polygons are similar, we may write the 

following : 

AB : ah : : BO i he 

AB : ab :: CD : cd 

AB : ab :: JDH : cfe, etc. etc. 
Hence, (Th. 7), 

AB : ab:: AB+BO+OB+BJE, etc.: cA+hc+cd+ delete 
Therefore, the perimeters of similar polygons are to 

one another as their homologous sides. This is the first 

part of the theorem. 

Since the polygons are similar, the triangles UAB, eah, 

are similar, and if the triangle HAB is a part expressed 

by the fraction -, of the polygon to which it belongs, 

n 

the triangle eah is a like part of the other polygon. 
Therefore, JEAB : eab :: ABCDRA : abcdea. 
But, (Th. 20), UAB : eah : : AB^ : a6^ 
Therefore, (Th. 6), _ 

ABOBJEA : ahcdea : : ZB' : a6^ 
Therefore, the similar polygons are to one another as 

the squares on their homologous sides. This is the 

second part of the theorem. 
Hence the theorem ; the peri^ter^ of similar polt/gons 

are to one another y 0tc^ 

THBORBM XXIII. 

Tipo triangle^ which have an angle in the one equal to an 
angle in the other^ are to each other as the rectangle of the 
ffclM (d^t the equal angles. 





g4 GEOMETRY. 

Let ABC and def be two trianglea having the angles 
A and d equal. It is to 
be proved that the areas 
ABCsiud def are to each 
other as AB.AO is to 
de*df. 

Conceive the triangle 
def placed on the tri- 
angle ABO J so that d 
shall fall on A^ and de on 
AB ; then df will fall on 
AO^ because the L_*s J. 
and d are equal. On AB^ lay off Ae^ equal to de ; and 
on AO^ lay off Af equal to df and draw ef The tri- 
angle Aef will then be equal to the triangle d^. Join 
B and/. 

Now, as triangles having the same altitude are to each 
other as their bases, (Th. 16, Cor. 1), we have 

Aef : ABf :: Ae : AB 

also, ABf : ABO :: Af : AO 

Multiplying these proportions together, term by term, 
omitting from the result ABf a factor common to the 
terms of the first couplet, we have 

Aef : ABO :: Ae.Af : AB. AO 
But Aef is equal to def Ae to dcy and Af to df; therefore^ 
def : ABO :: de . df : AB . AO 
Hence the theorem ; two triangles which have an angU^ etc. 

Scholium. — If we suppose that 

AB I AC :: de I df 

the two triangles will be similar ; and if we muUiplj the terms of the 
first couplet of this proportion by AC, and the terms of the secopd 
couplet 1^ df we shall have 

AB.AO % IC^ :: deX^:^ 



9F* 
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Comparing this with the last proportion in this theorem, and we have, 
(Th.6); __ _ 

defx ABC 11 df : AC^ 

RsMASK. — This scholium is therefore another demonstration of 
Theorem 20, and hence that theorem need not necessarily have been 
made a distinct proposition. We require no stronger proof of the cer- 
tainty of geometrical tru^, than the fact that, howeyer different the 
processes by which we arriye at these truths, we are neyer led into 
inconsistencies ; but wheneyer our conclusions can be compared, they 
will harmonize with each other completely, provided our premises are 
trae and our reasoning logical 

It is hoped that the stadent will lose no opportunity to exercise 
his powers, and test his skill and knowledge, in seeking original 
demonstrations of theorems, and in deducing consequences and 
conclusions from those already established. 

THEOREM XXIV. 

If the vertical angle of a triangle he bisected, the bisecting 
Una will cut the base into segments proportional to the adjor 
cent sides of the triangle. 

Let ABO be any triangle, 
and the vertical angle, C, be bi- 
sected by the straight line CD. 
Then we are to prove that 

AD I LB ^ AQ : OB. 

Produce AO to' JE?, making ^ 
CE = OB, and draw EB. The exterior angle AOB, of 
the A OEBy is equal to the two angles E, and OBE\ 
but the angle E == OBE, because OB = OE, and the tri- 
angle is isosceles ; therefore the angle ACD, the half of 
the angle AOB, is equal to the angle E, and I>0 and BE 
are parallel, (Cor. 2, Th. 7,B. I). 

Now, as ABE is a triangle, and CD is parallel to BE, 
we have AD : DB^AQ i CE or OB, (Th. 17). 

Hence the theorem ; if the vertical angle of a triangU 
he bisected, etc. 
8 
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THEOREM XXY. 

If from ths right angle of a right-angled triangle^ a per* 
pemdkular iM drawn to the hypotenuee ; 

1. The perpendicuioT dividee the triangle into two nmUar 
triangletj each cf which is similar to the whole triangle. 

2. The perpendicular is a mean proportional between the 
segments of the hypotenuse. 

3. The segments of the hypotenuse are in proportion to the 
squares on the adjacent sides of the triangle. 

4. TJie sum of the square on the taro sides is equivalent to 
the square on the hypottnuse. 

Let BAG be a trinnyle, right an- 
gled at J.; and draw AP porp^^ndiou- 
lar to BO. ^^_^___ 

1. The two A**. JR^.^ ar.vi A5A B do 

have the common a»^>x is^ aaivi ^« ri^t angle BAO a 
the right auglo HP A ; :h«reccr^^ ti? iiir-i _ y are eqnal, 
and the twv a*'?^ *^ ^ ' ^^ ^^; -— --- Cor, 1. In the 
same mamuT >fcv x^r\*^v . ' »^ - ^vJv' 5i:T.vHir to the A 
AliCi ar,v; :>v :>»v ;:'vt'.t;-os ^^J ,r\ .-iT'l^ rtangsimilar 
to tho ^:v5? * .<^\'L Ar\ $;. «.":ir v ;>&:.> :cbsr, 

3. A* ^^"■ \v: .^'^ct^V^ *>* v^ ".^ s.o^ ^•.c iLe eqnal 

w, t\f f%*"Tii»a*d»^i«>' ^^ *• *««• r*.v'*y-ab^i«a MRROi the seg* 
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whicli, in the form of a proportion, is 

Gl' I'BA" :: CD : BD; 

that is, the seffmenta of the hypotenuse are proportional to the 
tquaree on the adjacent aides. 
4. By the addition of (1) and (2), we have 

BA" +aA'^Ba{BD+ OD)^BG'; ^ 

that is, the sum of the squares on the sides about the right 
angle is equivalent to the square on the hypotenuse. This is 
another demonstration of Theorem 89, B. I. 

Hence the theorem ; \f from the right angle of a right* 
angled triangle^ etc. 
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OF THE CIRCLE, AND THE INVESTIGATION OF THBO- 
REMS DEPENDENT ON ITS PROPERTIES. 

DEFINITIONS. 

L * A Curved Lino is one whose consecutive parts, how- 
ever small, do not lie in the same direction. 

2. A Circle is a plane figure bounded by one uniformly 
curved line, all of the points of which are at the same 
distance from a certain point within, called the center. 

3. The Circninference of a cir- 
cle is the curved line that 
bounds it. 

4. The Diameter of a circle 
is a line passing tiirOngh the 
center, and terminating at both 
extremities in the circumfer- 
ence. Thus, in the figure, is 
the center of the circle, the 
curved line ACiBD is the cir- 
cumference, and AB is a diameter. 

5. The Radius of a circle is a line extending from the 
center to any point in the circumference. Thus, CD is 
a radius of the circle. 

6. An Arc of a circle is any portion of the circum- 
ference. 




* The first six of the above definitions have been before given among 
the general definitions of Geometry, but it was deemed advisable to 
seinsert them here. 
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7. A Chart of a circle is the line connecting the ex- 
tremities of an arc. 

8. A Segment of a circle is the portion of the circle on 
either side of a chord. 

Thus, in the last figure, UGrF is an arc, and JEF is a 
chord of the circle, and the spaces bounded by the chord 
EF, and the two arcs UGrF and FDF^ into which it 
divides the circumference, are segments. 

9. A Tangent to a circle is a line which, meeting the 
circumference at any point, will not cut it on being 
produced. The point in which the tangent meets the 
circumference is called the point of tangency. 

10. A Secant to a circle is a line which meets the cir- 
cumference in two points, and lies a part within and a 
part without the circumference. 

U, A Sector of a circle is a portion of the circle included 
between any two radii and their intercepted arc. 

Thus, in the last figure, the line HL^ which meets the 
circumference at the point 2>, but does not cut it, is a 
tangent, D being the point of tangency; and the line. 
MN, which meets the circumference at the points P and 
Q, and lies a portion within and a portion without the 
circle, is a secant. The area bounded by the arc 52>, and 
the two radii C!B, 02), is a sector of the circle. 

12. A Circumscribed Polygon is 
bne all of whose sides are tangent 
to the circumference of the circle ; 
and conversely, the circle is then 
said to be inscribed in the polygon. 

13. An Inscribed Polygon is one 
the vertices of whose angles are 
all found in the circumference 
of the circle ; and conversely, the circle is then said to be 
eireumaeribed about the polygon. 

14. A Kegnlar Polygon is one which is both equiangu- 
lar and equilateral. 

8* 
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The last three definitions are illustrated by the last 
figure. 

THEOREM I. 

Any radivs perpendicular to a chords bisects the chordy and 
also the arc of the chord. 

Let AB be a chord, O the center of 
the circle, and OE a radius perpen- 
dicular to AB ; then we are to prove 
that AD = BDy and AE = EB. 

Since C is the center of the circle, 
AQ^ BO^ CD is common to the two 
A's AOD and BOD^ and the angles 
at D are right angles ; therefore the two A's ADO and 
BDC are equal, and AD = DBj which proves the first 
part of the theorem. 

Now, as AD = DB^ and DE is common to the two 
spaces, ADE and BDEy and the angles at D are right 
angles, if we conceive the sector OBE turned over and 
placed on CAEy OE retaining its position, the point B 
will fall on the point A, because AD = BD and AO ^ 
BO; then the arc BE will fall on the arc AE; otherwise 
there would be points in one or the other arc unequally 
distant from the center, which is impossible ; therefore, 
the arc AE = the arc JKB, which proves the second part 
of the theorem. 

Hence the theorem. 

Oor. The center of the circle, the middle point of 
the chord ABj and of the subtended arc AEB, are 
three points in the same straight line perpendicular to 
the chord at its middle point. Now as but one perpen- 
dicular can be drawn to a line from a given point in that 
line, it follows : 

1st. That the radius drawn to the middle point of 
any arc bisects, and is perpendicular to, the chord of 
the arc. 
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2d. That the perpendicular to the chord at its middle 
point passes through the center of the circle and the 
middle of the subtended arc. 




THEOREM II. 

JEqucd angles at the center of a drcU are subtended by 
equal chords. 

Let the angle J.(7JE?=the angle 
ECBy then the two isosceles triangles, 
ACE^ and EOB^ are equal in all re- 
spects, and AE = EB. 

Hence the theorem. 

THEOREM III. 

In ihe same circle, or in equal circles^ equal chords are 
equally distant from the center. 

Let AB and EF be equal chords, 
and the center of the circle. From 
(7, draw 00- and OH, perpendicular 
to the respective chords. These 
perpendiculars will bisect the chords, 
(Th. 1), and we shall have JL 6? = EH. 
We are now to prove that 00 = OH. 

Since the A's EOH and A 00 are right-angled, we 
have, (Th. 89, B. I), 

EW+'HO'^'EO" 
and, AO"+OU'=-'A0\ 

By subtracting these equations, member fipom mem- 
ber, we find that 

EH' — AO' + HU' — 'Od'^'EO' — AO' (l) 

But the chords are equal by hypothesis, hetKie their 
halves, EH and AO, are equal; also EO=^AO, being 
radii of the circle. Wherefore, 
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'EH' — Aa' = 
and, 'M' — 'AO' = 0. 

These values in Equation ( 1 ) reduce it to 

or, Hr so*=ao^ 

and, HO = aO. 

Hence the theorem. 



1 



^ 



Cor. Under all circumstances we have i , 

EH' + Ho*=Aa* + ao\ ^ 

because the sum of the squares in either member of the 
equation is equivalent to the square of the radius of tiie 
circle. 

Now, if we suppose HO greater than G-O, then will 
HO^ be greater than CrO\ Let; the diflference of these 
squares be represented by d. 

Subtracting GO' from both members of the above 
equatioB,-we hav e . . ._. -^ 

TH'+d:==Aa' 

whence, 'AO-' > EH\ and AG^EH. 

Therefore, AB^ the double of A Gr, is greater than Efj 
the double of EH; that is, of two ^arda in the same or 
equal circles^ the one nearer the center is the greater. 

The equation, EH' + HO' = AG' + 'G0\ being true, 
whatever be the position of the chords, we liiay. suppoBB 
GO to have any value between and AOy the radius of 
the circle. ^ - 

When GO becomes zero, the equation reduces to 

EH^+HO^^AG'^B'; 

that is, under this supposition, AG coincides with AO^ 
and A£ becomes the diameter of the circle, the greatesi 
chord that can he drawn in it. 
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THEOREM IV. 

A line tangent to the cireurnference of a circle is at right 
angles with the radiu^ draum to the point of contact. 

Let AOhe 2L line tangent to the circle 
at the point By ail4j^w,the radius, UBy 
and the lines, AH and &E. 

Now, we are to prove that UB is per- 
pendicular to AC. Because B is the 
only point in the line J. (7 which meets 
the circle, (Def. 9, B. Ill), any other line, 
as AJS or OH, must be greater than JEB; 
therefore, JEB is the shortest line that can be drawn from 
the point JE to the line AO; and JEB is the perpendicu- 
lar to ^(7, (Th. 23, B. I). 

Hence the theorem. 




THEOREM V. 

In the same circle, or in equal circles^ equal chords subtend 
or stand on equal portions of the circumference. 

Conceive two equal circles, and two equal chords drawn 
within them. Then, conceive one circle taken up and 
placed upon the other, center upon center, in such a po- 
sition that the two equal chords will fall on, and exactly 
coincide with, each other; the circles must also coin- 
cide, because they are equal ; and the two arcs of the two 
circles on either side of the equal chords must also coin- 
cide, or the circles could not coincide ; and magnitudes 
which coincide, or exactly fill the same space, are in all 
respects equal, (Ax. 10). 

Hence the theorem. 
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THEOREM. VI. 

Thr<mgh three given paints, not in the same straight Um^ 
one circumferenee can be made to passj and- btU one* 

Let Ay By and be three given 

points, not in the same straight 

line, and draw the lines AB and 

BOk If a circumference is made 

to pass through the two points A 

and By the line AB will be a chord 

to such a circle ; and if a chord is 

bisected by a line at right anglqp, 

the bisecting line will pass through 

the center of the circle, (Cor., Th. 1) ; therefore, if we 

bisect the line ABy and draw BFy perpendicular to u45, 

at the point of bisection, any circumference that can 

pass through the points, A and By must have its center 

somewhere in the line BF. And if we draw FG at 

right angles io BO at its middle point, any circumference 

that can pass through the points B and must have its 

center somewhere in the line JEO-. Now, if the two lines, 

BF and FGf-y meet in a common point, that point will be 

a center, about which a circumference can be drawn to 

pass through the three points. Ay By and O, and BF and 

FGf- will meet in every case, unless they are parallel; but 

they are not parallel, for if they were, it would follow 

(Th. 6, B. I) that, since BF is intersected at right angles 

by the line ABy it must also be intersected at right angles 

by the line BOy having a direction different from that of 

AB ; which is impossible, (Th. 7, B. I). 

Therefore the two lines will meet ; and, with the point 
ffy at which they meet, as a center, and SB =» SA = SO 
as a radius, one circumference, and but one, can be made 
to pass through the three given points. 
Hence the theorem. ^ 



\ 
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THEOREM VII. 

If two circles touch each othevy either internally or extern 
iui%, the two centers and the point of contact wiU he in one 
right line* 

Let two circles toueli each 

other internally, as represented 

at A, and conceive AB to be a 

tangent at the common point A. 

Kow, if a line, perpendicular to 

ABy be drawn from the^ point 

i, it must pass .through the 

center of each circle, (Tk 4) ; 

and as but one perpendicular can be drawn to a line at a 

given point in it. Ay (7, and 2>, the point of contact and 

the two centers must be in one and the same line. 
Next, let two circles touch each other externally, and 

from the point of contact conceive the common tangent^ 

ABy to be drawn. 
Then a line, AC, perpendicular to AB, will pass 

through the center of one circle, (Th. 4), and. a per- 
pendicular, AB, from the same j)oint. A, will pass 
through the center of the other circle; hence, BAG Q,nd 
BAB are together equal to two right angles ; therefore 
CAB is one continued straight line, (Th. 3, B. I). 

Cor. When two circles touch each other, internally, the 
distance between their centers is equal to the difference 
of their radii ; and when they touch each other extern- 
ally, the distance between their centers is equal to the 
sum of their radii. 



THEOREM VIII. 



An angle at the circumference of any circle is measured by 
one half the arc on which it stands. 

In this work it is taken as an axiom that any aM^e 
whose vertex is at the center of a circle, is measured by 
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(Th. 8); that is, one half of 180°, or f 
meiisare of a right angle. 

If the angl&ACB is in a segment 
greater than a semicircle, then the 
opposite segment is less than a semi- 
circle, and the measure of the angle 
ia lesH than one half of 180°, or less 
than a right angle. If the angle 
ACB is in a segment less than a 
wmicircle, then the opposite eegment, ADB, on which 
die angle standa, is greater than a semicircle, and its half 
ia greater than 90° ; and, consequently, the angle is 
greater than a right angle. 

Hence the theorem. 

Cot. Angles at the circumference, 
and standing on the same arc of a 
circle, are equal to one another ; for 
all angles, as BAC, BBC, BEC, are 
equal, because each is measured by 
oae half of the are BC. Also, if the 
angle BEO ia equal to CEG, then 
the arcs BG and CQ are equal, be- 
«auBe their halves are the measures of equal angles. 

THEOREM X. 

The turn of ttoo oppoiHie anglet of any quadrilateral in- 
"nled m a circle, is equal to two right angles. 

Let AGBB represent any quadri- 
lateral inscribed in a circle. The 
wigle A OB has for its measure, one 
half of the arc ABB, and the angle 
^B has for its measure, one half of 
file arc ACB; therefore, by addition, 
the sum of the two opposite angles at 
C and B, are together measured by 
one half of the whole circumference, or by 180 degrees, 
- two right angles. Hence the theorem 
9 
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the arc on which it stands ; and we now proceed to prove 
that when the arcs are equal, the angle at the circumference 
is equal to one half the angle at the center. 

Let J. OB be an angle at the center, 
itnd 2> an angle at the circumference, 
and at first suppose 2> in a line with 
AO. "W"e are now to prove that the 
angle ACB is double the angle 2>. 

The A DCB is an isosceles triangle, 
because OD »= GB ; and its exterior 
angle, AOB^ is equal to the two interior angles, D, and 
CBBy (Th. 12, B. I), and since these two angles are equal 
to each other, the angle ACB is double the angle at 
T). But ACB is measured by the arc AB ; therefore the 
angle D is measured by one half the arc AB. 

Next, suppose D not in a line with 
AO^ but at any point in the circum- 
ference, except on AB ; produce BQ 
toE. ' 

Now, by the first part of this 
theorem, 

the angle ECB = 2EBB, 

also, EC A = 2EBA, 

by subtraction, A OB = 2 ABB. 

But A OB is measured by the arc AB ; therefore AI/B 
or the angle 2>, is measured by one half of the same arc. 
Hence the theorem. 




THEOREM IX. 

An angle in a semicircle is a right angle ; an angle in a 
segment greater than a semicircle is less than a right angle ; 
and an angle in a segment less than a semicircle is greater 
than a right angle. 

K the angle AOB is in a semicircle, the opposite seg- 
ment, ABBy on which it stands, is also a semicircle ; and 
the angle AOB is measnred by one half the arc ABB. 
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{Th. 8) ; that is, one half of 180°, or 
measure of a right angle. 

If the angle ACB is in a segment 
greater than a semicircle, then the 
opposite segment is less than a Bemi- 
eircle, and the measure of the angle 
is leas than one half of 180°, or less 
than a right angle. If the angle 
AGB is in a segment less than a 
semicircle, then the opposite segment, ABB, on which 
the angle stands, is greater than a semicircle, and its half 
is greater than 90° ; and, consequently, the angle is 
greater than a right angle. 

Hence the theorem. 

Oor. Angles at the circumference, 
and standing on the same arc of a 
circle, are equal to one another ; for 
all angles, as BAC, BDC, BEC, are 
equal, hecauae each is measured hy 
one half of the arc BC. Also, if the 
angle BEO is equal to CEG, then 
the arcs BC and GO- are equal, be- 
cause their halves are the measures of equal angles. 

THEOREM X. 
The turn of two oppotite angles of any quadrilateral in- 
tcribed m a circle, ig equal to two right angUt. 

Let AOSD represent any quadri- 
lateral inscribed in a circle. The 
angle AOB has for its measure, one 
half of the arc ABB, and the angle 
AI>B has for its measure, one half of 
the arc AGB ; therefore, by addition, 
the sum of the two opposite angles at 
C and B, are together measured by 
one half of the whole circumference, or by 180 degrees, 
»- two right angles. Hence the theorem. 
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THEOREM XI. 

An angle formed hy a tangent and a chord is measured Iff 
one half of the intercepted arc. 

Let AB be a tangent, and AD a 
chord, and A the point of contact ; 
then we are to prove that the angle 
BAD is measured by one half of the 
arc AED. 

From A draw the radius A0\ and 
from the center, (7, draw OH per- 
pendicular to AD. 

The [_BAD + \_DAO-= 90^ (Th. 4). 

Also, [_0+Y_DAO= 90^ (Cor. 4, Th. 12, B. I). 

Therefore, by subtraction, BAD — (7= 0; 

by transposition, the angle BAD = 0. 

But the angle C, at the center of the circle, is measured 
by the arc AJE, the half of AHD ; therefore, the equal 
angle, BADj is also measured by the arc AHy the half 
of AJSD. 

Hence the theorem. 




THEOREM XII. 

An angle formed ly a tangent and a chords is equal to a/n 
angle in the opposite segment of the circle. 

Let AB be a tangent, and AD a 
chord, and from the point of contact, 
-4., draw any angles, as AODy and 
AED^ in the segments. Then we are 
to prove that [_ ^^i> = L, -^C!Z>, and 
L GiAD = L ^HD. 

By Th. 11, the angle BAD is meas- 
nred by one half the arc AED ; and 
as the angle AOD is measured by one half of the same 
arc, (Th. 8), we have L BAD -^\_ACD. 
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Again, sls AEDO is a quadrilateral, inscribed in a 
circle, the sum of the opposite angles, 

AOD + AED = 2 right angles. (Th. 10). 

Also, the sum of the angles 

BAB + DAa = 2 right angles. (Th. 1, B. I). . 

By subtraction (and observing that BAD has just been 
proved equal to A 0D\ we have, 

AED — DAa^ 0. 
Or, by transposition, AED == DAG-. 

Hence the theorem. 

THEOREM XIII. 

Arc% of the circumference of a circle intercepted hy par air 
kl chords^ or by a tangent and a parallel chords are equal. 

Let AB and CD be parallel chords, 
and draw the diagonal, AD ; now, be- 
cause AB and CD are parallel, the 
angle DAB = the angle ADO(^h. 6, B. 
I); but the angle DAB has for its meas- 
ure, one half of the arc BD ; and the 
angle J.2>(7has for its measure, one half of the arc AOj 
(Th. 8) ; and because the angles are equal, the arcs are 
equal; that is, the arc BD = the arc AQ. 

Ifext, let EF be a tangent, parallel to a chord, CD, and 
from the point of contact, 0-y draw G-D. 

Since EF and CD are parallel, the angle CDQ- ^ the 
angle DQ-F. But the angle CDOr has for its measure, 
one-half of the arc (76?, (Th. 8) ; and the angle DGF 
has for its measure, one half of the arc GiD^ (Th. 11) ; 
therefore, these measures of equals must be equal ; that 
is, the arc (7G^=the arc OB, 
Hence, the theorem. 
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THEOREM XIV. 

When two chords interaect each other within a circle^ the 
angle thus formed is measured by one half the eum of the two 
intercepted arcs. 

Let AB and CD intersect each 
other within the circle, forming the 
two angles, JS and JF', with their 
equal vertical angles. 

Then, we are to prove that the 
angle JS is measured by one half the 
sura of the arcs AC and BB; and 
the angle JS' is measured by one half the sum of the 
arcs AB and OB. 

First, draw AF parallel to (7D, and FB will be equal 
to J. (7, (Th. 18); then, by reason of the parallels, [_ BAF 
«= L jF. But the angle BAF is measured by one half 
of the arc BBF; that is, one half of the arc BB plus one 
half of the arc A 0. 

Now, as the sum of the angles F and F' is equal to 
two right angles, that sum is measured by one half the 
whole circumference. 

But the angle F, alone, as we have just proved, is 
measured by one half the sum of the arcs BB and AO; 
therefore, the other angle, jF', is measured by one half 
the sum of the other parts of the circumference, 

AB + OB. 

Hence the theorem. 



THEOREM XV. 

WTien two secants intersect^ or meet each other without a 
circle^ the angle thus formed is measured by one half the c^- 
fer&nce of the intercepted arcs. 



.i 
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Let DE and BE be two secants 
meeting at E ; and draw AF parallel to 
CD. Then, by reason of the parallels, 
the angle E^ made by the intersection 
of the two secants, is equal to the 
angle BAF. But the angle BAF is 
measured by one half the arc BF] 
that is, by one half the difference be- 
tween the arcs BD and AO. 

Hence the theorem. 




THEOREM XVI. 

The angle formed by a secant and a tangent is measured 
ly one half the difference of the intercepted arcs. 

Let BO be a secant, and QD a tan- 
gent, meeting at C. We are to prove 
that the angle formed at (7, is meas- 
ured by one half the difference of the 
arcs BB and BA. 

From Ay Sraw AE parallel to CB ; 
then the arc AB = the arc BE; 
BD—BE « BE; and the l_BAE = 
L O. But the angle BAE is measured 
by one half the arc BE, (Th, 8,) that is, by one half 
the difference between the arcs BB and AB; there- 
fore, the equal angle, (7, is measured by one half the 
arc BE. 

Hence the theorem. 




THEOREM XVII. 
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When two chords mtersect each other in a circle, ther^t- 
angle contained by the segments of the one, will be equivtmf^ 
to the rectangle contained by the segments of the other. ^vn^ 
9* % 



J, 
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Let AB^ni CD be two chords inter- 
secting each other in JS, Then we are 
to prove that the rectangle AH x JSB == 
the rectangle OJS x JEI). 

Draw the lines AD and CB, forming 
the two triangles AHD and OHB. The 
angles B and D are equal, because they 
are each measured by one half the arc, AC. Also the 
angles A and O are equal, because each is measured by 
one half the arc, BB ; and L AJEB = L OJSBy because 
they are vertical angles ; hence, the triangles, AJSJD and 
OJEBj are equiangular and similar. But equiangular tri- 
angles have their sides about the equal angles propor- 
tional, (Cor. 1, Th. 17, B. 11); therefore, AH and JSB^ 
about the angle JE, are proportional to CJE and JSBy about 
the same or equal angle. 

That is, AH : JSB :: OJE : JSB; 

Or, (Th. 19, B. II), AH X JSB =^ OH x HB. 

Hence the theorem. 

Cor. When one chord is a diameter^ and the other at right 
angles to ity the rectangle contained hy the segments of the 
diameter is equal to the square of one half the other chard; 
or one half of the bisected chord is a mean proportional ie- 
tween the segments of the diameter, 

YoT, AB X BB ^ FB X BH. But,if 
AB passes through the center, (7, at 
right angles to FH, then FB = BH 
(TJl. 1)-; and in the place of FBy write 
its equal, BH^ in the last equation, and 
we have 

ABxBB = JKT, 
or, (Th. 8, B. II), AB : BH :: BH : BB. 

Put, BH^Xf OB = y, and OH^Bj the radius of the 
circle. 




\ 
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, / Then AJ) = B —y, and DB = jB + y. 

j tion, 

AJ)y.J)B = DE* 

{B—y) {B + y) = x* 
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becomeS) 

or, 

or. 



^« = a:'+y* 



That is, the square of the hypotenuBe of the right-angled 
tianjUy DCE, i9 equal to the 9um of the squares of the other 
two sides. 

THEOREM XVIII. 

If from a point without a eircUy a tangent line be drawn to 
the circumference^ and also any secant line terminating in the 
concave arc^ the square of the tangent will he equivalent to the 
rectangle contained by the whole secant and its external seg- 
ment. 

Let -4. be a point without the 
circle DECi^ and let AD be a 
tangent and AE any secant line. 

Then we are to prove that 
AdxAEj=-AD\ 
In the two triangles, ABE and 
ADC^ the angles ADC and AED 
are equal, since each is meas- 
ured by one half of the same 
arc, DQ\ the angle A is com- 
mon to the two triangles ; their 

third angles are therefore equal, and the triangles are 
equiangular and similar. 

Their homologous sides give the proportion 

AE I AD I ; AD : AQ 
whence, AEx^AO^^AD^ 

Hence the theorem. 

C(yr. If AE and AF are two secant lines drawn from 
the same point without the circumference, we shall have 




.^ 






C 
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and, ABxAF^AD^ 

hence, AO x AH =: AB x AF, 

which, in the form of a proportion, gives 

AC \ AF ::AB : AE. 

That is, the secants are reciprocally proportional to their ex* 
temal segments. 

Scholium. — By means of this theorem we can determine the diam- 
eter of a circle, when we know the length of a tangent drawn from a 
point without, and the external segment of the secant, which, drawn 
from the same point, passes through the center of the circle. 

Let Am be a secant passing through the center, and 
suppose the tangent AB to be 20, and the external seg- 
ment. Any of the secant to be 2. Then, if B denote the 
diameter, we shall have 

Am = 2 -f jD, 

whence, Am x J.w = 2 (2 + D) = 4 + 2i> « (20)» = 400, 

22) = 396, and 2> = 198, 

If An^ the height of a mountain on the earth, and -4.D, 
the distance of the visible sea horizon, be given, we may 
determine the diameter of the earth. 

For example; the perpendicular height of a mountain 
on the island of Teneriflfe is about 3 miles, and its summit 
can be seen from ships when they are known to be 154 
or 155 miles distant ; what then is the diameter of the 
earth? 

Designate, as before, the diameter by B. Then Am =■ 
3 + i), and Am x J.w = 9 + W. AB = 154. 5 ; hence, 
9 + 3i) = (154. 5)« = 23870. 25, from which we find B = 
7953.75, which differs but little from the true diameter 
of the earth. 

One source of terror, in this mode of computing the 
diameter of the earth, is atmospheric refraction, the ex- 
i;)lanati(m of which does not belong here. 
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THEOREM XIX. 




If a drele he descried dbovJt a i/riangU^ the rectangle con" 
iained by two sides of the triangle is equivalent to the rectangle 
contained by the perpendicular let fall on the third sidej and 
ike diameter of the circumscribing circle. 

Let ABO be a triangle, AO and 
CB, the sides, CD the perpendicular 
let fall on the base AB^ and OJE the 
diameter of the circumscribing circle. 
Then we are to prove that 

AOx OB^OJEx OB. 
The two A's, AOB and OJEB^ are 
equiangular, because LJ.=L^,both 
being measured by the half of the arc OB; also, ABO is 
a right angle, and is equal to OBUj an angle in a semi- 
circle, and therefore a right angle; hence, the third angle, 
AOD^\_BOE, (Th. 12, Cor. 2,B. I). Therefore, (Cor. 1, 
Th. 17, B. II), 

AQ I OB II OE I OB 

and, AOx B0=^ OE x OB. 

Hence the theorem ; if a circle^ etc. 

Cor. The continued product of three sides of a triangle is 
equal to twice the area of the triangle into the diameter of its 
fireumscribing circle. 

Multiplying both members of the last equation by ABy 
we have, 

AOxBOxAB^OEx {AB x OB). 

But OE is the diameter of the circle, and {AB x OB) 
=s twice the area of the triangle ; 

Therefore, AOx OB x AB = diameter multiplied 
by twii^e the area of the triangle. 



ft 
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THEOREM XX, 

The square of a line hisecting any angle of a trianghy Uh 
gether with the rectangle of the segments into which it cuts the 
opposite sidcy is equivalent to the rectangle of the two sides 
including the bisected angle. 

Let ABO be a triangle, and CD a 
line bisecting the angle (7. Then 
we are to prove that 

CD* + {AD X DB) = AOx OB. 
The two A's, AOJS and ODBy are 
equiangular, because the angles JS 
and B are equal, both being in the 
same segment, and the [_ ACJE =z BODy by hypothesis. 
Therefore, (Th. IT, Cor. 1, B. II), 

AO : OE :: OD : OB. 
But it is obvious that OE ^^ OD + DEy and by substi- 
tuting this value of OE^ in the proportion, we have, 

AO : 0D + DE : : OD : OB. 
By multiplying extremes and means, 

WD' + {DEx OD)^AOx OB. 
But by (Th. 17), 

DEx OD = ADx DB, 

and substituting, we have, 

TJir + {AD X DB) ^AOx OB. 
Hence the theorem. 

THEOREM XXI. 

The rectangle contained by the two diagonals of any quad- 
rilateral inscribed in a circle^ is equivalent to the sum of the 
two rectangles contained by the opposite sides of the qaadrir 
lateral. 

Let ABOD be a quadrilateral inscribed in a circle; 
then we are to prove that 

AOxBD^ {AB X DO) + {AD x BO). 
From Oy draw OE, making the angle DOE equal to 
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the angle ACB ; and as the angle BAC'is equal to the 
angle CDEy both being in the same seg- 
ment, therefore, the two triangles, BEQ 
and ABGy are equiangular, and we have 
(Th. 17, Cor. 1, B. I^, 

AB : AQ II DE : DO (1) 

The two A's, ADC and BEO, are 

equiangular; for the L2>J.<7= \_EBO^ 

both being in the same segment; and the L BOA =* 

L jBOB, for BOE^BCA\ to each of these add the at gle 

EOAy and BCA = EOB ; therefore, (Th. 17, Cor. 1, 

B.II), 

AB : AC :: BE : BO (2). 

By multiplying the extremes and means in proportions 
(1) and (2), and adding the .resulting equations, we have, 

{AB X BO) + {AB X BO) = {BE + BE) x AO. 
But, BE + BE ^ BB\ therefore, 

{AB X BO) + {AB X BO) = A(7 x BB. 

0(yr. When two adjacent sides of the quadrilateral are 
equal, as AB and 5(7, then the resulting equation is, 

(AB X BO) + {AB X AB) ^ AO x BB; 

or, AB X {BO + AB) ^ AOx BB; 

or, AB : AO II BB : BO + AB. 

That is, one of the two equal Bides of the quadrilateral 
M to the adjoining diagonal^ aa the transverse diagonal is to 
the sum of the two unequ^al sides. 

THEOREM XXII. 

jTjT two chords intersect each other at right angles in a cir-* 
eUy the sum of the squares of the four segments thus formed 
is equivalent to the square of the diameter of the circle. 

Let AB and OB be two chords, intersecting each 
other at right angles. Draw BF parallel to jEZ>, and 
4raw DF and AF. Now, we are to prove that 

'AJE^+'EF+'W' + 'W^'^'^ t '^ 
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As BF is parallel to ED, ABF is a 
right angle, and therefore AF\a a diam- 
eter, (Th. 9). Also, because BF is 
parallel to CZ), OB = DF, (Th. 13). 

Because CEB is a right angle, 

Because AED is a right angle, 

AE" +~ED' = A]^. 

Adding these two equations, we have, 

'CE^ +'W^ + AW +'lEI>^ ^'DF^ + "1^. 

But, as AF is a diameter, and ADF a right angle, 

(Th.9), __ _ 

DT + AD^^AF^) 

therefore, CE^ + EB^ + AW + ED* = AF. 
Hence the theorem. 

Scholium. — If two chords intersect each other at right angles, in a 
circle, and their opposite extremities be joined, the two chords thus 
formed may make two sides of a right-angled triangle, of which the 
diameter of the circle is the hypotenuse. 

For, AD is one of these chords, and CB is the other ; and we have 
shown that CB = DF\ and AD and DF are two sides of a right- 
angled triangle, of which AF is the hypotenuse ; therefore, AD and 
CB may be considered the two sides of a right-angled triangle, and 
AF its hypotenuse. 

THEOREM XXIII. 

If two secants intersect each other at right angles, the stun 
of their squares, increased hy the sum of the squares of the 
two segments without the circle, will he equivalent to the square 
of the diameter of the circle. 

Let AE and ED be two secants in- 
tersecting at right angles at the point 
E. From B, draw BF parallel to OD, 
and draw AF and AD. Now we are to 
prove that^.^-^.;. . 
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Because BF is parallel to (7i>, ABF is a i ight angle, 
and consequently AF is a diameter, and J5(7=» DF\ and 
because AF is a diameter, ADF is a right angle. As 
AED is a right angle, 

'AE^+ED'^AJS' 

Also, EB'+EC^^BC'==DF' 

Byaddition,AB'+:E5'+:EF+^=Z©*+5P=AF" 
Eence the theorem. 



THEOREM XXIV. 

]^ perpendiculars he drawn bisecting tfie three sides of a 
triangle^ they wiU, when sufficiently produced^ meet in a com* 
man point 

The three angular points of a triangle are not in the 
same straight line; consequently one circumference, 
and but one, may be made to pass through them. 

Conceive a triangle to be thus circumscribed. The 
sides of the triangle then become chords of the circum- 
scribing circle. Now if these sides be bisected, and at the 
points of bisection perpendiculars be drawn to the sides, 
each of these perpendiculars will pass through the center 
of the circle (Th. 1, Cor.) ; and the perpendiculars will 
therefore meet in a common point. 

Hence the theorem. 

THEOREM XXV. 

The sums of the opposite sides of a quadrilateral circum- 
scribing a dirck are equal. 

Let ABOD be a quadrilateral circumscribed about a 
circle, whose center is 0. Then we are to prove that 

AB + I)0-=^AT)+Ba. 
From the center of the circle draw OE and OF to 
the points of contact of the sides AB and BC. Then, 
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the two right-angled triangles, OEB and 0-FJ5, are equal, 
because they have the hypotenuse 
OB common, and the side OF^ 
OJE; therefore, BE ^ BF, (Cor^ 
Th. 39, B. I). 

In like manner we can prove 
that 

AF^AE, CF^Ca,2indLLa-=DH. 

Now, taking the equation BF^ 
BF, and adding to its first mem- 
ber O&y and to its second the 
equal line OF. we have, 

BF+ Oa^BF+OF (1) 

The equation AF^AJIj by adding to its first member 
DO^, and to the second the equal line, DjET, gives 

AF+Ba^AE+BR (2) 

By the addition of ( 1 ) and ( 2 ), we find that 

BF + AF+Oa + Ba^ BF+ 0F+ AE+ BE. 

That is, AB+ OB=zBO+ AB. 

Hence the theorem. 
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PKOBLEMS. 

In tMs. section, we have, in most instances, merely 
shown the construction of the problem, and referred to 
the theorem or theorems that the student may use, to 
prove that the object is attained by the construction. 

In obscure and difficult problems, however, we have 
gone through the demonstration as though it were a 
theorem. 

PROBLEM I. 

To bisect a given finite straight line. 

Let AB be the given line, and from 
its extremities, A and J5, with any 
radius greater than one half of ABy 
(Postulate 8), describe arcs, cutting 
each other in n and m. Draw the line 
nm ; and (7, where it cuts ABj will be 
the middle of the given line. 

Proof, (B. I, Th. 18, Sch. 2). 

PROBLEM II. 

To bisect a given angle. 

Let ABC be the given angle. With any 
radius, and J3 as a center, describe the arc 
AC. From A and (7, as centers, with a 
radius greater tha^ one half of AOy de- 
scribe arcs, intersecting in n ; join B and n ; 
the joining line will bisect the given angle. 

Troo^ (Th. 21, B. I). 
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PROBLEM III. 

From a given paint in a given line, to draw a perpendicular 
to that line. 

Let AB be the given line, and 
the given point. Take n and m, 
at equal distances on opposite sides 
of 0; and with the points m and 
n, as centers, and any radius 
greater than nO or mOj describe 
arcs cutting each other in S. Draw 
SC, and it will be the perpendicular required. Proo^ 
(B. I, Th. 18, Sch. 2). 

The following is another method, 
which is preferable, when the given 
point, Oj is at or near the end of the 
line. 

Take any point, 0, which is mani- 
festly one side of the perpendicular, 
as a center, and with 0(7 as a radius, describe a circum- 
ference, cutting AB in m and 0. Draw mn through the 
points m and 0, and meeting the arc again in n ; mn is 
then a diameter to the circle. Draw On, and it will be 
the perpendicular required. Proof, (Th. 9, B. TH). 

PROBLEM IV. 

From a given point without a line, to draw a perpendicular 
to that line. 

Let AB be the given line, and 
the given point. From C draw any 
oblique line, as On. Find the mid- 
dle point of On by Problem 1, and 
with that point, as a center, describe 
a semicircle, having OH as a diam- i 
eter. From w, where this semi-cir- 
cumference cuts ABy draw Ob, and it will be the perpen< 
diralar required. Proo^ (Th. 9, B. HQ. 
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PROBLEM V. 

At a given point in a lincy to construct an angle equal to 
a given angle. 

Let A be the point given in the line 
AB, and DC.E the given angle, 

With (7 as a center, and any radius, 
CE, draw the arc HB. 

"With J. as a center, and the radius 
AF=CH, describe an indefinite arc; and 
mth J^ as a center, and FGr as a radius, 
equal to JED, describe an arc, cutting the 
oflier arc in Cf-y and draw AG^; 6?J.jP will be the angle 
required. Proof, (Th. 2, B. JH). 




PROBLEM VI. 

Fr(m a given point j to draw a Une parallel to a given line. 

Let A be the given point, and BO the 
pven line. Draw JL(7, making an angle, 
AQB\ and from the given point, -4, in 
the line AO; draw the angle OAD^ 
AOBy by Problem 5, 

Since AZ> and BO make the same angle with AOy they 
are, therefore, parallel, (B. I, Th. 7, Cor. 1). 




PROBLEM VII. 

To divide a given line into any number of equ^l parts. 

Let AB represent the given 
Ime, and let it be required to di- 
vide it into any number of equal 
parts, say five. From one end of 
the hne Aj draw AZ>, indefinite 
in both length find position. Take a 
any convenient distance in the di- 
10* H 
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viders, as Aa^ and set it off on the line ADy thus making 
the parts Ao, a5, Jc, etc., equal. Through the last point, 
tf, draw JKB, and through the points a, 6, c, and rf, draw 
parallels to eJ5, by Problem 6 ; these parallels will divide 
the- line as required. Prooi^ (Th. 17, Book U). 



PROBLEM VIII. 



To find a third proportional to two given lines. 



JjQt AB and J. (? be any two lines- 
Place them at any angle, and draw 
OB. On the greater line, AB^ take 
AD =^ AOy and through i>, draw 
BH parallel to BO; AE is the third 
proportional required. 

Proo^ (Th. 17, B. n). 



A- 
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PROBLEM IX. 



To find a fourth proportumal to three given Une$. 



Let ABy AOy AB^ represent the ^' 
three given lines. Place the first ^ 
two at any angle, as BA (7, and draw A 
BO. On AB place AB, and from 
the point i>, draw BJE parallel to 
BO, by Problem 6 ; AJS will be the 
fourth proportional required. 

Proof, (Th. 17, B. II). 
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PROBLEM X. 

To find the middle^ or mean proportionaly between two given 
lines. 
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Place AB and BO in one right 
line, and on Jl(7y as a diameter, de- 
scribe a semicircle, (Postulate 8), 
and from the point B, draw BB at 
right angles to J. (7, (Problem 3); 
BB is the mean proportional re- 
quired. 

Proo^ (B. m, Th. 17, Cor.). 

PROBLEM XI. 

Tofind^the center of a given circle 

Draw any two chords in the given cir- 
cle, as 'AB and CZ), and from the middle 
points, m and w, draw perpendiculars to 
AB and OB ; the point at which these 
two perpendiculars intersect will be the c 
center of the circle. 

Proof, (B. m, Th. 1, Cor.). 

PROBLEM XII. 

To draw a tangent to a given circle^ from a given pointy 
either in or without the circumference of the circle. 

When the given point is in the cir- 
cumference, as Ay draw the radius J. (7, 
and from the point JL, draw AB per- 
pendicular U> AO; AB is the tangent 
required. 

Proof, (th. 4, B. m). 

"When the given point is without 
the circle, as J., draw AO to the 
center of the circle; on J. (7, as a 
diameter, describe a semicircle ; and 
from B, where the semi-circumfer- 
ence cuts the given circumference, 
draw ABy and it will be tangent to the circle. 

Proof, (Th. 9, B. m), and, (Th. 4, B. ID). 
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PROBLEM XIII. 

On a given linCj to describe a segment of a eirelej that shdU 
contain an angle equal to a given angle. 

Let AB be the given 
line, and the given 
angle. At the ends of 
the given line, form angles 
DAB, jDBAj each equal 
to the given angle, 0. 
Then draw AE and BE 
perpendiculars to AD and BD ; and with ^ as a center, 
and EAj or EB, as a radius, describe a circle; then AFB 
will be the segment required, as any angle F^ made in 
it, will be equal to the given angle, 0. 

Proof, (Th. 11, B. rH), and (Th. 8, B. m). 

PROBLEM XIV. 

From any given circle to cut a segment^ that shall contain 
a given angle. 

Let be the given angle. Take 
any point, as J., in the circumfer- 
ence, and from that point draw the 
tangent AB ; and from the point 
Ay in the line ABj construct the 
angle BAD = (7, (Problem 5), and c 
AED is the segment required. 

Proof, (Th. 11, B. m), and (Th. 8, B. US). 

PROBLEM XV. 

To construct an equilateral triangle on a given straight line. 

Let AB be the given line; from -^- 

the extremities A and B, as centers, 
with a radius equal to AB, describe arcs 
cutting each 6ther at O. Prom (7, the 
point of intersection, draw OA and OB; 
ABO^gnU be the triangle required. ^ B 

The eamtruetian is a sufficient demonstration. Or, (Ax. 1). 
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PROBLEM XVI. 

To construct a triangle^ having its three sides equal to three 
given lines^ any two of which shall be greater than the third. 

Let AB^ ODy and EF^ represent the j; p 

three lines. Take any one of them, as ^ D 

AB^ to be one side of the triangle. Prom 
Bj as a center, with a radius equal to CD, 
describe an arc ; and from u^, as a center, 
with a radius equal to EFy describe an- 
other arc, cutting the former in n. Draw 
An and Bn^ and AnB will be the A re- 
quired. Proof, (Ax. 1). 

PROBLEM XVII. 

To describe a square on a given lins. 

Let AB be the given line ; and from the 
extremities, A and jB, draw J. (7 and BB per- 
pendicular to AB. (Problem 8.) 

Prom A, as a center, with AB as radius, 
strike an arc across the perpendicular at O; 
and from draw OB parallel to AB ; AOBB 
is the square required. Proof, (Th. 26, B. I). 

PROBLEM XVIII. 

To construct a rectangle^ or a parallelogram^ whose adja 
^ent sides are equal to two given lines. 

Let AB and -4(7 be the two given ^ C 

lines. Prom the extremities of one a B 

line, draw perpendiculars to that line, as in the last prob- 
lem; and from these perpendiculars, cut off portions 
equal to the other line ; and, by a parallel, complete the 
figure. 
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When the figare is to be a parallelogram, with obliqua 
angles, describe the angles by Problem 5. Proo^ (Th 
26, B. I). 

PROBLEM XIX. 

To describe a rectangle that shall he equhalervt to a gwen 
square^ and have a side equal to a given line. 

Let AB be a side of the given square, q D 

and CD one side of the required rect- ^ ^ 

angle. B p 

Find the third proportional, EFj to CD and ABy (Prob- 
lem 8). Then we shall have 

CD : AB .: AB I EF. 

Construct a rectangle with the two given lines, CD 
and EFy (Problem 18), and it will be equal to the given 
square, (Th. 3, B. II). 

PROBLEM XX. 

To construct a square that shaU he equivalent to the differ- 
ence of two given squares. 

Let A represent a side of the greater of two given 
squares, and B a side of the less square. 

On J., as a diameter, describe a 
semicircle, and from one extremity, 
w, as a center, with a radius equal to 
£, describe an axe, and, from the 
point where it cuts the circumference, — ^ — 

draw mp and np ; mp is the side of 
a square, which, when constructed, 
(Problem 17), will be equal to the difference of the two 
given squares. Proof (Th. 9, B. Ill, and Th. 39, B. I.) 

To construct a square equivalent to the sum of two 

given squares, we have only to draw through any point 

'nes at ri^t angles, and lay off on one a distance 

^^tlMtfij^e of one of the squares, and On the other 
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a distance equal to the side of the other. The straight 
Une connecting the extremities of these lines will be the 
ride of the required square, (Th. 39, B. I). 

PROBLEM XXI. 

To dwide a given line into two partSy which shall he in th$ 
ratio of two other given lines. 



Wr 



Nl- 



Let AB be the line A 'B 

to be divided, and M 
and 2\rthe lines hav- 
ing the ratio of the 
required parts of AB. 
Prom the extremity 
A draw ABj making 
any angle with AB, 
and take AO = iff, 
and OB = N. Join 
the points B and B 
ty a straight line, 
and through C draw 
CQ parallel to BB. 
Then will the point (? divide the line AB into parts 
having the required ratio. (Proof, Th. 17, B. II). 
, Or, having drawn AB, lay off -4(7 = M, and through 
5 draw B V parallel to AB, making it equal to N, and 
join (7 and Fby a line cutting AB in the point Q-. 

Then the two triangles A CQ and Q-B V are equiangu- 
lar and similar, and their homologous sides give the 
proportion, 

Aa : QB :: AC : BV :: M: If 




The line AB is therefore divided, at the point Q-, into 
parts wliich are in the ratio of the lines M and N. 
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PROBLEM XXII. 

To divide a given line into any number of parts^ having to 
each other the ratios of other given Une9. 

Let J-Bbe the given M* 
line to be divided, and N< 
i!f, JV, P, etc., the lines ^* 
to which the parts of 
AB are to be propor- 
tional. 

Through the point -A 
draw an indefinite line, making, with AB, any conve- 
nient angle, and on this line lay off from A the lines M, 
Ny Pj etc., successively. Join the extremity of the last 
line to the point 5 by a straight line, parallel to which 
draw other lines through the points of division of the 
indefinite line, and they will divide the line AB at the 
points (7, i), etc., into tiie required parts. (Proof, Th. 17, 

B. n). 

PROBLEM XXIII. 

To construct a square that shall be to a given square, as a 
line. My to a line, IS. 

Place iJf and iVin a line, and 
on the sum describe a semicir- 
cle. From the point where the 
two lines meet, draw a perpen- 
dicular to meet the circumfer- 
ence in A. Draw Am and An, 
and produce them indefinitely. On An or An produced, 
take AG = to the side of the given square ; and from C, 
draw OB parallel to mn ; AB is a side of the required 
square. 

For, ^ : 3^* : .. JF : 'AO', (Th. 17, B. H). 

Also, Am* : An II M i N, (Th.25,B.n). 

Therefore, Zg^r^CT'rrJtf : N, (Th. 6, B. II). 
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PROBLEM XXIV. 

To cut a line into extreme and mean ratio ; that is, so that 

the whole line shall he to the greater part, as that greater part 

is to the less. ^ 

Remark. — The geometrical solution of this problem is nQt imme- 
diately apparent, but it is at once suggested by the form of the equa- 
tion, which a simple algebraic analysis of its conditions leads to. 

Represent the line to be divided by 2a, the greater 
part by x, and consequently the other, or less part, by 
2a — X. 

Now, the given line and its two parts are required, to 
tatisfy the following proportion : 

2a : X :: X : 2a — x 
whence, a^ = 4a' — 2ax 

By transposition, x^ + 2ax = 4a' = (2a)' 

If we add a* to both members of this equation, we 
shall have, * 

a? +2ax + a^ ^ {2ay + a^ 
or, {x +af = (2a)2 + a^ 

This last equation indicates that the lines represented 
hy {x + a), 2a, and a, are the three sides of a right- 
angled triangle, of which {x + a) is the hypotenuse, the 
given line, 2a, one of the sides, and its half, a, the other. 

Therefore, let AB represent the 
given line, and from the extremity, B, 
draw 5(7 at right angles to AB, and 
make it equal to one half of AB. 

With (7, as a center, and radius CB, 
describe a circle. Draw AC and pro- 
duce it to jF. With J. as a center 
I and AD as a radius, describe the arc 
DB\ this arc will divide the line AB^ 
as required. 

We are now to prove that 

i AB I AE .: AE : EB 

\ 11 
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By Th. 18, B. Ill, we have, 



AFxAD^^ AW 
or, AF : AB : : AB : AID 

Then, (by Cor., Th. 8, Book 11), we may have, 

(AF—AB) : AB :: {AB—AB) : AB 

Since OB = ^AB = ^BF; therefore, AB=-:^BF 
Hence, AF—AB=^AF—BF^AB==^ AJS. 

Therefore, AJE : AB :: FB : AB 

By taking the extremes for the means, we have, 

AB : AB : : AB : FB. 

PROBLEM XXV. 

To describe an isosceles triangle^ having its two equal angles 
each double the third angle^ and the equal sides of any given 
leng^ 

Let AB be one of the equal sides of 
the required triangle; and from the 
point Aj with the radius AB^ describe 
an arc, BB. 

Divide the line AB into extreme and 
mean ratio by the last problem, and sup- 
pose (7 the point of division, and AC the 
greater segment. 

From the point By with -4(7, the greater segment, as a 
radius, describe another arc, cutting the arc BB in 2>. 
Draw BBj BQ, and BA. The triangle ABB is the tri- 
angle required. 

As JL (7 = BBy by construction ; and as AB is \o AO 
as J. (7 is to -B (7, by the division of AB\ therefore 

AB : BB :: BB : BO 

Now, as the terms of this proportion are the sides of 
the two triangles about the common angle, jB, it follows, 
(Cor. 2, Th. 17, B. II), that the two triangles, ABB and 
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BDCj are eqniangalar ; but the triangle ABD is isos- 
celes; therefore, BDC is isosceles also, and BD ^ DO; 
but BB =r AC: hence, D(7= AC^ (Ax. 1), and the tri- 
angle ACB is isosceles, and the (_ OB A tm [_A. But 
the exterior angle, BCD == CDA + A, (Th. 12, B. I). 
Therefore, [_BCDy or its equal [_B = L CZ)-^ + L-^ ; or 
the angle B = 2L-4., Hence, the triangle ABB has each 
of its angles, at the base, double of the third angle. 

Scholium. — ^As the two angles, at the base of the triangle ABD, are 
equal, and each is doable the angle A, it follows that the sum of the 
three angles is^oe times the angle A. But, as the three angles of every 
triangle are always equal to two right angles, or 180^, the angle A 
must be one fifth of two right angles, or 36^ ; therefore, BD is a chord 
of 36^, when AB is a radius to the circle ; and ten such chords would 
extend exactly round the circle, or would form a decagon. 



PROBLEM XXVI. 

Within a given circle to inscribe a triangle^ equiangular to 
a given triangle. 

Let ABO be the circle, and 
abe the given triangle. From 
any point, as A, draw UB tan- 
gent to the given circle at Ay 
(Problem 12). 

From the point J., in the line g^ 
ABj lay off the angle BAO^ 
the angle 6, (Problem 5), and the angle BAB « the angle 
Cj and draw BO. 

The triangle ABQ is inscribed in the circle ; it is equi- 
angular to the triangle abc^ and hence it is the triangle 
required. 

Proo^ (Th. 12, B. lED. 





124 • GEOMETRY. 

PROBLEM XXVII. 

To inscribe a regular pentagon in a given eircU* 

1st. Describe an isosceles tri- 
angle, ahcj having each of the 
equal angles, I and c^ double the 
third angle, a, by Problem 25. 

2d. Inscribe the triangle, 
ABC^ in the given circle, equi- 
angular to the triangle ahcy by 
Problem 26 ; then each of the angles, B and (7, is double 
the angle A, 

3d. Bisect the angles B and (7, by the lines BD and 
OE, (Problem 2), and draw AE, EB, OB, BA ; and the 
figure AEBCB is the pentagon required. 

By construction, the angles BAC, ABB, BBC, BOEy 
EGA, are all equal ; therefore, (B. Ill, Th. 9, Cor.), the 
arcs, BO, AB, BO, AE, and EB, are all equal; and if 
the arcs are equal, the chords AE, EB, etc., are equal. 

Scholium. — The arc subtended by one of the sides of a regular pen- 

OfLfiO 

ta^on, being one fifth of the whole circumference, is equal to — -— =»72°' 

PROBLEM XXVIII. 

To inscribe a regular hexagon in a circle. 

Draw any diameter of the circle, as "^ 

AB, and from one extremity, B, draw /-tnT^^^^^ 
BB equal \o BO, the radius of the f/ \ / \\ 

circle. The arc, jB2>, will be one sixth ^ \. %^ 

part of the whole circumference, and vv / \ // 
the chord -BD will be a side of the regu- ^/^_^>^ : 
lar polygon of six sides. 

In the A OBB, as OB = OB, and BB = OB by con- 
struction, the A is equilateral, and of course equiangular. 

Since the sum of the three angles of every A is equal 
to two right angles, or to 180 degrees, when the 
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three angles are equal to one another, each one of them 
must be 60 degrees ; but 60 degrees is a sixth part of 
860 degrees, the whole number of degrees in a circle ; 
therefore, the arc whose chord is equal to the radius, is a 
sixth part of the circumference ; and, if a polygon of six 
equal sides be inscribed in a circle, each side will be 
equal to the radius. 

ScH0Lit7|c. — Hence, as BD is the chord of 60^, and equal to J? Cor 
CD, we say generally, ihcU the chord of 60^ is equal to radius, 

PROBLEM XXIX. 

To find the side of a regular polygon of fifteen sideSy which 
may be inscribed in any given circle. 

Let OB be the radius of the given 
circle; divide it into extreme and 
mean ratio, (Problem 24), and make 
BD equal to CE^ the greater part; 
then BD will be a side of a regular 
polygon of ten sides, (Scholium to 
Problem 25). Draw BA = to CB, and 
it will be a side of a polygon of six sides. Draw DAy 
and that line must be the side of a polygon which cor- 
responds to the arc of the circle expressed by J less J^, 
of the whole circumference ; or J — y\j = ^j^ = -^-^ ; that 
is, one-fifteenth of the whole circumference ; or, DA is 
a side of a regular polygon of 15 sides. But the 15th 
part of 360° is 24° ; hence the side of a regular inscribed 
polygon of fifteen sides is the chord of an arc of 24°. 




PROBLEM XXX. 

In a given circle to inscribe a regular polygon of any num 
her of sideSy and then to circumscribe the circle by a similar 
polygon. 

11* 
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Let the circumference of the circle, whose center is 0^ 
be divided into any number of equal arcs, as ambj bno^ 
cody etc. ; then will the polygon abed^, etc., bounded by 
the chords of these arcs, be regu- 
lar and inscribed; and the poly, 
gon ABODJEy etc., bounded by 
the tangents to these arcs at their 
middle points m, n, o, etc, be a 
similar circumscribed polygon. 

First. — The polygon dbcdcy 
etc., is equilateral, because its 
sides are the chords of equal 

arcs of the same circle, (Th. 5, B. HE) ; and it is equi- 
angular, because its angles are inscribed in equal segments 
of the same circle, (Th. 8, B. HE). Therefore the poly- 
gon is regular, (Def. 14, B. EH), and it is inscribed, since 
the vertices of all its angles are in the circumference of 
the circle, (Bel 18, B. m). 

Second. — If we draw the radius to the point of tangency 
of the side AB of the circumscribed polygon, this radius 
is perpendicular to AB, (Th. 4, B. m), and also to the 
chord ab, (B. JJI^ Th. 1, Cor.) ; hence AB is parallel to a6, 
and for the same reason BO is parallel to be ; therefore 
the angle ABO is equal to the angle abcj (Th. 8, B. I). 
In like manner we may prove the other angles of the 
circumscribed polygon, each equal to the corresponding 
angle of the inscribed polygon. These polygons are 
therefore mutually equiangular. 

Again, if we draw the radii Cm and On, and the line OBj 
the two A's thus formed are right-angled, the one at m 
and the other at n, the side OB is common and Om is 
equal to On ; hence the diflference of the squares ^S^cribed 
on OB and Om is equivalent to the differenceNpf the 
squares described on OB and On. But the first diffkence 
IS equivalent to the square described on Bm, and tlie 
second diffeience is equivalent to the square desdribed 
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on Bn; hence Bm is equal to Bn^ and the two right- 
angled triangles are equal, (Th. 21, B. I), the angle BOm 
opposite the side Bm being equal to the angle BOn^ op- 
posite the equal side Bn, The line OB therefore passes 
through the middle point of the arc mbn ; but because m 
and n are the middle points of the equal arcs amb and 
fok?, the vertex of the angle abc is also at the middle 
point of the arc mbn. Hence the line OB, drawn from 
the center of the circle to the vertex of the angle ABOy 
also passes through the vertex of the angle abc. By pre- 
cisely the same process of reasoning, we may prove that 
00 passes through the point <?, OB through the point d, 
etc. ; hence the lines joining the center with the vertices 
of the angles of the circumscribed polygon, pass through 
the vertices of the corresponding angles of the inscribed 
polygon ; and conversely, the radii drawn to the vertices 
of the angles of the inscribed polygon, when produced, 
pass through the vertices of the corresponding angles 
of the circumscribed polygon. 

Now, since ab is parallel to ABy the similar A's abO 
and ABOf give the proportion 

Ob : OB I : ab : AB, 

and the A%bcO and BOOy give the proportion 

Ob : OB II be I BC. 

As these two proportions have an antecedent and con- 
sequent^ the same in both, we have, (Th. 6, B. II), 

ah : AB \i be I BO. 

In like manner we may prove that 

be : BC : : ed : CD, etc., etc. 

The two polygons are therefore not only equiangular, 
but the sides about the equal angles, taken in the same 
order, are proportional ; they are therefore similar, (De£ 

16, B. n). 
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Obr. 1. To inscribe any regular polygon in a circle, we 
have only to divide the circumference into as many equal 
parts as the polygon is to have sides, and to draw the 
chords of the arcs; hence, in a given circle, it is possible 
to inscribe regular polygons of any number of sides 
whatever. Having constructed any such polygon in a 
given circle, it is evident, that by changing the radius of 
the circle without changing the number of sides of the 
polygon, it may be made to represent any regular poly- 
gon of the same name, and it will still be inscribed in a 
circle. As this reasoning is applicable to regular poly- 
gons of whatever number of sides, it follows, that any 
regular polygon may he circumscribed by the circumference 
of a circle. 

Cor, 2. Since oJ, hc^ cd, etc., are equal chords of the 
same circle, they are at the same distance from the 
center, (Th. 8, B. HI) ; hence, if with as a center, and 
Ot, the distance of one of these chords from that point, 
as a radius, a circumference be described, it will touch 
all of these chords at their middle points. It follows, 
therefore, that a circle may be inserted within any regular 
polygon. 

Scholium. — The center, 0, of the circle, may be taken as the cefrder 
of both the inscribed and circumscribed polygons; and the angle 
A OB, included between lines drawn from the center to the extremities 
of one of the sides AB, is called the angle at the center. The perpen- 
dicular drawn from the center to one of the sides is called \hAApothem 
of the polygon. 

Cor. 3. The angle at the center of any regular polygon 
is equal to four right angles divided by the number of 
sides of the polygon. Thus, if n be the number of sides 
of the polygon, the angle at the center will be expressed 
, 360° 
n 

Cor. 4. If the arcs subtended by the sides of any 
regular inscribed polygon be bisected, and the chords 
of these semi-arcs be drawn, we shall have a regular 
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inscribed polygon of double the number of Bides. Thus, 
from the square we may pass successively to regular 
inscribed polygons of 8, 16, 82, etc., sides. To get the 
corresponding circumscribed polygons, we have merely 
to draw tangents at the middle points of the arcs sub- 
tended by the sides of the inscribed polygons. 

Q(yr. 5. It is plain that each inscribed polygon is but 
a part of one having twice the number of sides, while 
each circumscribed polygon is but a part of one having 
one half the number of sides. 
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BOOK V. 



ON THE PROPORTIONALITIES AND MEASUREMENT 

OF POLYGONS AND CIRCLES. 

PROPOSITION I. — THEOREM. 

The area of any circle is equal to the prod/uct of its radius 
hy one half of its circumference. 

Let CA be the radius of a circle, 
and AB a very small portion of its 
circumference; then ACB will be a 
sector. We may conceive the whole 
circle made up of a great number of 
such sectors; and when each sector 
is very small, the arcs AB^ BBy etc., 
each one taken separately, may be regarded as right 
lines ; and the sectors CAB, OBBj etc., will be triangles. 
The triangle, AOBj is measured by the product of the 
base, AOj multiplied into one half the altitude, ABj (Th. 
33, Book I) ; and the triangle BOB is measured by the pro- 
duct ofBCj or its equal, AC, into one half jBi); tlien the 
area, or measure of the two triangles, or sectors, is the 
product of AO, multiplied by one half of AB plus one 
half of BBj and so on for all the sectors that compose 
the circle ; therefore, the area of the circle is measured 
l^ the predict of the radius into one half the circurnference. 
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PROPOSITION II. — THEOREM. 

Circumferences of circles are to one another as their radii, 
and their areas are to one another as the squares of their 
radU. 

Let OA be the radius of a circle, 
and Oa the radius of another circle. 
Conceive the two circles to be so 
placed upon each other so as to have 
a common center. 

Let j1-B be such a certain definite 
portion of the circumference of the 
larger circle, that m times AB will represent that cir- 
cumference. 

But whatever part AB is of the greater circumference, 
the same part ah is of the smaller; for the two circles 
have the same number of degrees, and are of course sus- 
ceptible of division into the same number of sectors. 
But by proportional triangles we have, 

OA :0a: : AB : ah 

Multiply the last couplet by w, (Th. 4, B. II), and we 

have 

OA :0a:: m.AB : m.ab. 

That is, the radius of one circle is to the radius qf another ^ 
as the circumference of the one is to the. circumference of the 
other. 

To prove the second part of the theorem^ let repre- 
sent the area of the larger circle, and c that of the 
Bmaller ; now, whatever part the sector OAB is of the 
circle (7, the sector Cab is the corresponding part of the 
circle c^ 



That is, Q:c 

but, OAB : Oah 

Therefore, : c 



OAB : Oah, 

{OAf:{Oa)\ (Th.20,B.n). 

{OAYx{Oa)\ (Th.6, B.II). 



That is, the area of one circle is to the area of another^ as 
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the square of the raditta of the one is to the sg^uare of the 
radius of the other. 
Hence the theorem. 

Cor. If O: e :: {OAf : (Cay, 

then, C : c ::4: {CAf : 4 {Caf. 

But 4 (CAf is the square of the diameter of the larger 

circle, and 4((7a)^ is the square of the diameter of the 

smaller. Denoting these diameters respectively by D 

and d, we have, 

C : e :: Uf" : d\ 

That is, the areas of any two circles are to each other, as 
the squares of their diameters. 

Scholium. — As the circumference of every circle, great op small, is 
assumed to be the measure of 360 clegrees, if we conceive the circum- 
ference to be divided into 360 equal parts, and one such part repre- 
sented by AB on one circle, or ah on the other, AB and ab will be very 
near straight lines, and the length of such a line as ^^ will be greater 
or less, according to the radius of the circle ; but its dbsolvie length 
can7ix>t be determined until we know the absolute relation between th« 
diameter of a circle and its circumference. 

PROPOSITION III. — THEOREM. 

When the radium of a circle is unity, its area and semi' 
circumference are numerically equal. 

m 

Let B represent the radius of any circle, and the Greek 
letter, cr, the half circumference of a circle whose radius 
is unity. Since circumferences are to each other as their 
radii, when the radius is -B, the semi-circumference will 
be expressed by ifB. 

Let m denote the area of the circle of which iJ is the 
radius ; then, by Theorem 1, we shall have, for the area 
of this circle, at^ = m, which, when jB = 1, reduces to 
It = m. 

This equation is to be interpreted as meaning that the 
80mi-ci|*c^mference contains its unit, the radius, as many 
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limes as the area of the circle contains its unit, the 
square of the radius. 

Remark. — The celebrated problem of squaring the circle has for its 
object to find a line, the square on which will be equivalent to the area 
of a circle of a given diameter ; or, in other words, it proposes to find 
the ratio between the area of a circle and the square of its radius. 

An approximate solution only of this problem has been as yet dis- 
covered, but the approximation is so close that the exact solution is 
no longer a question of any practical importance. 




- PROPOSITION IV. — PROBLEM. 

CHoeUj the radius of a circle unity ^ to find the areas of 
regular inscribed and circumscribed hexagons. 

Conceive a circle described with the radius (7J., and in 
this circle inscribe a regular polygon of six sides (Prob. 
28, B. IV), and each side will be 
equal to the radius OA ; hence, 
the whole perimeter of this poly- 
gon must be six times the ra- 
dius of the circle, or three times 
the diameter. The chord bd is 
bisected by OA, Produce Cb and OK, and through the 
point J., draw BB parallel to bd ; BD will then be a side 
of a regular polygon of six sides, circumscribed about 
the circle, and we can compute the length of this line, 
BBy as follows : The two triangles, Obd and CB2>, are 
equiangular, by construction ; therefore, 

Ca : bd :: OA : BB. 

Now, let us assume OA ^ Od ^ the radius of the 
circle, equal unity ; then bd == 1, and the preceding pro- 
portion becomes 

Oa :1 111 : BB (1) 

In the right-angled triangle Oad^ we have, 

{Oay + {ad)'={Cd)\ (Th. 39, B.I). 
That is, ((7a)' + ^=1, because (7ti=l, and ad=^\. 
12 
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Wlience, Oa^^ ^/8. This value of (7a, substituted in 
proportion ( 1 ), gives 

i^/3 : 1 : : 1 : BD; hence, 52)= ^. 

But the area of the triangle Cbd is equal to 5(f (= 1,) 
multiplied by J(7a = | ^3 ; and the area of the triangle 
OBD is equal to BB multiplied by JC4. 

Whence, area, Cfbd = J ^^3, 

and, area, CBB = .-s. 

V 3 

But the area of the inscribed polygon is six times that 
of the triangle Cbd, and the area of the circumscribed 
polygon is six times that of the triangle OBB. 

Let the area of the inscribed polygon be represented 
by Pf and that of the circumscribed polygon by P. 

Then « = l^/8, andP = -I = ?-^ = 2^/8. 
2 ' %/3 ^/3 

3 _ - 3 

Whence jp :P :: ^^^S : 2\/3 : : g : 2 : : 3 : 4 : : 9 : 12 

p = |V3 = 2.59807621. P = 2^/8 = 3.46410161. 

Now, it is obvious that the area of the circle must be 
included between the areas of these two polygons, and 
not far from, but somewhat greater than, their half sum, 
which is 3.03 + ; and this may be regarded as the first 
approximate value of the area of the circle to the radius 
unity. 

PROPOSITION v.— PROBLEM. 

O^iven^ the areas of two regular polygons of the same num- 
ber of sideSj the one inscribed in and the other circumscribed 
about J the same circle^ to find the areas of regular inscribed and 
circumscribed polygons of double the number of sides. 

Letp represent the area of the given inscribed polygon, 
and P that of the circumscribed polygon of the same 
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number of sides. Also denote by jf the area of the 
mscribed polygon of double the number of sides, and by 
P' that of the corresponding circumscribed polygon. 
Now, if the arc KAL be some exact part, as one-fourth, 
one fifth, etc., of the circumference of the circle, of which 
is the center and QA the radius, then will KL be the 
side of a regular inscribed polygon, and the triangle 
KQL will be the same part of the whole polygon that 
the arc KAL is of the whole circumference, and the 
triangle QBB will be a like part of the circumscribed 
polygon. Draw OA to the point of tangency, and bisect 
the angles AQB and J.CZ>, by the lines GO- and QE^ and 
draw KA. 

It is plain that the triangle 
AQK is an exact part of the 
inscribed polygon of double the 
number of sides, and that the 
A ECQ- is a like part of the cir- 
cumscribed polygon of double 
the number of sides. Repre- 
sent the area of the A LGK by 
a, and the area of the A BGl) 
by J, that of the A AGK by a?, 

and that of the A EGGl- by y, and suppose the A's, KGL 
and DBQy to be each the nth part of their respective 
polygons. 

Then, na«|?, wJ8«P, 2na;s=p', 

and, 2wy = P' ; 

But, by (Th. 83, B. I), we have 

OM.MK^a (1) 
OA . AD ^h (2) 
OA . MK^2x (3) 

Multiplying equations ( 1 ) and ( 2 ), member by member, 
w^e have 

{GM . AD) X {OA . MK)=ab (4) 




186 GEOMETRY. 

From the similar A'b (TSfSTand CAD^ we have 

CM : MK :: OA : AB 
whence CM . AD ^ CA . MK 

But from equation ( 3 ) we see that each member of 

this last equation is equal to 2a?; hence equation (*) 

becomes 

2x . 2x = ab 

If we multiply both members of this by n' =a n . n, 

we shall have 

4nV =3 na.ni = p.P 

or, taking the square root of both members, 

2nx = \/p>P 

That is, the area of the inscribed polygon of dovile the 
nuniber of aides is a mean proportional between the areas of 
the given inscribed and circumscribed polygons p and P. 

Again, since CJE bisects the angle J. 02), we have, by, 
(Th. 24, B. n), 

AH : HD :: CA : CD 
:: CM: CK 
:: CM: CA 

hence, AE : AH +HD :: CM: CM + CA. 

Multiplying the first couplet of this proportion by (7J., 
and the second by JtfiT, observing thai AE+ ED = ADj 
we shall have 

AE.CA : AD.CA :: CM.MK : [CM + CA) MK. 

But AE.CA measures the area of the A CEQ-^ which 
we have called y, AD. CA^ t^ CBD = 5, CM.MK = 
A GKL = a, and {CM + CA)MK= a CKL + 2 a OAKz= 
a + 2xy as is seen from equations (1) and (3). Therefore, 
the above proportion becomes 

y : b :: a : a + 2x. 

Multiplying the first couplet by 2n, and the second by 
w, we shall have 
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2ny : 2nb :: na : na + 2nx 
That is, P' : 2F :: p : p+f 

whence, P'=s — -^, 

P +P 

and as the value of jp' has been previously found equal to 

v^Pp, the value of P' is known from this last equation, 

and the problem is completely solved. 

■ 

PROPOSITION VI. — PROBLEM. 

To determine the approximate numerical value of the area 
of a circle J when the radius is unity. 

We have now found, (Prob. 4), the areas of regular 
inscribed and circumscribed hexagons, when the radius 
of the circle is taken as the unit ; and Prob. 5 gives us 
formulae for computing from these the areas of regular 
inscribed and circumscribed polygons of twelve sides, 
and from these last we may pass to polygons of 
twenty-four sides, and so on, without limit. Now, it is 
evident that, as the number of sides of the inscribed 
polygon is increased, the polygon itself will increase, 
gradually pfprbftphiDg the circle, which it can never sur- 
pass. Alfa it is equally evident that, as the number of 
rides of the circumscribed polygon is increased, the poly- 
gon itself will decrease, gradually approaching the circle, 
less than which it can never become. 

The circle being included between any two corres- 
ponding inscribed and circumscribed polygons, it will 
fiffer from either less than they differ from each other ; 
and the area of either polygon may then be taken as the 
area of the circle, from which it will differ by an amount 
less than the difference between the polygons. 

It is also plain that, as the areas of the polygons ap. 
proach equality, their perimeters will approach coinci- 
dence with each other, and with the circumference of 
the circle. 
12* 
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Assuming the areas already found for the inscribed 
and circumfcribed hexagons, and applying the formula* 
of Prob. 5 to them and to the successive results ob- 
tained, we may construct the following table : 



zruHBKB or 


A 




6 


^-•3=. 2.59807621 


2>/3=3.46410161 


12 

24 


8 =: 8.0000000 

• 

6 


• 12 
„ . ,_-3.2153904 

2+V/3 

8.1596602 


v^2+v/3~ 


48 


3.1326287 


8.1460863 


96 


8.1393554 


3.1427106 


192 


3.1410328 


3.1418712 


384 


3.1414519 


3.1416616 


768 


3.1415568 


3.1416092 


1686 


3.1415829 


3.1415963 


8072 


3.1415895 


3.1415929 


6144 


3.1415912 


3.1415927 



Thus we have found, that when the radius of a circle is 
1, the semi-circumference must be more than 3.1415912, 
and less than 8.1415927 ; and this is as accurate as can 
be determined with the small number of decimals here 
used. To be more accurate we must have more decimal 
places, and go through a very tedious mechanical operar 
tion; but this is not necessary, for the result is well 
known, and is 3.1415926535897, floA other decimal places 
to the 100th, without termination. This result was dis- 
covered through the aid of an infinite series in the Dif- 
ferential and Integral Calculus. 

The number, 3.1416, is the one generally used in prac- 
tice, as it is much more convenient than a greater num- 
ber of decimals, and it is sufficiently accurate for all 
or^jnary purposes. 

In analytical expressions it has become a general cus- 
tom with mathematicians to represent this number by 
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the Greek letter y, and, therefore, when any diameter of 
a eircle is represented by i), the circumference of the 
same circle must be «r2>. If the radius of a circle is re- 
presented by jB, the circumference must be represented 
by 2»jB. 

Scholium. — The side of a regular inscribed hexagon subtends an 
arc of 60^, and the side of a regular polygon of twelve sides subtends 
an arc of 30° ; and so on, the length of the arc subtended by the sides 
of the polygons, varying inversely with the number of sides. 

Angles are measured by the arcs of circles included between their 
ndes ; they may also be measured by the chords of these arcs, or rather 
by the half chords called sines in Trigonometry. For this purpose, it 
becomes necessary to know the length of the chord of every possible 
arc>of a circle. 

PROPOSITION VII. — PROBLEM. 

CUveUj the chord of any arc^ to find the chord qf one half 
that arcy the radius qf the circle being unity. 

Let FE be the given chord, and draw 
the radii CA and OE, the first perpen- 
dicular to FEy and the second to its ex- 
tremity, E. 

Denote FE by 2<?, and the chord of 
the half arc AE by x. 

Then, in the right-angled triangle, 
DOEy we have ' DC' ^ W — BE\ Whence, since 
OE^lyLC^ ^l — c". 

If from OA = 1 we subtract BOj we shall have AD. 

That is, AD = 1 —_s^T^; hut AD' + DE' = AE\ 

and AD* «» 2 — 2^/l — c" — c". Adding to the first 

member of this last equation DE'y and to the second its 

value c*, we have 

AD" + OT=2 --2^i^ip7. 

Whence, AE = ^2 — 2^/i — (?*, the value sought. 

By applying this formula successively to any known 
Aord, we can find the chord of one half the arc, that of 
Wf of the half, and so on, to the chords of the most 
nunute arcs. 
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Application, 

The greatest chord in a circle is its diameter, which 18 
2 when the radius is 1; therefore, we may commence 
by making 2c = 2 , and <? «= 1. ^ 

Then, AH = ^2^TvT^ = ^2 — 2^/T=l = ^^2 « 
1.41421356, which is the chord of 90^. 

Now make 2c = 1.41421356, and c =.70710678 = ^^/2. 

We shall then have, 

chord of 45°= i^2- V^=: 1/2-1.41421356= >/.58578644= 
.7653+. 

Again, placing 2(?=.7653+, and applying the formula, 
we can obtain the chord of 22° 30', and fi'om this the 
chord of 11° 16', and so on, as far as we please. 

We may take, for another starting point, the chord of 
60°, which is known to be equal to the radius oif the 
circle,(Prob. 26, B. IV). If, as above, we make successive 
applications of the formula, putting first 2(?== 1, we shall 
arrive at the results in the following 



Chord of 60°, 




" 30°, 




'* 15°, 




" 7° 30', 




« 3° 45', 




" 1° 52' 30", 




" 56' 15", 




" 28' 7" 30'", 




" 14' 3" 45'", 




" 7' 1" 52J'", 



TABLE 


. 




= J Of a 


circumference, 1.0000000000 


- tV " 


i( 


.5176380902 


= )^ " 


u 


.2610523842 


= ?V " 


u 


.1308062583 


= 1.V " 


tt 


.0654381656 


= ihi " 


tt 


.0327234632 


==^h " 


tt 


.0163622792 


=- ',h " 


tt 


.0081812080 


1 « 

— TFSff 


tt 


.0040906112 


=iTrVj " 


it 


.0020453068 



etc. etc. 

a 

It is obvious that an arc so small as seven minutes of a 
degree can differ but very little jfrom its chord; therefore, 
if we take .002046307 to be the true value of the ^-^^ of 
the circumference, the whole circumference must be the 
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product of •002046307 by 8072, which is 6.283188104 = 
circumference whose radius is unity. The half of this, 
8.141692552, is the semi-circumference, the more exact 
value of which, as stated, (Prop. 6), is 3.141592663. 

The value of the half circumference being now deter- 
mined, if that of any arc whatever be required, we have 
merely to divide 3.141692, etc., by 10800, the number of 
minutes in a semi-circumference, and multiply the quo- 
tient by the number of minutes in the arc whose length 
is required. 

But this investigation has been carried far enough for 
our present purposes. It will be resumed under the 
subject of Trigonometry. ^ 

We insert the following beautiful theorem for the tri^ 
section of an arc, although not necessary for practical 
application. Those not acquainted with cubic equations 
may omit it. 

PROPOSITION VIII.— T-HEOREM. 

GHvefij the chord of any are, to determine the chord of one 
Hwrd of such arc. 

Let AH be the given chord, and 
conceive its arc divided into three 
equal parts, as represented by A£^ 
BD, and DH. 

Through the center draw BOG^, and 
draw AB. The two A's, CAB and 
ABFj are equiangular ; for, the angle 
tAB, being at the circumference, is 
measured by one half the arc BU, which is equal to AB, 
and the angle BOA, being at the center, is measured by 
the arc AB ; therefore, the angle FAB = the angle BOA ; 
but the angle OBA or FBA, is common to both tri- 
angles ; therefore, the third angle, CAB, of the one tri- 
Mrie, is equal to the third angle, AFB, of the other, 
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(Th. 12y B. If Cor. 2), and the two trianglee are equi- 
angular and simUar. 

But the A AOB is isosceles ; therefore, the A AJPB is 
also isosceles, and AB « AF, and we have the following 

proportions : 

CA : AB :: AB : BF. 

Now, let AE^ (?, AB ^x,AG^ 1. Then AF« a?, and 
HF^ € — a?, and the proportion becomes, 

1 : X :: X : BF. Hence, BF^ x'. 

Also, Fa^2 — x'. 

As AB and BG are two chords intersecting each other 
at the point JP, we have, 

fB^Fx FB^AFxFB, (Th. 17, B. m). 
That is, {2—3^)x'=-x{c — x); 
or, x^ — 3a: == — c. 

If we suppose the arc AB to be 60 degrees, then 0=1, 
and the equation becomes re* — 8a; = — 1; a cubic equa- 
tion, easily resolved by Horner's method, (Robinson's 
New University Algebra, Art. 464), giving x = .347296 +, 
the chord of 20°. This again may be taken for the value 
of Cj and a second solution will give the chord of 6° 40', 
and so on, trisecting successively as many times as we 
please. 

PRACTICAL PROBLEMS. 

The theorems and problems with which we have been 
thus far occupied, relate to plane figures; that is, to 
figures all of whose parts are situated in the same plane. 
It yet remains for us to investigate the intersections and 
relative positions of planes ; the relations and positions 
of lines with reference to planes in which they are not 
contained ; and the measurements, relations, and proper- 
ties of solids, or volumes. But before we proceed to tiiis, 
it is deemed advisable to give some practical problems 
the purpose of exercisiug the powers of the student, 



BOOK V. 143 

and of fixing in his mind those general geometrical prin- 
ciples with which we must now suppose him to be 
acquainted. 

1. The base of an isosceles triangle is 6, and the oppo- 
site angle is 60® ; required the length of each of the other 
two equal sides, and the number of degrees in each of 

• the other angles. 

2. One angle of a right-angled triangle is 30° ; what 
18 the other angle ? Also, the I^ast side is 12, what is 
the hypotenuse ? 

' A ( The hypotenuse is 24, the double of the least 
"**• I side. Why? 

3. The perpendicular distance between two parallel 
lines is 10 ; what angles must a line of, 20 make with 
these parallels to extend exactly from the one to the 
other ? Arts. The angles must be 30® and 150®. 

4. The perpendicular distance between two parallels 
is 20 feet, and a line is drawn across them at an an^e of 
45®r what is its length between the parallels ? 

V^ Ans. 20V^. 

6. Two parallels are 8 feet asunder, and from a point 
in one of the parallels two lines are drawn to meet the 
other ; the length of one of these lines is 10 feet, and 
that of the other 15 feet ; what is the distance between 
the points at which they meet the other parallel ? 

Ans. 6.69 ft., or 18.69 ft. (See Th. 39, B. I). 

6. Two parallels are 12 feet asunder, and, from a point 
on one of them, two lines, the one 20 feet and the other 
18 feet in length, are drawn to the other parallel; what 
is the distance between the two lines on the other parallel, 
and what is the area of the triangle so formed ? 

iThe distance on the other parallel is 29.416 
feet, or 2.584 feet; and the area of the tri 
angle is 176.496, or 15.504 square feet. 

7. The diameter of a circle is 12, and a chord of the 



Ana. 
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determine the third angle, and the area of the triangle 
thus constructed. 

The third angle is 80°, and as nearly as our 
Bcale of equal parts can determine for us, the 
side opposite the angle 80° is 787, and that 
opposite 70° is 740. 
The exact solution of problems like the last, except in a few par- 
ticular cases, requires a knowledge of certain lines depending on 
the angles of the triangle. The properties and values of these lines 
are investigated in trigonometry ; and as we are not yet supposed 
to be acquainted with them, we must be content with the approxi- 
mate solutions obtained by the constructions and measurements 
made with the plane scale. 

17. If we call the mean radius of the earth 1, the 
mean distance of the moon will be 60 ; and as the mean 
distance of the sun is 400 times the distance of the 
moon, its distance will be 400 times 60. The sun and 
moon appear to have the same diameter; supposing, 
then, the real diameter of the moon to be 2160 miles, 
what must be that of the sun ? 




Let E be the center of the earth, M that of the moon, and S 
that of the sun, and suppose ENP to be a line from the center of 
the earth, touching the moon and the sun. 

Then, EM : MN :: ES i SB; 

but MN"is the radius of the moon, and SP that of the sun. Mul- 
tiplying the consequents by 2, the above proportion becomes 

EM: 2M]Sr xi ES : 2SP] 

or in numbers, 60 : 2160 :: 400 X 60 : 2SP] 
whence, 2SP =« sun's diameter = 864000 miles, Atis. 
18. In Problem 15, suppose BO to be drawn on the 
other side of Bff, what, then, will be the value of AO^ 
and what the area of the triangle ACBt 

^^ (A0= 16,0-51; _ _ 

♦ Ajrea of triangle, ^(9^51+1^40).- 
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19. A man standing 40 feet from a building which was 
24 feet wide, observed that when he closed one eye, the 
width of the building just eclipsed or hid from view 90 
rods of fence which was parallel to the width of the 
building; what wsCs the distance from the eye of the 
observer to the fence ? Ans. 2475 feet. 

20. Taking the same data as in the last problem, ex- 
cept that we will now suppose the direction of the fence 
to be inclined at an angle of 45° to the side of the 
building which we see ; what, in this case, must be the 
distance between the eye of the observer and the remoter 
point of the fence 7 




Let BFhe the width of the house, E the position of the eye, and 
^ftthat of the fence. Draw BD perpendicular to EA prodaced; 
then, since the triangle ABD is right-angled and isosceles, we have 
AD SB DB, and 2X0* = 35* = (90)*; BD = 63.64 rods, and the 
similar triangles EFffsind EDB give the proportion 

EF : EF :: BD : ED=: 1750.1 feet; 
and from this we find 

E^^ED^ + Bif = (63.64 x V)* + (1750.1)« 
Whence EB = 2040.94 + A'm, 

21. In a right-angled triangle, ABC^ we have AB = 
498, ^(7= 1425, and 5(7= 1338 ; it is required to divide 
this triangle into parts by a line parallel to AB^ whose 
areas are to each other as 1 is to 3. How will the sides 
AG and BO he divided by this line ? (See Th. 20, B. II). 

J.7W. Into equal parts. 

22. In a right-angled triangle, ABG^ right-angled at 
jB, the base AB is 320, and the angle A is 60° ; required 
the remaining angle and the other sides. 

. /The angle (7=30°; 

I ^(7 « 640; 5(7= 654.24. 
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28. A huDter, wishing to determine his distai^ce from 
a village in sight, took a point and from it laid off two 
lines in the direction of two steeples, which he supposed 
equally distant from him, and which he knew to be 100 
rods asunder. At the distance of 60 feet on each line 
from the common point, he measured the distance be- 
tween the lines, and found it to be 6 feet 8 inches. How 
fer was he from the steeples ? 

5 ft. 8 in. : 100 rods : : 60 ft. : distance. r 14,669 feet, 

or, 68 : 100 X ? X 12 : : 50 : distance. ^^- \ f ^f ^^7 
' 2 K o miles. 

24. A person is in front of a building which he knows 
to be 160 feet long, and he finds that it covers 10 minutes 
of a degree ; that is, he finds that the two lines drawn 
from his eye to the extremities of the building include 
an angle of 10 minutes. What is his distance -from the 
building ? ( 55,004 feet, or 

* \ more than 10 miles. 

Remark. — The questions of distance, with which we are at present 
occupied, depend for theii: sohition on the properties of similar tri- 
angles. In the preceding example we apparently have but one tri- 
angle, but we have in fact two ; the second being formed by the dis- 
tances unity on the lines drawn from the eye of the observer, and the 
line which connects the extremities of these units of distance. This 
last line may be regarded as the chord of the arc 10 minutes to the 
radius unity. We have seen that the length of the arc 180® to the 
radius 1, is 3.1415926 ; hence the chord of V or 60^ is 0.017453, and 
of l(y it must be 0.0029089. Therefore, by similar triangles, we have 

0.0029089 : 160 : : 1 : ^/w. = ^^. 

25. In the triangle, ABO, we have given the anglea 
A = 32°, and B = 84°. The side AB is produced, and 
the exterior angle CBB thus formed, is bisected by the 
line BU, and the angle A is also bisected by the line A^y 
BE and AE meeting in the point E. What is the angle 
Oj and what is the relation between the angles and -ff ? 

AuB. (7=64°; jE?= J O. 
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26. Suppose a line to be drawn in any direction be- 
tween two parallels. Bisect the two interior angles thus 
formed on either side of the connecting line, and prove 
that the bisecting lines meet each other at right angles, 
and that they are the sides of a right-angled triangle of 
which the line connecting the parallels is the hypotenuse. 

27. If the two diagonals of a trapezoid be drawn, 
show that two similar triangles will be formed, the 
parallel sides of the trapezoid being homologous sides 
of the triangles. What will be the relative areas of 
these triangles ? 

r The triangles will be to each other 
Ans. < as the squares on the parallel sides 
(^ of the trapezoid. 

28. If from the extremities of the base of any triangle, 
lines be drawn to any point within the triangle, forming 
with the base another triangle ; how will the vertical 
angle in this last triangle compare with that in the 
original triangle ? 

^ It will be as much greater than the angle 
in the original triangle as the sum of 
A7i%. \ angles at the base of the new triangle is 
less than the sum of those at the base 
of the first. 

29. The two parallel sides of a trapezoid are 12 and 
20, respectively, and their perpendicular distance is 8. 
If a line whose length is 14.5 be drawn between the in- 
clined sides and parallel to the parallel sides, what is the 
area of the trapezoid, and what the area of each part, 
respectively, into which the trapezoid is divided ? 

''Area of the whole, 128 square units ; 
" smaller part, 33J 
Am. < " larger " 94| 

DividiDg line at the distance of 2 J from 
shorter parallel side. 
80. If wc assume the diameter of the earth to be 
13* 
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7956 miles, and the eye of an observer be 40 feet above 
the level of the sea, how far distant will an object be, 
that is just visible on the earth's surface. (Employ Th. 
18, B. Ill, after reducing miles to feet.) 

Am. 40992 feet =» 7 miles 4082 feet. 

31. The diameter of a circle is 4 ; what is the area of 
the inscribed equilateral triangle? Ans. 8^/8. 

32. Three brothers, whose residences are at the ver- 
tices of a triangular area, the sides of which are severally 
10, 11, and 12 chains, wish to dig a well which shall be 
at the same distance from the residence of each. Deter- 
mine the point for the well, and its distance fironpL their 
residences. 

Remark. — Construct a triangle, the sides of which are, respectively, 
10, 11, and 12. The sides of this triangle will be the chords of a cir- 
cle whose radius is the required distance. To find the center of this 
circle, bisect either two of the sides of the triangle by perpendiculars, 
and' their intersection will be the center of the circle, and the locatiou 
of the well. 

Ans. The well is distant 6.405 chains, nearly, from each 
residence. 

33. The base of an isosceles triangle is 12, and the 
equal sides are 20 each. What is the length of the per- 
pendicular from the vertex to the base; and what the 
area of the triangle ? 

Ans. Perpendicular, 19.07; area, (19.07) x 6. 
84. The hypotenuse of a 
right-angled triangle is 45 
inches, and the difference be- 
tween the two sides is 8.45 
inches. Construct the triangle. 

Suppose the triangle drawn and 
represented hj ABO, 2>(7 being the 
difference between the two sides. 

Now, by inspection, we discover the 
steps to be taken for the construo- 
tion of the triangle As AD s AB, 
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the angle ADB, must be eqaal to the angle DBA, and each equal 
to 45^ 

Therefore, draw any line, AC, and from an assumed point in it 
as Dy draw BD, making the angle ADB = 45®. Take from a 
scale of equal parts, 8.45 inches, and lay them off from D to C, and 
with (7 as a center, and CB ss 45 inches as a radius, describe an 
arc cutting BD in B. Draw CB, and from B, draw BA at right 
angles to AC; then is ABC the triangle sought 

Ans. -4jB=27.3; AC=^ 35.76, when carefully constructed. 

85. Taking the ^ame triangle as in the last problem, if 
we draw a line bisecting the right angle, where will it 
meet the hypotenuse? 

Am. 19.5 from B ; and 25.5 from O. 

36. The diameters of the hind and fore wheels of a 
carriage, are 5 and 4 feet, respectively ; and their centers 
are 6 feet asunder. At what distance from the fore wheels 
will the line, passing through their centers, meet the 
ground, which is supposed level ? Arts, 24 feet. 

37. If the hypotenuse of a right-angled triangle is 35, 
and the side of its inscribed square 12, what are its sides ? 

Ans. 28 and 21. 
88. What are the sides of a right-angled triangle 
having the least hypotenuse, in which if a square be in- 
scribed, its side will be 12 ? 

{The sides are equal to 24 each, and the 
least hypotenuse is double the diagonal 
of the square. 
39. The radius of a circle is 25 ; what is the area of a 
sector of 50° ? 

Remark. — First find the length of an arc of 50° in a circle whcse 
radius is unity. Then 25 tirne^ that will be the length of an arc of 
the same number of degrees in a circle of which the radius is 25. 

,o ^. . 3.14159265 
Length of arc 1° radius unity == t^ . 

«50o .. « _ 1.047197 55 ^ g 

6 

Area of sector = ^'^'^}^'^^^ x 125 X ^ = 272.7077. Ans. 

2 
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BOOK VI. 



ON THE INTERSECTIONS OF PLANES, AND THE REL- 
ATIVE POSITIONS OF PLANES AND OF PLANES 
AND LINES. 

DEFINITIONS. 

A Plane has been already defined to be a surface, sncli 
that the straight line which joins any two of its points 
will lie entirely in that surface. (Def. 9, page 9.) 

1. The Intersection or Common Section of two planes is 
the line in which they meet. 

2. A Perpendicular to a Plane is a line which makes 
right angles with every line drawn in the plane through 
the point in which the perpendicular meets it; and, con- 
versely, the plane is perpendicular to the line. The 
point in which the perpendicular meets the plane is 
called the foot of the perpendicular. 

3. A Diedral Angle is the separation or divergence of 
two planes proceeding from a common line, and is meas- 
ured by the angle included between two lines drawn 
one in each plane, perpendicular to their common sec- 
tion at the same point. 

The common section of the two planes is called the 
edge of the angle, and the planes are i\& faces. 

4. Two Planes are perpendicnlar to each other, when their 
diedral angle is a right angle. 

5. A Straight Line is parallel to a plane, when it will 
not meet the plane, however far produced. 
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6. Two Planes are parallel, when they will not intersect, 
however far produced in all directions. 

7. A Sohd or Polyedral Angle is the separation or diver- 
gence of three or more plane angles, proceeding from a 
common point, the two sides of each of the plane angles 
being the edges of diedral angles formed by these plane 
angles. 

The common point from which the plane angles pro- 
ceed is called the vertex of the solid angle, and the inter- 
sections of its bounding planes are called its edgea. 

8. A Triedral Angle is a solid angle formed by three 
plane angles. 

THEOREM I. 

Two straight lines which intersect each other y two parallel 
straight lines, and three points not in the same straight line, 
wiU severally determine the position of a plane. 

Let AB and J. (7 be two Knes 
intersecting each other at the 
point A\ then will these lines 
determine a plane. For, conceive ^* ^.^^^^ p 
a plane to be passed through AB^ _,^. — ''^ '^''^--^^^ 
and turned about AB as an axis 

until it contains the point Q in the line AQ. The plane, 
in this position, contains the lines AB and J. (7, and will 
contain them in no other. Again, let AB and BE be 
two parallel straight lines, and take at pleasure two 
points, A and B, in the one, and two points, B and E, 
in the other, and draw ^j^and BD. The last lines, AB, AE, 
or the lines AB, DB from what precedes, determine the posi- 
tion of the parallels AB, BE, And again, if A, B, and G 
be three points not in the same straight line, and we draw 
the lines AB and AG, it follows, from the first part of this 
proposition, that these points fix the plane. 
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C(yt. A straight line and a point out of it determine 
the position of a plane. 



Er--^] 


3 




1 
j 


^ 




d^'=;::t 


L 



THEOREM II. 

jy two planes meet each otheVy their common points unU be 
found in J and form one straight line. 

Let B and D be any two of the 
points common to the two planes, 
and join these points by the straight 
line BD ; then will BD contain all 
the points common to the two planes, 
and be their intersection. For, suppose the planes have 
a common point out of the line BD ; then, (Cor. Th. 1), 
since a straight line and a point out of it determine a 
plane, there would be two planes determined by this one 
line and single point out of it, which is absurd. Hence 
the common section of two planes is a straight line. 

Remark. — The truth of this proposition is implicitly assumed in the 
definitions of this Book. 



THEOREM III. 

If a straight line stand at right angles to each of two other 
straight lines at their point of intersection^ it unit be at right 
angles to the plane of those lines. 

Let AB stand at right angles to EFb^uA. 
CDy at their point of intersection A. Then 
AB will be at right angles to any other 
line drawn through A in the plane, pass- 
ing through EFy CZ>, and, of course, at 
right angles to the plane itself. (Def. 2.) 

Through Jl, draw any line, AG-y in the 
plane EF^ CDy and from any point Q-^ draw (}R parallel 
to AD. Take HF = Aff, and join F and G^ and produce 
FO- to D. Because SO^ is parallel to ADj we have 

FH I HA :: Fa : QD. 
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But, in this proportion, the first couplet is a ratio of 
equality; therefore the last couplet is also a ratio of 
equality, 

That is, FQ- = G-D^ or the line FD is bisected in Q. 

Draw BD, Ba, and BF. 

Now, in the triangle AFD^ as the base FD is bisected 
in 6?, we have, 

AF'+*35' = 22a' + 2^' (1) (Th. 42, B. I). 

Also, as BF is the base of the a BDF, we have by thu 
same theorem, 

'BF' +'m>' ^ 2Ba' + 2aF' . (2) 



By subtracting ( 1 ) from ( 2 ), and observing that BF - - 
A F ' = AB% because BAF is a right angle ; and Bl/ - • 
AB^ =s AB^, because BAB is a right angle, we shall have, 

JB" +'AB' = 2Ba* — 2Aa". 



"Dividing by 2, and transposing AG , and we have, 

AB" + Aa" = Ba\ 

This last equation shows that-B-4.G^ is a right angle. 
But AG iQ any line drawn through Jl, in the plane FF, 
OB; therefore AB is at right angles to any line in the 
plane, and, of course, at right angles to the plane itself 

Cor. 1. The perpendicular BA is shorter than any of 
the oblique lines BFy BGj or BB, drawn fi'om the point 
B to the plane ; hence it is the shortest distance from a 
point to a plaue. 

Cor. 2. But one perpendicular can be erected to a plane 
jftom a given point in the plane ; for, if there could be 
two, the plane of these perpendiculars would intersect 
the given plane in some line, as AGy and both the per- 
pondiculars would be at right angles to this intersection 
at tho same point, which is impossible. 

Cor. 3. But one perpendicular can be let fall from a 
given point out of a plane on the plane ; for, if there can 
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be two, let BG- and BA be such perpendiculars, then 
would the triangle BAQ- be right angled at both A and 
/r, which is impossible. 

THEOREM IV. 

If from any point of a perpendicular to a planey oblique 
lines be drawn to different points in the plane^ those obliqtie 
lines which meet the plane at equal distances from the foot of 
the perpendicular are equal ; and those which meet the plane 
at unequal distances from the foot of the perpendicular are 
unequal^ the greater distances corresponding to the Ixmger 
oblique lines. 

Take any point B in 
the perpendicular BA to 
the plane ST^ and draw 
the oblique lines BCy 
BB, and BJE, the points 
(7, B, and U, being equally 
distant from Ay the foot 
of the perpendicular. 
Produce AU to jF, and 
draw BF; then will B0== BB = BUy and BFy BE. 

For, the triangles BA (7, BABy and BAE are all right- 
angled at Ay the side BA is common, and AO^AB^AE 
by construction, hence, (Th. 16, B. I), BG^ BB = BE. 
Moreover, since J.jP> AEy the oblique line i5jP> BE. 

Cor. If any number of equal oblique lines be drawn 
from the point B to the plane, they will all meet the 
plane in the circumference of a circle having the foot of 
the perpendicular for its center. It follows from this, 
that, if three points be taken in a plane equally distant 
from a point out of it, the center of the circle whose cir-' 
cumference passes through these points will be the foot of 
the perpendicular drawn from the point to the plane. 




s 




\\ 


\ 




M \ 


\ 


A 


*# \ 


\_ 


9 


^, \ 



T 



BOOK VI. 167 

THEOREM V. 

The line which joins any point of a perpendicuiar to a 
plane^ with the point in which a line in the plane is inter- 
sectedj at right angles^ by a line through the foot of the per- 
pendicuJur, will be at right angles to the line in the plane. 

Let AB be perpendic- B 

ular to the plane ST^ and 
AD a line through its foot 
at right angles to JKF, a line 
in the plane. Connect D 
with any pointy as -B, of the 
perpendicular; and BD will 
be perpendicular to EF, 

Make DF = DEy and join B to the points JE and 
F. Since DF=^DF^ and the angles at D are right 
angles, the oblique lines, AE and AF^ are equal ; and, 
since AE=^AF, we have, (Th. 4), BE=BF\ therefore 
the line BD has two points, B and 2?, each equally distant 
from the extremities E and F of the line jEuP, and hence 
BB is perpendicular to EF at its middle point 2>. 

Cor. Since FD is perpendicular to the two lines AD 
and BD at their intersection, it is perpendicular to their 
plane ADB, (Th. 8). 

Scholium. — The inclination of a line to a plane is measured by the 
angle included between the given line and the line which joins the 
point in which it meets the plane and the foot of the perpendicular 
drawn from any point of the line to the plane ; thus, the angle BFA is 
the inclination of the line BF to the plane ST, 

THEOREM VI. 

Jf either of two parallels is perpendicular to a plane^ the 
other is also perpendicular to the plane. 

Let BA and ED be two parallels, of which one, BAy 
IS perpendicular to the plane ST; then will the other also 
be. perpendicular to the same plane. 
14 
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The two parallels de- 
termine a plane which 
intersects the given plane 
m AD ; through 2) draw 
MN perpendicular to 
AD ; then, (Cor., Th. 5,) 
will MN be perpendicu- 
lar to the plane BAD^ 
and the angle MDE is 

therefore a right angle ; but EDA is also a right angle, 
since BA and ED are parallel, and BAD is a right angle 
by hypothesis; hence, ED is perpendicular to the two 
lines MD and AD in the plane 8T\ it is therefore perpen- 
dicular to the plane, (Th. 3). 

Cor. 1. The converse of this proposition is also true , 
that is, if two straight lines are both perpendicular to the %ame 
plane, the lines are parallel. 

For, suppose BA and ED to be two perpendiculars ; if 
not parallel, draw through D a parallel to BA, and this 
last line will be perpendicular to the plane ; but ED is 
a perpendicular by hypothesis, and we should have two 
perpendiculars erected to the plane at the same point, 
which is impossible, (Cor. 2, Th. 3). 

Cor. 2. If two lines lying in the same plane are each 
parallel to a third line not in the same plane, the two 
lines are parallel.* For, pass a plane perpendicular to 
the third line, and it will be perpendicular to each of tlve 
others ; hence they are parallel. 
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A straight line is parallel to a plane^ when it is parallel 
to a line in the plane. 

Suppose the line MN to be parallel to the line CD, in 
the plane ST: then will MNhe parallel to the plane ST 




BOOK VI. 169 

For, OD being in the plane 

8T^ and at the same time g 

parallel to MN^ it must be the 

intersection of the plane of 

these parallels with the plane 

ST\ hence, if MN meet the 

plane ST^ it must do so in the '^ 

line CZ>, or CD produced ; but MN and OD are parallel, 

and cannot meet; therefore MN^ however far produced, 

can have no point in the plane ST, and hence, (Def. 6), it 

is parallel to this plane. 

THEOREM VIII. 

If two lines are parallel, they wUl he equally inclined to 
any given plane. 

Let AB and OD be 
two parallels, and ST 
atiy plane met by them 
in the points A and 
0\ then will the lines 
AB and CD be equally 
inclined to the plane 
ST. 

Tor, take any distance, AB, on one of these parallels, 
and make CD = AB, and draw AC and BD. From the 
points B and D let fall the perpendiculars, BE and DF, 
on the plane ; join their feet by the line EF, and draw 
AE and CF. 

Now, since AB is equal and parallel to CD, ABDC ia 
a parallelogram, and BD is equal and parallel to AC, 
and BD is parallel to the plane ST, (Th. 7) ; and, since 
BE and DF are both perpendicular to this plane, they 
are parallel ; but BD and EF are in the plane of these 
parallels; and as EF is in the plane ST, and BD is 
parallel to this plane, these two lines must be parallel 
and equal, and BDFE is also a parallelogram. NoW| 
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we have shown that BD is equal and parallel to -4.(7, and 
EF equal and parallel to BD\ hence, (Cor. 2, Th. 6), 
JEF\^ equal and parallel to -4.(7, and A OFF is a parallel- 
ogram, and AF = OF. The triangles ABF and OBF 
have, then, the sides of the one equal to the sidg? of the 
other, each to each, and their angles are consequently 
equal; that is, the angle BAF is equal to the angle 
BOF; but these angles measure the inclination of the 
lines AB and OB to the plane aST, (Scholium, Th. 6). 

Scholium. — The converse of this proposition is not generally true ; 
that is, straight lines equally inclined to the same plane are not nece» 
sarily parallel. 

THEORJEM IX. 

The intersections &f two parallel planes by a third plane^ 
are parallel. 

Let the planes QR and ST he intersected by the third 
plane, AB : then will the intersections, AB and (ZZ>, be 
parallel. 

Since the lines AB and OB are in the same plane, if 
they are not parallel, they will q 

meet if sufficiently produced; 
but they cannot meet out of the 
planes QR and ST^ in which 
they are respectively found; 
therefore, any point common to 
the lines, must be at the same 
time common to the planes ; and 
since the planes are parallel, 
they have no common point, and the lines, therefore, do 
not intersect ; hence they are parallel. 

THEOREM X. 

If two planes are perpendicular to the same straight linCy 
they are parallel to each other. 

Let QB and ST be two planes, perpendicular to the 
lina AB ; then will these planes be parallel. 
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For, if not parallel, suppose ilf to be a jpoint in their 
line of intersection, and 
from this point draw 
lines to the extremities 
of the perpendicular m" 
ABy thus forming a tri- 
angle, MAB. Now, 
since the line AB is 
perpendicular to both 
planes, it is perpendicular to each of the lines MA and 
MB^ drawn through its feet in the planes, (Def. 2); 
hence, the triangle has two right angles, which is impos- 
sible ; the planes cannot therefore meet in any point as 
JIf, and are consequently parallel. 

Cor. Conversely : The straight line which is perpendicu- 
lar to one of two parallel planes, is also perpendicular to the 
other. For, if AB be perpendicular to the plane QB, 
draw in the other plane, through the point in which the 
perpendicular meets it, any line, as AC. The plane of 
the lines AB and AC will intersect the plane QB in the 
line BB ; and since the planes are parallel by hypothesis, 
the lines AC smd BB must be parallel, (Th. 9) ; but the 
angle BBA is a right angle ; hence, B AC musfbe a right 
angle, and the line BA is perpendicular to any line what- 
ever drawn in the plane through the point A ; BA is 
therefore perpendicular to the plane ST. 



THEOREM XI. 

Jf two straight lines be drawn in any direction through 
parallel planes, the planes will cut the lines proportionally. 

Conceive three planes to be parallel, as represented 
in the figure, and take any points, A and B, in the first 
and third. planes, and draw AB, the line passing through 
the second plane at E. 

14* L 
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Also, take any otlier two points, as 
C and 2>, in the first and third planes, 
and draw (72), the line passing through 
the second plane at F. 

Join the two lines by the diagonal 
JlD, which passes through the second 
plane at (}. Draw BD, UGj GF, and 
AC. We are now to prove that, 

AE : EB :: OF : FD. 

For the sake of brevity, put AO:=^X^ and OD^- Y. 
As the planes are parallel, BD is parallel to EG ; from 
the two triangles ABD and AEG^ we have, (Th. 17, 

B. II) ; 

AE : EB :: X: T. 

Also, as the planes are parallel, Q^F is parallel to -A (7, 
and we have, 

OF : FB :: X : T. 

By comparing the proportions, and applying Th. 6, 
B. n, we have 

AE : EB :: OF : FB. 



THEOREM XII. 

If a straight line is perpendicular to a plane^ all planes 
passing through that line will be perpendicular to the plane. 

Let iHfJVbe a plane, and J.jB a per- 
pendicular to it. Let BO he any 
other plane, passing through JLJB; 
this plane will be perpendicular to 

Mm 

Let BB be the common intersec- 
tion of the two planes, and from 
the point B, draw in MN BE at right angles to DB. 

Then, as AB is perpendicular to the plane JOT, it is 
perpendicular to every line in that plane, passing through 



n 
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B ; (Def. 2,) ; therefore, ABE is a right angle. But the 
angle ABE^ (Def. 8), measures the inclination of the two 
planes ; therefore, the plane CB is perpendicular to the 
plane MN; and thus we can show that any other plane, 
passing through AB^ will be pei'pendicular to MN. 
Hence the theorem. 



THEOREM XIII. 

If two planes are perpendicular to each others and a line 
he drawn in one of them perpendicular to their common in- 
teraectionj it will he perpendicular to the other plane. 

Let the two planes, QR and 8T^ be perpendicular to 
each other, and draw in QR the line CD at right angles 
to their cotnmon intersection, R V; then will this line be 
perpendicular to the plane ST. 

In the plane A^y draw ED, perpen- 
dicular to VR at the point I). 
Then, since the planes QR and ST g 
are perpendicular to each other, the 
angle ODE is a right angle, and 

CD is perpendicular to the two ^— ^- 

lines, ED and VR, passing through 




R 



its foot in the plane ST. CD is therefore perpendicular 
to the plane ST, (Th. 3). 

Cor. Conversely: if we erect a perpendicular to the 
plane ST, at any point, 2>, of its intersection with the 
plane QR, this perpendicular will lie in the plane QR. 
For, if it be not in this plane, we can draw in the plane 
the line CD, at right angles to VR ; and, from what has 
been shown above, CD is perpendicular to the plane ST, 
and we should thus have two perpendiculars erected to 
the plane, ST, at the same point, which is impossible, 
(Cor. 2, Th. Z\ 



OBOHETRT. 



THEOREM XIT. 

The commtm intertecHon of two phnet, both of which art 
perpendicular to a third plane, wiU alto be perpendicular to 
the third plane. 

Let MN he the common 
intersection of the two 
planes, QR and VX, both 
of which are perpendicular 
to the plane ST; then will 
Jtfif be perpendicular to the 
plane ST. For, if we erect 
a perpendicular to the plane 
ST, at the point M, it will 
lie in both planes at the 

same time, (Cor. Th. 13) ; and this perpendicular must 
therefore be their intersection. Hence the theorem. 



\yk 



THEOREU XT. 

Parallel itraight line» included between parallel plawt, 
are equal. 



^ 



Let^jB and J)(7be two parallel lines, 
included by the two parallel planes, 
QR and ST; then will AB = DC. 

For, the plane AO, of the parallel 
lines, intersects the planes, QR and ST, 
in the parallel lines, AD and BO, 
(Th. 9) ; hence ABCD is a parallelogram, and its oppo- 
site sides, AB and DO, are equal. 

OoT. It follows from this proposition, that parallel planes 
are everywhere equally distant ; for, two perpendieolare 
drawn at pleasure between the two planes are parallel 
lines, (Cor. 1, Th. 6), and hence are equal; but these per- 
pendiculars measare the distance between the planes. 
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THEOREM XVI. 

Two planes are parallel when two lines not paraUelj lying 
in the one^ are respectively parallel to two lines lying in the 
other. 

Let QB and ST be 

two planes, the first 
containing the two 
lines AB and OD 
which intersect each 
other at B^ and the 
second the two lines 
LM and JVO, respect- 
ively parallel to AB 
and CD', then will 
these planes be par- 
allel. 

For,ifthetwoplanes 
are not parallel, they must intersect when sufficiently 
produced; and their common section lying in both planes 
at the same time, would be a line of the plane QB, Now, 
the lines AB and OD intersect each other by hypothesis ; 
hence one or both of them must meet the common sec- 
tion of the two planes. Suppose AB to meet this com- 
mon section ; then, since AB and LM are parallel, they 
determine a plane, and JLJ? cannot meet the plane STm 
a point out of the line LM\ but AB and LM being par- 
allel, have no common point. Hence, neither AB nor 
CD can meet the common section of the two planes ; that 
ifl, they have no common section, and are therefore par- 
allel. 

Cor. Since two lines which intersect each other, deter- 
mine a plane, it follows from this proposition, that the 
plane of two intersecting lines is parallel to the plane of two 
0iher intersecting lines respectively parallel to the first lines. 
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THEOREM XVII. 

When two interseeting lines are respectively parallel to tw^ 
other intersecting lines h/ing in a different plane, the angles 
formed by the hut two lines will be equal to those formed by 
the first twOj each to eaehj and the planes of the angles wUl be 
parallel. 

Let QR be the plane 
of the two linegJ AB 
and C2>, which inter- 
sect each other at the 
point E^ and ST the 
plane of the two lines 
LM and i\rO, respect- 
ively parallel to AB 
and CD ; then will the 
L BED = L MPO, 
and L BEC = L 
MPN, etc., and the 
planes QR and ST 
will be parallel. 

That the plane of one set of angles is parallel to that 
of the other, follows from the Corollary to Theorem 16 ; 
we have then only to show that the angles are equal, 
each to each. 

Take any points, B and 2>, on the lines AB and CZ), 
and draw BD. Lay off jP3f, equal to and in the same 
direction with EB, and PO, equal to and in the same 
direction with ED, and draw MO. Now, since the planes 
QR and ST are parallel, and ED is equal and parallel to 
PO, EDOP is a parallelogram, and DO is equal and par- 
allel to EP. For the same reason, BM is equal and 
parallel to EP) therefore, BDOMi& a parallelogram, and 
MO is equal and parallel to BD. Hence the A's, EBB 
and PMOj have the sides of the one equal to the sides 
of the other, each to each ; they are therefore equal, and 
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the \__MPO = the [_BED. In the same manner it can 
be proved that \_BEC=-[__MPNj etc. 

Cor. 1. The plane of the parallels AB and LM is in- 
tersected by the plane of the parallels OD andiVO, in the 
line EP. ISTow, EB and ED are the intersections of these 
two planes with the plane QR^ and PJf and PO are the 
intersections of the same planes with the parallel plane 
ST. It has just been proved that the L BED = [_MPO. 
Hence, if the diedral angle formed hy two planes^ he cut by 
two parallel planes, the intersections of the faces of the diedral 
angle with one of these planes will include an angle equal 
to that included by the intersections vf the faces with the other 
flane. 

Cor. 2. 2%« opposite triangles formed by joining the cor- 
fe9po7iding extremities of three equal and parallel straight 
lines lying in different planes j will be equal and the planes of 
th triangles will be parallel. 

Let EPy BM, and DO, be three equal and parallel 
straight lines lying in different planes. By joining their 
corresponding extremities, we have the triangles EBD 
and PJIfO. Now, emce EP and BM are equal and 
parallel, EBMP is a parallelogram, and EB is equal and 
parallel to PM\ in the same manner, we show that ED 
is equal and parallel to PO, and BD to M0\ hence the 
Wangles are equal, having the three sides of the one, 
respectively, equal to the three sides of the other. 
That their planes are parallel, follows from Cor., Theo- 
i*em 16. 

THEOREM XVIII. 

Any one of the three plane angles bounding a triedral 
^le, is less than the sum of the other two. 

Let A be the vertex of a solid angle, bounded by the 
three plane angles, BAG, BAD, and DAO; then will any 
one of these three angles be less than the sum of the 
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other two. To establisli this proposition, we have onlj 
to compare the greatest of the three 
angles with the sum of the other 
two. 

Suppose, then, BAG to be the 
greatest angle, and draw in its plane B^ 
the line AEy making the angle 
OAE equal to the angle QAD. On 1) 

AEy take any point, E, and through it draw the line QEB. 
Take AD, equal to AE^ and draw BD and DO. 

Kow, the two triangles, CAB and CAE^ having two 
sides and the included angle of the one equal to the two 
sides and included angle of the other, each to each, are 
equal, and CE= OB] but in the triangle, BBO, B0< 
BB + BO. Taking EC from the first member of this 
inequality, and its equal, 2>(7, from the second, we have, 
BE < BB. In the triangles, BAE and BAB^ BA is 
common, and AE = AB by construction ; but the third 
side, BBy in the one, is greater than the third side, BE^ 
in the other ; hence, the angle BAB is greater than the 
angle BAE^ (Th. 22, B. I) ; that is, l_BAE < \_BAB; 
adding the \^E AC to the first member of this iriequaUtj, 
and its equal, the [^BACy to the other, we have 

l_BAE+l_EAO< l_BAB + l_BAO. 

And, as the [_BAC is made up of the angles BAE and 
EAC^ we have, as enunciated, 

[_BAO< \_BAB + [_BAO. 

THEOREM XIX. 

The mm of the plane angles forming any solid angle^ u 
always less than four right angles. ' 

Let the planes which form the solid angle at JL, be cut 
by another plane, which we may call the plane of the 
base, BOBE. Take any point, a, in this plane, and draw 
aBj aO, aBy aE^ etc., thus making as many triangles on 
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the plane of the base as there are tri- 

angnlar planes forming the solid angle 

A. Now, since the sum of the angles 

of every A is two right angles, the sum 

of all the angles of the A's wbich 

have their vertex in A, is equal to the 

Bum of all angles of the A's which have 

their vertex in a. But, the angles BOA 

"+AOI>j are, together, greater than 

the angles BOa + aCB, or BOB, by the last proposition. 
That is, the sum of all the angles at the bases of the A's 
which have their vertex in A, is greater than the sum of 
all the angles at the bases of the A's which have their 
vertex in a. Therefore, the sum of all the angles at a is 
greater than the sum of all the angles at A; but the sum 
of all the angles at a is equal to four right angles ; there- 
fore, the sum of all the angles at A is less than four right 
angles. 

THEOREM XX. 

J(f two solid angles are formed by three plane angles respect- 
wdy equal to each other ^ the plants which contain the equal 
^ks will be equally inclined to each other. 

Letthe \_ASe=t}ie [JDTF, 
theL^/SiB= the L-Z>2'jE?, and 
^^\_BSC^ the [_ETF\ then 
will the inclination of the 
planes, ASC^ ASB, be equal 
to that of the planes, BTF^ 

Dm. 

Having taken SB at pleas- 
we, draw BO perpendicular 

to the plane ASO; from the point 0, at which that perpen- 
ficular meets the plane, draw OA and 0(7, perpendicular 
to SA and SO; draw AB and BO; next take TJE = SB, 
«nd draw JSP perpendicular to the plane BTF; from the 
16 




i 
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point P, draw PD and jPjP, perpendicular to TD and 
TF\ lastly, draw DE and JS?Jl 

The triangle SAB^ is right-angled at JL, and the tri- 
angle TBE, at 2>, (Th. 5) ; and since the [__ ASB = the 

L i> TE, we have L ^^-^ = L ^-^^ ; likewise, SB^TE\ 
therefore, the triangle SAB is equal to the triangle TBE; 
hence, SA = TBj and AB = 2>^. In like manner it 
* may be shown that SO = 2!F, and BC ^ EF. That 
granted, the quadrilateral SAOC is equal to the quadri- 
lateral TBFF; for, place the angle ASC upon its equal, 
BTF, and because SA = 27>, and S0=^ TF, the point A 
will fall on 2>, and the point Con F\ and, at the same time, 
AO^ which is perpendicular to SA^ will fall on P2>, which 
is perpendicular to TB^ and, in like manner, 00 on FF; 
wherefore, the point will fall on the point P, and AO 
will be equal to BF. But the triangles, A OB^ BFEj are 
right angled at and P; the hypotenuse AB = BEj and 
the side A0=^BF; hence, those triangles are equal, 
(Cor, Th. 39, B. I), and l_0AB=[_FBE. The angle OAB 
is the inclination of the two planes, ASBj ASO; the angle 
FBE is that of the two planes, BTE, BTF; conse- 
quently, those two inclinations are equal to each other. 
Hence the theorem. 

Scholium 1. — The angles which form the solid angles at 8 and T, 
may be of such relative magnitudes, that the perpendiculars, BO and 
UPy may not fall within the bases, ASC and DTF; but they will 
always either fall on the bases, or on the planes of the bases produced, 
and will have the same relative situation to A, 8, and C, sa P has 
to Dj T, and F. In case that and P fall on the planes of the bases 
produced, the angles BOO and EFPy would be obtuse angles; but the 
demonstration of the problem would not be varied in the least. 

Scholium 2. — If the plane angles bounding one of the triedral 
angles be equal to those of the other, each to each, and also be simi- 
larly arranged about the triedral angles, these solid angles will be ab- 
solutely equal. For it was shown, in the course of the above demon- 
stration, that the quadrilaterals, 8A0C a>nd TDPF, were equal; and 
on being applied, the point falls on the point P\ and since the trian- 
(i;les AOB and DPE are equal, the perpendiculars OB and PJE^axo 
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Also eqnaL Now, because the plane angles are like arranged about 
the triedral angles, these perpendiculars lie in the some direction; 
bence the point B will fall on the point E, and the solid atigles 
irill exactly coincide. 

ScHOUUX 3. — When the planes of the equal angles are not like dis- 
posed about the triedral angles, it would not be possible to make these 
triedral angles coincide ; and still it would be true that the pianos of 
the equal angles are equally inclined to each other. Hence, these 
triedral angles have the plane and diedral angles of the one, equal to 
. the plane and diedral angles of the other, each to each, without having 
of themselves that absolute equality which admits of superposition. 
Magnitudes which are thus equal in all their component parts, but 
will not coincide, when applied the one to the other, are said to be 
symmefyicaUy equcU, Thus, two triedral angles, bounded by plane 
angles equal each to each, but not like placed, are symmetrical triedral 
m^fles. 
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SOLID GEOMETay. 



DEFINITIONS. 



L A Folyedron is a solid, or volume, bounded on aQ 
sides by planes. The bounding planes are called the 
face% of the polyedron, and their intersections are its 
edge%. 

2. A Prism is a polyedron, having two of its faces, 
called 6a«e«, equal polygons, whose planes and homolo- 
gous sides are parallel. The other, or lateral fapeB, are 
parallelograms, and constitute the convex surface of the 
prism. 

The bases of a prism are distinguished by the terms, 
upper and lower; and the altitude of the prism is the per- 
pendicular distance between its bases. 

Prisms are denominated triangular^ quadrangular^ penit" 
angular^ etc.j according as their bases are triangles, quadr 
rilaterahy pentagons^ etc. 

3. A Eight Prism is one in which the planes of the 
lateral faces are perpendicular to the planes of the bases. 

4. A Parallelopipedon is a prism 
whose bases are parallelograms. 

5. A Eectangular Parallelopipedon 
is a right parallelopipedon, with 
rectangular bases. 
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6. A Cube or Hexaedron is a rectangu- 
lar parallelopipedon, whose faces are all 
equal squfires. 

7. A Diagonal of a Folyedron is a straight 
line joining the vertices of two solid 
angles not adjacent. 

8. Similar Folyedrons are those which 

are bounded by the same number of similar polygons 
like placed, and whose homologous solid angles are 
equal. 

Similar parts, whether faces, edges, diagonals, or 
angles, similarly placed in similar polyedrons, are termed 
homologous, 

9. A Pyramid is a polyedron, having 
for one of its faces, called the hase^ any 
polygon whatever, and for its other faces 
triangles having a common vertex, the 
sides opposite which, in the several trian- 
gles, being the sides of the base of the 
pyramid. 

10. The Vertex of a pyramid is the 
common vertex of the triangular faces. 

11 The Altitude of a pyramid is the perpendicular 
distance from its vertex to the plane of its base. 

12^ A Right Pyramid is one whose base is a regular 
polygon, and whose vertex is in the perpendicular to the 
base at its center. This perpendicular is called the axis 
of the pyramid.* 

13. The Slant Height of a right pyramid is the perpen- 
dicular distance from the vertex to one of the sides of 
the base. 

14. The Frustum of a Pyramid is a portion of the pyr- 
amid included between its base and a section made by a 
plane parallel to the base. 

Pyramids, like prisms, are named from the forms of 
their bases. 

15* 
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Ifi. A Cylinder is a body, having for ^ =a»^ 
its ends, or bases, two eqiial circles, / / \ a 

the planes of which are perpendicnlar 
to the Una joining their centers ; the 
remainder of its sar&ce may be con- 
ceived aa formed by the motion of a 
line, which constantly toncbes the cir- 
cnmferences of the bases, while it 
remains parallel to the line which 
joins their centers. , 

We may otherwise define the cylinder as a body gen- 
erated by the revolation of a rectangle abont one of ite 
sides as an immovable axis. 

The sides of the rectangle perpendicular to the axis 
generate the boats of the cylinder ; and the side oppomttf 
the axis generates its convtx mrface. The line joining. 
the centers of the bases of the cylinder is its axia, and i>' ' 
also its altitv4e. 

IS, within the base of a cylinder, any polygon be m* " 
scribed, and on it, as a base, a right prism be oOD-l 
Btnicted, having for its altitude that of the cylinder, such 
prism is said to be inseribed in the cylinder, and the cylni^ 
der is said to cireumecribe the pritm. 

Thus, in the last figure, ABODEe is an inscribed 
prism, and it is plain that all its lateral edges are con- 
tained in the convex sur&ce of the cylinder. . 

If, abont the base of a cylinder, any 
polygon be circnmscribed, and on it, 
ae a base, a right prism be con- 
structed, ha\-ing for its altitnde that 
of the cylinder, such prism is said to 
be eireumaeribed about the cylinder, and 
the cylinder is said to be inecribed in 
the priam. 

Thus, ABCDEFc is a circum- 
scribed prism ; and it is plain that 
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tiio line, ttm, which joins the points of 
tangency of the sides, SF snd ef, with 
the circamferenceB of the bases of the 
cyliflder, is common to the convex sor- 
iftoes of the cylinder and prism. 

16. A Cone is a body bounded by a 
drcle and the sarface generated by the 
motion of a straight line, which con- 
stantly passes through a point in the 
perpendicular to the plane of the circle 
at its center, and* the different points in 
its circumference. 

The cone may be otherwise defined as a body gene- 
rated by the revolution of a right-angled triangle about ■ 
(Jne of its sides as an immovable axis. The other side 
of the triangle will generate the bate of the cone, while 
the hypotenuse generates the convex surftuie. 
■ The side about which the generating triangle revolves 
* is the axis of the cone, and is at the same time its altitmde. 
IS, within the base of the cone, any 
polygon be' inscribed, and on it, as a 

base, a pyramid be constructed, having 

for its vertex that of the eoue, such 

pyramid is said to be inscribed m the 

me, and the cone is said to cireumaanbe 

At pyramid. 
Thus, in the accompanying figure, 

V — ABODE, is an inscribed pyramid, 

ud it is pMn that all its lateral edges 

We cont^ned in the convex surface of 

ftt: cone. 

I^ about the base of a cone, any poly- 
gon be circumscribed, and on it, as a 

0886, a pyramid be constmcted, having 

for its vertex that of the cone, such pyramid is said to be 

''nwnwCTT&ei (^>oiU the cone, and the cone is said to be 

"iKrt&eti in the pyramid. 
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17. The Fnutnm of a Cone is the portion of the cone that 

is included between its base and a section made by a plane 
parallel to the base. 

18. Similar Cylinders, and also Similar Cones, are such as 
have their axes proportional to the radii of their bases. 

19. A Sphere is a body^ounded by one uniformly-curved 
surface, all the points of which are at the same distance 
from a certain point within, called the eenter. 

We may otherwise define the sphere as a body gene* 
rated by the revolution of a semicircle about its diameter 
as an immovable axis. 

20. A Spherical Sector is that 
portion of a sphere which is in- 
cluded between the surfaces of 
two cones having a common, 
axis, and their vertices at the 
center of the sphere. Or, it is 
that portion of the sphere which 
is generated by a sector of the 
generating semicircle. 

2L The Eadius of a Sphere is 
a straight line drawn from the 

center to any point in the surface ; and the diameter is 
a straight line drawn through the center, and limited on 
both sides by the surface. 

All the diameters of a sphere are equal, each being 
twice the radius. 

22. A Tangent Plane to a sphere is one which haa a 
single point in the surface of the sphere, all the others 
being without it. 

23. A Secant Plane to a sphere is one which has more 
than one point in the surface of the sphere, and lies 
partly within and partly without it. 

Assuming, what will presently be proved, that the in- 
tersection of a sphere by a plane is a circle, 

24. A Small Circle of a sphere is one whose plane does 
not pass through its center; and 
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Sfi, A Oreat Circle of a sphere is one whose plane passes 
through the center of the sphere. 

26. A Zone of a sphere is the portion of its surface in- 
claded between the circumferences of any two of its paral- 
lel circles, called the bases of the zone. When the plane 
of one of these circles becomes tangent to the sphere, the 
zone has a single base. 

27. A Spherical Segment is a portion of the volume of a 
sphere included between any two of its parallel circles, 
called the bases of the segment. 

The altitude of a zone, or of a segment, of a sphere, 
is the perpendicular distance between the planes of its 
bases. 

28. The area of a surface is measured by the product 
of its length and breadth^ and these dimensions are always 
conceived to be exactly at right angles to each other. 

29. In a similar manner, solids are measured by the 
product of their lengthy breadth, and height, when all their 
dimensions are at right angles to each other. 

The product of the length and breadth of a solid, is 
the measure of the surface of its base. 

Let P, in the annexed fig- 
ure, represent the measuring 
unit, and AF the rectangular 
solid to be measured. 

A side of P is one unit in 
length, one in breadth, and 
one in height ; one inch, one 
iootj one yard, or any other unit that may be taken. 

Then, 1 x 1 x 1 = 1, the unit cube. 

K*ow, if the base of the solid, AO, is, as here repre- 
sented, 6 units in length and 2 in breadth, it is obvious 
that (5 X 2 « 10), 10 units, each equal to P, can be placed 
on. the base of AC, and no more; and as each of these 
Timts will occupy a unit of altitude, therefore, 2 units of 

M 
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altitnde will contain 20 solid units, 3 units of altitude, 
30 solid units, and so on ; or, in general terms, tlie num^ 
her of square units in ike hose multiplied hy the linear units 
in perpendicular altitude j will give the solid units in any rect-' 
angular solid. 

THEOREM I. 

If the three plane faces hounding a solid angle of one prism 
he equal to the three plane faces hounding a solid angle qf 
another, each to each, and similarly disposed, the prisms unU 
he equ^l. 

Suppose A and a to be the vertices of two solid angles, 
bounded by equal and similarly placed faces; then will 
the prisms, ABODE — ^iVand ahcde — n, be equal. 

For, if we place the base, 
ahcde, upon its equal, the base 
ABODJE^ they will coincide; 
and since the solid angles, 
whose vertices are A and a, are e< 
equal, the lines ah, ae, and ap, 
respectively coincide with AB, 
AH, and AP ; but the faces, al and ao, of the one prism, 
are equal, each to each, to the faces, AL and AO, of the 
other; therefore pi and po coincide with PL andPO, 
and the upper bases of the prisms also coincide : hence, 
not only the bases, but all the lateral faces of the two 
prisms coincide, and the prisms are equal. 

Oor. K the two prisms are right, and have equal bases 
and altitudes, they are equal. For, in this case, the rect- 
angular faces, al and ao, of the one, are respectively 
equal to the rectangular faces, AL and AO, of the other; 
and hence the three faces bounding a triedral angle in 
the one, are equal and like placed, to the faces bounding 
a triedral angle in the other. 
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THEOREM II. 

• The opposite faces of any parallelopipedon are equals and 
their planes are parallel. 

Let ABQD — E be any parallelopipedon ; then will its 
opposite feces be equal, and their planes will be parallel. 

The leases ABOD and TECiH are 
equal, and their planes are parallel, 
by definitions 2 and 4 of this Book; 
it remains for us, therefore, only to 
show that any two of the opposite 
lateral faces are equal and parallel. 

Since all the faces of the parallelopipedon are parallel- 
ograms, AB is equal and parallel to i>(7, and AH is also 
equal and parallel to I>F\ hence the angles HAB and 
FBO are equal, and their planes are parallel, (Th. 17, B. 
VI), and the two parallelograms, HAB& and FDCE, 
having two adjacent sides and the included angle of the 
one equal to the two adjacent sides and included angle 
of the other, are equal. 

Cor. 1. Hence, of the six faces of the parallelopipedon, 
any two lying opposite may be taken as the bases. 

Cor. 2. The four diagonals of a parallelopipedon mutu- 
ally bisect each other. For, if we draw AC and HE, we 
shall form the parallelogram AOEH^ of which the diago- 
nals are AE and HC^ and these diagonals are at the same 
time diagonals of the parallelopipedon ; but the diagonals 
of a parallelogram mutually bisect each other. Now, if 
the diagonal FB be drawn, it and EC will bisect each 
other, since they are diagonals of the parallelogram 
JPSBC. In like manner we can show tl*at if'Dfif bd 
drawn, it will be bisected by AE. Hence, the four diag- 
onals have a common point within the parallelopipedon. 

Scholium. — It is seen at once that the six faces of a parallelopipQ< 
don intersect each oijher in twelve edges, four of which are equal t« 
JHAy four to JJB, and four to AD. Now, we may conceive the parallel* 
9pipedon to, be bounded by the planes determined by the three lines 
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AB, AS, and AD, and the three plaoea passed t]iroa,;Ii the extrcni* 
ties, H, B, and D, of these lines, parallel to the first tiiree pUnes. 



THEOBEM III. 

The convex eurface of a r^ht pritm it measured by th» 
perimeter of tU ha»e multiplied by its altH'ude. 

Let ABOBU—Ifhe a right prism, of ^ 

which AP is the altitude ; then will ita 
convex surface be measured by 

{AB + SO+CD + DH + HA) x AP. 
For, ita convex surface is made up of the 
rectangles AL, BM, ON, etc., and each 
rectangle ia measured by the product of 
its base by its aliitude ; hut the altitude 
of each rectangle ia equal to AP, Ihe alti- 
tude of the prism ; hence the convex sur- 
face of the prism is measured by the pro- 
duct of the sum of the bases of the rectangles, or the 
perimeter of the base of the prism, by the common alti- 
tude, AP. 

Cor. Kight prisma will have equivalent convex sur&oea, 
when the products of the perimeters of their bases by 
their altitudes are respectively equal; and, generally, tbeir 
convex snrfeees will be to each other ae the products of 
the perimeters of their bases by their altitudes. Hence, 
if the altitudes are equal, their convex surfaces will be aa 
the perimeters of their bases ; and if the perimeters of 
their bases are equal, the^r convex surfaces will be as 
tbeir altitudes. 



THEOREM IV. 



The two seetiong of a prima made by parallel planes between 
iti bases are equal polygons. 
Let the prism ABODE — JV be cut between Ita bases 
" by two parallel planes, making the sections <^RS, etc., 
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and TVX, etc. ; then will these sections 
be equal polygons. 

Forj since the secant planes are paral- 
lel, their intersections, QR and TV, by 
the plane of the face EAPO are parallel, 
(Th. 9, B. VI) ; and being included be- 
tween the parallel lines, AP and EO, they 
are also equal. In the same niaoner we 
may prove that R8 is equal and parallel 
to VX, and so on for the intersections of 
the secant planes by the other faces of 
the prism. Hence, these polygonal sections have the 
sides of the one equal to the sides of the other, each to 
each. The angles QRS and TVX are equal, because 
their sides are parallel and lie in the same direction ; and 
in like manner we prove |_ RST = i_ VXZ^ and so on 
for the other corresponding angles of Ihe polygons. 
Therefore, these polygons are both mutually equilateral 
and mutually equiangular, and consequently are equal. 

Cor. A section of a prism made by a plane parallel to 
the base of the prism, is a polygon equal to the base. 



THEOREM V. 

Two paraUelfypipedom, ihe one reotangular and the other 
tblique, wUl be equal in volume when, having the tame hate 
and aJtitude, two opposite lateral faces of the one are m ths 
planea of the eorregponding lateral faces of the other. 

Designating the parallelo- 
pipedons by their opposite 
diagonal letters, let AQ- be 
the rectangular, and AL the 
oblique, parallelopipedon, hav- 
ing the same base, AC, and 
the same altitude, namely, 
the perpendicular distance be- 
16 
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tween the parallel planes, AC and EL. Also let the &ce, 
AK^ be in the plane of the face, AF^ and the face, 2>i, In 
the plane of the face, DO-. We are now to prove that the 
oblique parallelopipedon is equivalent to the rectangular 
parallelopipedon. 

As the &ces, AF and AK^ are in the same plane, and 
the parallelopipedons have the same altitude, JEFK is a 
straight line, and EF^IK, because each is equal to AB. 
If from the whole line, EKj we take EF, and then fix)m 
the same line we take IK=^ EF, we shall have the re- 
mainders, jFJand FKy equal ; and since AE and BF are 
parallel, \_AEI = [_BFK\ hence the A's, ASZ" and 
BFKy are equal. Since HE and MI are both parallel to 
D J., they are parallel to each other, and EIMH is a par- 
allelogram ; for like reasons, FKLCi is a parallelogram, 
and these parallelograms are equal, because two adjacent 
sides and the included angle of the one are equal to two 
adjacent sides and the included angle of the other. The 
parallelograms, BE and CjP, being the opposite faces of 
the parallelopipedon, J.(r, are equal. Hence, the three 
plane faces bounding the triedral angle, E, of the trian- 
gular prism, EAI — J?, are equal, each to each, and like 
placed, to the three plane faces bounding the triedral angle 
JF, of the triangular prism, FBK — (r, and these prisms 
are therefore equal, (Th. 1). Now, if from the whole 
solid, EABK — H^ we take the prism, EAI — H^ there 
will remain the parallelopipedon, AL\ and, if from the 
same solid, we take the prism, FBK—O^j there will remain 
the rectangular parallelopipedon, AG. Therefore, the 
oblique and the rectangular parallelopipedons are equiva- 
lent. 

Cor. The volume of the rectangular parallelopipedoi ., 
AGr, is measured by the base, ABOB, multiplied by the 
altitude, AE^ (Def. 29) ; consequently, the oblique paral- 
lelopipedon is measured by the product of the same base 
by the same altitude. 
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ScHOunx. — If nuthei of the {MtrallelopipedonB U lectangulu, bat 
they BtiU have the Bame base and the Bame altitude, and two opposite 

lateral faces of the one are in the planes of the corresponding lateral 
faces of the other, by precisely the same reasoning we could prove the 
paraQelopipedone equivalent. Hence, in general, any two parallelo- 
pipedwM wiB be espial in vohimt v>7iat, hanitig the samt base and aUihtde, 
two o^potite lateral /aeei of the oite are in the plane* of Iht corretp(md- 
ing lateral facta of the other. 




THEOREM VI. 

Two parallehpipedona having equal boMa and eqaal alU- 
tudea, are equivalent 

Let AG and AL be two paral- q p „ „ 
lelopipedous, having a common 
lower baee, and their upper bases 
in the same plane, MF. Then 
will these parallelopipedons be 
equivalent. 

Since their upper bases are in ■* jj 

the Bame plane, and the lines IM and .£X are par- 
allel, and also JSF and SO, these lines will intersect, 
when produced, and form the parallelogram NOPQ, 
which will be equal to the common lower base of 
the two parallelopipedons. Kow, if a third parallelo- 
pipedon be constructed, having BI> for its lower base, 
and OQ for its upper base, it will be equivalent to the par- 
allelopipedon AG, and also to the parallelopipedon AL, 
{Th. 5, Scholium) ; hence, the two ^ven parallelopipe- 
dons, being each equivalent to the third parallelopipe- 
don, are equivalent to each 'other. 

Hence, two parallehpipedona having equal bases, ete. 



THEOREM VII. 

The volume of any parallelopipedon i» meaaured hy the 
product of its base and altitude, or the product of iia thret 
diraenaiona. 
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Let ABCD—Q- be any parallelopipedon ; then will its 
volume be expressed by the product 
of the area of its base and altitude. 

If the parallelopipedon is oblique, 
we may construct on its base a right 
parallelopipedon, by erecting perpen- 
diculars at the points -4., B^ (7, and D, 
and making them each equal to the 
altitude of the given parallelopipedon ; 
and the right parallelopipedon, thus 
constructed, will be equivalent to the given parallelopip- 
edon, (Th. 6). Now, if the base, ABCD, is a rectangle, 
the new parallelopipedon will be rectangular, and meas- 
ured by the product of its base and altitude, (Def. 29). 
But if the base is not rectangular, let fall the perpen- 
diculars. Be and Adj on CD and OD produced, and take 
the rectangle ABcd for the base of a rectangular paral- 
lelopipedon, having for its altitude that of the given 
parallelopipedon. We may now regard the rectangular 
face, ABFEy as the common base of the two parallelo- 
pipedons, Ag and AG) and, as they have a common 
base, and equal altitude, they are equivalent. Thus we 
have reduced the oblique parallelopipedon, first to an 
equivalent right parallelopipedon on the same base, and 
then the right to an equivalent rectangular parallelopip- 
edon on an equivalent base, all having the same alti- 
tude. But the rectangular parallelopipedon, Ag^ is 
measured by product of its base, ABcd, and its altitude ; 
hence, the given and equivalent oblique parallelopipedon 
is measured by the product of its equivalent base and 
equal altitude. 

Hence, the volume of any parallelopipedon, etc. 
Cor, Since a parallelopipedon is measured by the pro- 
duct of its base by its altitude, it follows that paralleled 
pipedons of equivalent bases, and equal altitudes, are equiva* 
lent, or equal in volume. 
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THEOREM VIII. 

ParaUelopipedons on the samey or equivalent baaeSy are to 
each other as their altitudeB; and paralhlopipedons having/ 
eqaal aUitudeSy are to each other as their bases. 

Let P and p represent two parallelopipedons, whose 
bases are denoted by B and A, and altitudes by A and a, 
respectively. 

Now, P = 5 X -4, and ;? == J X a, (Th. 7). 

But magnitudes are proportional to their numerical 
measures ; that is, 

P : p :: B X A : b X a. 

If the bases of the parallelopipedons are equivalent, 
we have J? = J ; and if the altitudes are equal, we have 
A = a. Introducing these suppositions, in succession, 
in the above proportion, we get 

P : p :: A : aj 
and P : p :: B : b. 

Hence the theorem ; ParaUelopipedons on the same, etc. 

THEOREM IX. 

Similar parallelopipedons are to each other as the cubes of 
their like dimensions. 

Let P and p represent any two similar parallelopipe- 
dons, the altitude of the first being denoted by h, and 
the length and breadth of its base by I and w, respect- 
ively; and let A', V, and n'j in order, denote the corres- 
ponding dimensions of the second. 

Then we are to prove that 

P : p :: n'' : n'^ :: r : V" : : A» : h'\ 
We have 

P = Inh, and p = Vn'V (Th. 7) ; 

and by dividing the first of these equations by the 
Becond, member by member, we get 
16* 
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P_ Ink 

p '^ Vn'h'' 
which, reduced to a proportion, gives 

P : p :: Inh : Vn'V. 
But, by reason of the similarity of the parallelopipe' 
dons, we have the proportions 

I : V :: n : n' 

we have also the identical proportion, 

By the multiplication of these proportions, term by 
term, we get, (Th. 11, B. II), 

Inh : Vn/h' : : w' : n". 
That is, P I p II rf I n^. 

By treating in the same manner the three proportions, 

I : V :: h : h' 

n I n' :i h I h' 

h I V II h I h\ 
we should obtain the proportion 

P : p :: ff : V^\ 
and, by a like process, the three proportions, 

h'.y \\l\V 

n : n' :: I : V 

will give us the proportion 

P : p :: t' : l^. 
Hence the theorem ; similar parallehpipedons are to each 
othery etc. 

THEOREM X. 

The two triangular prisms into which any paralUhpipedon 
is divided^ hy a plane passing through its opposite diagonal 
edges, are equivalent. 

Let ABCD — F be a parallelopipedon, and through 
the diagonal edges, BF and DM, pass the plane BJIj divi- 
ding the parallelopipedon into the two triangular prismSi 
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ABD — E and BCD — G- ; then we are to prove that these 
prisms are equivalent. Letusdivide 
the diagonal, BB, in which the se- 
cant plane intersects the base of the 
parallelopipedon, into three equal 
parts, a and c being the points of 
division. In the base, ABOB, con- 
struct the complementary paral- 
lelograms, aO and aA, and in the 
parallelogram, badB, construct the 
complementary paral lelogram s, 
ed and cJ, and conceive these, to- 
gether with the parallelograms, 
Ba, acy cB, to be the bases of 
smaller parallelopipedons, having 
their lateral faces parallel to the 

lateral faces of, and their altitude equal to the altitude oij 
the given parallelopipedon, AG. 

Now it is evident that the triangular prism, BOB — G, 
is composed of the parallelopipedons on the bases, aC 
and cdj and the triangular prisms, on the side of the 
secant plane with this prism, into which this plane divides 
the parallelopipedons on the bases, Ba, acy and cB. The 
triangular prism, ABB — B, is also composed of the par- 
allelopipedons on the bases, Aa and be, together with the 
triangular prisms on the side of the secant plane with 
this prism, into which this plane divides the parallelopip- 
edons on the bases, Ba, ac, and cB. 

But the parallelograms, aO and aA, being complement- 
ary, are equivalent, (Th. 31, B. I) ; and for the same 
reason the parallelograms, cd and ch, are equivalent ; and 
since parallelopipedons on equivalent bases and of equal 
altitudes, are equivalent, (Cor., Th. 7), we have the sum 
of parallelopipedons on bases aC and cd, equivalent to 
the sum of parallelopipedons on the bases, aA and ch. 
Hence, the triangular prisms, ABB — E and BOB — (?, 
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differ in volume only by the difference which may exist 
between the sums of the triangular prisms on the two 
Bides of the secant plane into which this plane divides 
the parallelopipedons on the bases, Ba^ ac, and ed. 

Now, if the number of equal parts into which the diag- 
onal is divided, be indefinitely multiplied, it still holds 
true that the triangular prisms, ABD — JE and BCD — 0^, 
differ in volume only by the difference between the snms 
of the triangular prisms on the two sides of the secant 
plane into which this plane divides the parallelopipedons 
constructed on the bases whose diagonals are the equal 
portions of the diagonal, BJ). But in this case the sum 
of these parallelopipedons themselves becomes an indefi- 
nitely small part of the whole parallelopipedon, AGf-y and 
the difference between the parts of an indefinitely small 
quantity must itself be indefinitely small, or less than 
any assignable quantity. Therefore, the triangular 
prisms, ABB — JE and BOB — 0-y differ in volume by less 
than any assignable volume, and are consequently equiv- 
alent. 

Hence the theorem ; the two triangular prisms into tvhiehj 
etc. 

Cor, 1. Any triangular prism, as ABB — E^ is one half 
the parallelopipedon having the same triedral angle, Aj 
and the same edges, AB, ABj and AE. 

Cor. 2. Since the volume of a parallelopipedon is meas- 
ured by the product of its base and altitude, and the tri- 
angular prisms into which it is divided by the diagonal 
plane, have bases equivalent to one half the base of the 
parallelopipedon, and the same altitude, it follows that, 
the volume of a triangular prism is measured by the product 
of its base and altitude. 

The above demonstration is less direct, but is thought 
to be more simple, than that generally found in authors, 
and which is here given as a 
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Second Demonstration, 

Let ABCD — F be a parallelo- 
pipedon, divided by the diagonal 
plane, BJI^ passing through the 
edges, £F and Dff; then we are 
to prove that the triangular 
prisms, ABD—JE and BOB—Gy 
thus formed, are equivalent. 

Through the points B and F, 
pass planes perpendicular to the 
edge, BF, and produce the late- 
ral faces of the parallelopipedon 
to intersect the plane through B ; 
then the sections Bcda and Fghe 
are equal parallelograms. For, since the cutting planes 
are both perpendicular to BFy they are parallel, (Th. 10, 
B. VI) ; and because the opposite faces of a parallelo- 
pipedon are in parallel planes, (Th. 2), and the intersec- 
tions of two parallel planes by a third plane are parallel, 
(Th. 9, B. VI), the sections, Bcda and Fghe, are equal 
parallelograms, and may be taken as the bases of the 
right parallelopipedon, Bcda — h. But the diagonal plane 
divides the right parallelopipedon into the two equal tri- 
angular prisms, aBd — e and Bed — g, (Th. 1). We will 
now compare the right prism with the oblique triangular 
prism on the same side of the diagonal plane. 

The volume ABB — ^ is common to the two prisms, 
ABB — F xnd aBd — e ; and the volume eFh — F, which, 
added to this common part, forms the oblique triangular 
prism, is equal to the volume aBd — A, which, added to 
the common part, forms the right triangular prism. For, 
since ABFF and aBFe are parallelograms, AF = ae, and 
taking away the common part Ae, we have aA=eF; and 
since BFHD and BFhd are parallelograms, we have DB 
sss dh ; and from these equals taking away the common 
part 2>A, we huve dD = hH. Now, if the volume eFh — R 



190 GBOMETRY. 

be applied to the volume aBd — D, the base eFh fellmg 
on the equal base aBd^ the edges eE and hH will fall 
upon aA and dB respectively, because they are perpen- 
dicular to the base aBd^ (Cor. 2, Th. 3, B. VI), and the 
point E will fall upon the point J:, and the point H upon 
the point B ; hence the volume eFh — H exactly coincides 
with the volume aBd — 2>, and the oblique triangular 
priscr. ABB — E is equivalent to the right triangular 
prism aBd — e. 

In the same manner, it maybe proved that the oblique 
triangular prism, BCBQ-j is equivalent to the right tri- 
angular prism, Bedg. The oblique triangular prism on 
either side of the diagonal plane is, therefore, equivalent 
to the corresponding right triangular prism ; and, as the 
two right triangular prisms are equal, the oblique trian- 
gular prisms are equivalent. 

Hence the theorem ; the two triangular prismSy etc. 

THEOREM XI. 

The volume of any prism whatever is measured hy the prod- 
uct of the area of its base and altitude. 

For, by passing planes through the homologous diag- 
onals of the upper and lower bases of the prism, it will 
be divided into a number of triangular prisms, each of 
which is measured by the product of the area of its base 
and altitude. Now, as these triangular prisms all have, 
for their common altitude, the altitude of the given 
prism, when we add the measures of the triangular 
prisms, to get that of the whole prism, we shall have, 
for this measure, the common altitude multiplied by the 
sum of the areas of the bases of the triangular prisms : 
that is, the product of the area of the polygonal base 
and the altitude of the prism. 
Hence the theorem ; the volume of any prism, etc, 
Oor. If A denote the area of the base, and S the alti^ 
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tude of a prism, its volume will be expressed by J. x JS. 
Calliiig this volume F", we have 

V ^ A X E. 
Denoting by A\ JSP, and F', in order, the area of the 
base, altitude, and voltnne of another prism, we have 

F' = ^' X S\ 

Dividing the first of these equations by the second, 
member by member, we have 

F ^ AxM 
V A' X H'' 
which gives the proportion, 

F : V II AxH : A' xH'. 

If the bases are equivalent, this proportion becomes 

r iV i: H : E'\ 
and if the altitudes are equal, it reduces to 

F : V II A : A'. 

Hence, prisms of equivalent bases are to each other as 
their altitudes; and prisms of equal altitudes are to each otJi^ 
as their bases. 

THEOREM XII, 

A plane parsed through a pyramid parallel to its base, 
divides its edges and altitude proportionally j and makes a 
section^ which is a polygon similar to the base. 

Let ABODE — F be any pyramid, whose base is lu the 
plane, MNj and vertex in the parallel plane, mn\ i^nd let 
a plane be passed through the pyramid, parallel to its 
base, cutting its edges at the points, a, 5, c, d, e, arid the 
altitude, EF, at the point I. By joining the points, a, 6, 
€y etc., we have the polygon formed by the intersection 
of the plane and the sides of the pyramid. Now, we are 
to prove that the edges, VA, VB^ etc., and the altitude, 
FE^ are divided proportionally at the points, a, 6, etc., 
and Z; and that the polygon, a, J, (?, cZ, e, is similar to the 
base of the pyramid. 
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bince the cutting plane is parallel to the base of the 
Dyramid, oS is parallel to AB, (Th. 9, B. VI); for the 
dame reason, be is parallel to BO, cd to OB, etc. Now, 
in the triangle VAB, because ab is parallel to the base 
AB, we have, (Th. 17, B. II), the proportion, 
VA : Va :; VB : Vb. 

In like manner, it may be shown that 
VB : Vb :: VO i Vc, 
and 80 on for the other lateral edges of the pyramid. F 
being the point in which the perpendicular from S pierces 
the plane mn, and I the point in which the parallel secant 
plane cuta the perpendicular, if we join the points F and 
F, and also the points I and e by straight lines, we have 
in the triangle HFV, the line le parallel to the base FV; 
hence the proportion 

VF : Ve :: FH t Fl. 

Therefore, the plane passed through the pyramid pBx- 
allel to itB baee, divides the altitude into parts irhich hav« 
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to each other the same ratio as the parts into which it 
divides the edges. 

Again, since ab is parallel to AB^ and he to jB(7, the 
angle abc is equal to the angle ABCj (Th. 17, B. YI.) ; in 
the same manner we may show that each angle in the 
polygon, ahcde^ is equal to the corresponding angle in the 
yoljgon, ABODU ; therefore these polygons are mutually 
equiangular. But, because the triangles VBA and Vba 
are similar, their homologous sides give the proportion 

Vb : VB ;: ai : AB; 

and because the triangles Vbc and VBO are similar, we 
also have the proportion 

Vb : VB :: be : BO. 

Since the first couplets in these two proportions are the 
Bame, the second couplets are proportional, and give 

ah : AB :: be : BO. 
By a like process, we can prove that 

be : BO :: ed : ODy 

and that cd : OD :i de i BJEj 

and so on, for the other homologous sides of the two 
polygons. 

Hence, the two polygons are not only mutually equi- 
angular, but the sides about the equal angles taken in the 
Bame order are proportional, and the polygons are there- 
fore similar, (Def. 16, B. U). 

Hence the theorem ; a plane passed through a pyramid^ 
etc. 

Oor. 1. Since the areas of similar polygons are to each 
other as the squares of their homologous sides, (Th. 22, 
B. H), we have • 

area abede : area ABODE : aJ* : AB*. 

But, ah : AB i: Va iVA :: Fl : FU; 



hence, ah : AB x\ Fl : FE : 

therefore, area abcde : area ABODE i Fl* i FE • 
17 N 
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That is, the area of a section parallel to the ba^e of a 
pyramid, is to the area of the base, as the square of the 
perpendicular distance from the vertex of the pyramid to 
the section, is to the square of the altitude of the pyramid. 

Oor. 2. Let V— ABODE and X—R8T be two pyra. 
mids, having their bases in the plane MN, and their ver- 
tices in the parallel plane mn ; and suppose a plane to be 
passed through the two pyramids parallel to the common 
plane of their bases, making in the one the section abcdcj 
and in the other the section rst 

Now, area ABODE : area ahcde : : 'AB^ : a?, (Th.22, B.II), 

and " RST: " rst::ES':rP 

But, AB : ab :: VB : Vh, 

and R8 : r« : : XR : Xr. 

Because the plane which makes the sections is parallel 
to the planes MN and mn, we have, (Th. 11, B. VI), 

VB : Vb :: XR : Xr; 

therefore, (Cor. 2, Th. 6, B. IT), AB:ab::RS: ra. 

By squaring, AB^ : a6* : RS^ : r«'; 

hence, area ABODE : area abode : : area RST: area rat. 

That is, if two pyramids having equal altitudes, and their 
bases in the same plane, be cut by a plane parallel to the com" 
man plane of their bases, the areas of the sections will bs 
proportional to the areas of the bases ; and if the bases are 
equivalent, the sections will also be equivalent 

THEOREM XIII. 

If two triangular pyramids have equivalent bases and 
equal altitudes, they are equal in volume. 

Let V—ABO and v — abc be two triangular pyramids, 
having the equivalent bases, ABO and abc, and let the 
altitude of each be equal to OX) then will these two 
pyramids be equivalent. 
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Place the bases of the pyramids on the same plane, 
with their vertices in the same direction, and divide the 
altitude into any number of equal parts. Through the 
points of division pass planes parallel to the plane of the 
bases ; the corresponding sections made in the pyrainida 
by these planes are equivalent, (Th. 12, Cor. 2) ; that is, 
the triangle DEF is equivalent to the triangle dxf, the 
triangle GRI\a the triangle ghi, etc. 

Now, let triangular prisma be constructed on the tri- 
angles ABC, J>EF, etc., of the pyramid V~ABC, these 
prisms having their lateral edges parallel to the edge, 
VO, of the pyramid, and the equal parts of the altitude, 
CX, for their altitudes. Portions of these prisms will be 
exterior to the pyramid V — ABO, and the sum of their 
volnmeB will exceed the volume of the pyramid. 

On the bases def, gU, etc., in the other pyramid, con- 
Btnict interior prisms, as represented in the figure, 
their lateral edges being parallel to ve, and their alti- 
tudes also the equal parte of the altitude, GX. Portions 
of tho pyramid, r — abc, will be exterior to these prisms. 
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and the volume of the pyramid will exceed the sum of 
the volumes of the prisms. 

Since the sum of the exterior prisms, constructed in 
connection with the pyramid F— J.B(7, is greater than 
the pyramid, and the sum of the interior prisms, con- 
structed in connection with the pyramid v — ai<?, is less 
than this pyramid, it follows that the diflference of these 
sums is greater than the difference of the pyramids them- 
selves. But the second exterior prism, or that on the 
base BEFy is equivalent to the first interior prism, or 
that on the base defy and the third exterior prism is 
equivalent to the second interior prism, (Th. 10, Cor. 2), 
and so on. That is, beginning with the second prism from 
the base of the pyramid, V-^ABC, and taking these 
prisms in order towards the vertex of the pyramid, and 
comparing them with the prisms in the pyramid, v — abcj 
beginning with the lowest, and taking them in order 
toward the vertex of this pyramid, we find that to each 
exterior prism of the pyramid, V — ABC^ exclusive of 
the first or lowest, there is a corresponding equivalent 
interior prism in the pyramid, v — abc. 

Hence the prism, ABCBEF^ is the difference between 
the sum of the prisms constructed in connection with 
the pyramid, V—ABO^ and the sum of the iniorior 
prisms constructed in the pyramid, v — abc. But the first 
sum being a volumie greater than the pyramid, V—ABOy 
and the second sum a volume less than the pyramid, 
V — ahcy it follows that the volumes of the pyramids differ 
by less than the prism, ABCDEF. 

Now, however great the number of equal parts into 
which the altitude, QX^ be divided, and the correspond- 
ing number of prisms constructed in connection with 
each pyramid, it would still be true that the^ difference 
between the volumes of the pyramids would be less than 
the volume of the lowest prism of the pyramid V—AlBO\ 
but when we make the number of equal parts into which 
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flie altitude is divided indefinitely great, the volume of 
this prism becomes indefinitely small : that is, the differ- 
ence between the volumes of the pyramids is less than 
an indefinitely small volume ; or, in other words, there 
is no assignable difference between the two pyramids, 
and they are, therefore, equivalent. 

Hence the theorem ; if two triangular pyramids^ etc. 

THEOREM XIV. 

Ant/ triangular pyramid is one third of the triang^i nr 
prism having the same base and equal altitude. 

Let F — ABC be a triangular pyramid, and throng a F 
pass a plane parallel to the plane of the base, ABO» In 
this plane, through Fy construct the 
triangle, FDE, having its sides, FDj ^ 

Dj&, and -EF, parallel and equal to jB (7, /^ ~77 

CAy and ABy respectively. The tri- / '^\/f\ I 

angle, FDEy may be taken as the / /]\ / 
upper base of a triangular prism of // / Xy 
which the lower base is ABO. ^\^ I'x 

Kow, this triangular prism is com- T^^ 

posed of the given triangular pyramid, 
F—ABOy and of the quadrangular p/ramid, F—ACBF. 
This last pyramid maybe divided by a plane through the 
three points, C, J?, and F^ into the two triangular pyra- 
mids, F—DEG and F—AOF. But the pyramid, F— 
DEOy may be regarded as hf.^dng the triangle, EFD^ 
equal to the triangle, ABC^ for its base, and the point, (7, 
for its vertex. The two pyramids, F—ABO and — BEFy 
have equal bases and equal altitudes ; they are therefore 
equivalent, (Th. 13). . Again, the two pyramids, F—DEO 
and F — AOEy have a common vertex, and equivalent bases 
in the same plane, and they are also equivalent. There- 
fore, the triangular prism, ABQDEFy is composed of 
17* 
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three eqaiv^ent triangular pjramida, one of which is the 
^iven triangular pyramid, F — ABQ. 

Hence the theorem ; any triangular pyramid it one third 
of the triangular prism, etc. 

Cor. The volume of the triangular prism heiug meas- 
ured by the product of its baae and altitude, the volume of 
a triangular pyramid is measured hg one third of the product 
of ite base and altitude. 

THEOREM XT. 

The volume of any pyramid whatever is measured hy one 
third of the product of its base and altiUtde. 

Let V — ABODE be any pyramid ; then will its volume 
be measured by one third of the product of its base and 
altitude, 

In the base of the pyramid, draw the 
diagonals, AJ> and AO, and through 
its vertex and these diagonals, pass 
planes, thus dividing the pyramid into 
a number of triangular pyramids 
having the common vertex V, and the 
altitude of the given pyramid for their 
common altitude. 

Now, each of these triangular pyra- 
mids is measured by one third of 
the product of its base and altitude, 
(Cor., Th. 14), and their sum, which 
constitutes the polygonal pyramid, is 
therefore measured by one third of 
the product of the sum of the trian- 
gular bases and the coqimon altitude ; hut the sum of the 
triangular bases constitutes the polygonal base, ABODJS. 

Hence the theorem ; the volume of any pyramid what- 
eoer, etc. 

Oor. 1. Denote, by B, B, and V, respectively, the base, 
altitude, and volume of one pyramid, and by B\ S', and 
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P, the base, altitude, and volume of another ; then we 
shall have 

and F' = J^' X W. 

Dividing the first of these equations by the second, 
member by member, we have 

r By. H 

which, in the form of a proportion, gives 
F : V :i B X H : B' X W. 

From this proportion we deduce the following conse- 
quences : 

1st. Pyramida are to each other as the prodv^cts of their 
bases and altitudes. 

2d. Pyramids having equivalent bases are to each other as 
their dttitudes. 

3d. Pyramids having equal altitudes are to each other as 
their bases. 

Cor. 2. Since a prism is measured by the product of 
its base and altitude, and a pyramid by one third of the 
product of its base and altitude, we conclude that any 
pyramid is one third of a prism having an equivalent base and 
equal altitude. 

THEOREM XVI. 

The volume of the frustum of a pyramid is equivalent to 
the sum of the volumes of three pyramids^ each of which has- 
an altitude equal to that of the frustum^ and whose bases are^ 
respectively^ the lower base of the frustum^ the upper base of 
the frustum^ and a mean proportional between these bases. 

Let V— ABODE and X—RST be two pyramids, the 
one polygonal and the other triangular, having equiva- 
lent bases and equal altitudes ; and let their bases be 
placed on the plane JOT, their vertices falling on the 
parallel plane mn. Pass through the pyramids a plane 
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parallel to the common plane of their baBea, cutting out 
the sections abode and rst ; these sections are equivalent, 
(Th. 12, Cor. 2), and the pyramids, V — abode and X — rst, 
are equivalent, (Th. 13), Now, since the pyramids, 
V—ABCD:E and X—ItST, are equivalent, if from the 
first we take the pyramid, F — abode, and from the second, 
the pyramid, X — ret, the remwndera, or the frusta, 
ABODE— a and ItST—r, will be equivalent 

If, then, we prove the theorem in the case of the frus- 
tum of a triangular pyramid, it will be proved for tha 
frustum of any pyramid whatever. p „ 

Let ABO — 1> be the frustum of a 
triangular pyramid. Through the 
points I>, B, and 0, pass a plane, 
and through the points. i>, C, and 
E, pass another, thus dividing the 
frustum into three triangular pyra- 
mids, viz., B—ABC, 0—BEF, and 
D—BEG. 

N^ow, the first of these has, for its 
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base, the lower base of the frustum, and for its altitude 
the altitude of the frustum, since its vertex is in the 
npper base ; the second has, for its base, the upper base 
of the frustum, and for its altitude the altitude of the 
frustum, since its vertex is in the lower base. Hence, 
these are two of the three pyramids required by the 
enunciation of the theorem ; and we have now only to 
prove that the third is equivalent to one having^ for its 
base, a mean proportional between the bases of the frus- 
tum, and an altitude equal to that of the frustum. 

In the face ABEB^ draw HB parallel to BEy and 
draw HE and EC. The two pyramids, B — BEQ and 
E—BEOy are equivalent, since they have a common 
base and equal altitudes, their vertices being in the line 
DH, which is parallel to the plane of their common 
base, (Th. 7, B. VI). "We may, therefore, substitute the 
pyramid, H—BEO, for the pyramid, B—BEO. But the 
triangle, BOSj may be taken as the base, and E as the 
vertex of this new pyramid ; hence, it has the required 
altitude, and we must now prove that it has the required 
base. 

The triangles, ABO and SBO, have a common vertex, 
and iheir bases in the same line ; hence, (Th. 16, B. 11), 
A ABO : A SBO :: AB : SB :: AB : BE. (1) 
In the triangles, BEF and HBO, L -2? «= L ^j and 
D^« jETjB; hence, if BEF be applied to HBO, L -^ fall- 
ing on L ^9 and the side BE on EB, the point B will 
fiJl on jff, and the triangles, in this position, will have a 
common vertex, jET, and their bases in the same line ; 

hence, 

A HBO : A BEF :: BO : EF. (2) 

But, because the triangles, ABO and BEF, are similar, 
we have 

AB . BE :: BO : EF. (3) 

From proportions (1), (2), and (3), wo h^tve, (Th. 6, 
B.II), 
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AB and a J, or as the cubes, whose edges are the homol- 
ogous edges BE and he^ eto. Since the prisms are similar, 
the solid angles, whose vertices are B and 6, are equal; 
and the smaller prism, when so applied to the larger that 
these solid angles coincide, will take, within the larger, 
the position represented by the dotted lines. In this 
position of the prisms, draw ER perpendicular to the 
plane of the base ABC, and join the foot of the perpen- 
dicular to the point J?, and in the triangle BEH draw, 
through e, the line ehy parallel to EH\ then will EB, 
represent the altitude of the larger prism, and eh that of 
the smaller. 

Now, as the bases ABO and aBcy are homologous £EtceS| 
they are similar, and we have, (Th. 20, Book H), 

A ^5(7: A aJ?t? :: ZB" CoB* (1) 

Biit the A's BEff Bind Beh are equiangular, and there- 
fore similar, and their homologous sides give the propor- 
tion 

BE : Be :: Eff: eh (2) 

and from the homologous sides of the similar &ces, 
ABED and aBed^ we also have 

BE I Be :: AB : aB (3) ^: 

Proportions (2) and (3 ), having an antecedent and con- 
sequent the same in both, we have, (Th. 6, B> II), 

EH I eh :: AB : aB (4) 

By the multiplication of proportions (1) and {^\ term 
by term, we get 

A ABO X EH I A aBe X eh : : AB^ : aS^ 

But A ABO X Eff measures the volume of the larger 
prism, and A aBc X eh measures the volume of the 
smaller. 

Hence the theorem; the volume$ of similar triangulcfr 
prisms f etc. 
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OoT. 1. The volumes cf two iimilar prisms having any 
hoses whatever J are to each other as the cubes constructed on 
their homologous edges. 

For, if planes be passed through any one of the lateral 
edges, and the several diagonal edges, of one of these 
prisms, this prism will be divided into a number of smaller 
triangular prisms. Taking the homologous edge of the 
other prism, and passing planes through it and the seve- 
ral diagonal edges, this prism will also be divided into 
the same number of smaller triangular prisms, similar to 
those of the first, each to each, and similarly placed. 

Now, the similar smaller prisms, being triangular, are 
to each other as the cubes of their homologous edges ; 
and being like parts of the larger prisms, it follows that 
the larger prisms are to each other as the cubes of the 
homologous edges of any two similar smaller prisms. But 
the homologous edges of the similar smaller prisms are 
to each other as the homologous edges of the given 
prisms ; hence we conclude that the given prisms are to 
each other as the cubes of their homologous edges. 

Cor. 2. The volumes of two similar pyramids having any 
bases whatever^ are to each other as the cuies constructed on 
their homologous edges. 

For, since the pyramids are similar, their bases are 
similar polygons ; and upon them, as bases, two similar 
prisms may be constructed, having for their altitudes, the 
altitudes of their respective pyramids, and their lateral 
edges parallel to any two homologous lateral edges of the 
pyramids. 

N'ow, these similar prisms are to each other as the cubes 
of their homologous edges, which may be taken as the 
homologous sides of their bases, or as their lateral edges, 
which were taken equal and parallel to any two arbitrarily 
assumed homologous lateral edges of the two pyramids ; 
hence the pjrramids which are thirds of their respective 
prisms, are to each other as the cubes constructed on any 
two homologous edges. 

18 
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Cor. 8. 2^ voluma of any two nmilar po^edront are t« 
each other as the cvhea conttrueted on their homologous edgea. 

^oi, by paesing planeB through the vertices of the 
homologoQS solid angles of such polyedrons, they may 
both he divided into the same number of tnangular 
pyramids, those of the one similar to those of the other, 
each to each, and similarly placed. 

Now, any two of these similar triangular pyramids are 
to each other as the cubes of their homologous edges ; 
and being like parta of their respective polyedrons, it 
follows that the polyedrons are t» each other as the cubes 
of the homologous edges of any two of the similar tri- 
angular pyramids into which they may be divided. But 
the homologous edges of the similar triangular pyramids 
are to each other as the homologous edges of the poly- 
edrons ; hence the polyedrous are to each other as the 
cubes of their homologous edges. 

THEOREM XX. 



Th£ convex turfaoe of the frustum of a cone x» measured 
by the product of the slant height and one half the turn of 
the circumferences of ike bates of the frustum. 

Let ABOD — abed be the frustum of , 

a cone ; then will its convex surface be 

, , . (cire. OC + circ. oc) 
measured ojAa x ^ ^ '-, 

in which the expression, circ. OC, de- 
notes the circumference of the circle 
of which OC is the radius. Inscribe in 
the lower base of the frustum, a regu- 
lar polygon having any number of 
sides, and in the upper base a similar 
polygon, having its sides parallel to 
those of the polygon in the lower base. These polygons 
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may be taken as the bases of the trastum of a right 
pyramid inscribed in the fimstum of the cone. 

Now, however great the number of sides of the in- 
scribed .polygons, the convex surface of the frustum of 
the pyramid is measured by its slant height multiplied by 
one half the sum of the perimeters of its two bases, 
(Th. 18) ;• but when we reach the limit, by making the 
number of sides of the polygon indefinitely great, the 
slant height, perimeters of the bases, and convex surface 
of the frustum of the pyramid become, severally, the 
slant height, circumferences of the bases, and convex sur- 
face of the frustum of the cone. 

Hence the theorem ; the convex surface of the frustum^ 
etc. 

Oct. 1. If we make oc =^ OOy and, consequently, circ. 
oe = circ. 0(7, the frustum of the cone becomes a cylin- 
der, and the half sum of the circumferences of the bases 
becomes the circumference of either base of the cylinder, 
and the slant height of the frustum, the altitude of the 
cylinder. Hence, the convex surface of a cylinder is meas- 
ured by the circumference of the base multiplied by the alti- 
tude of the cylinder. 

Cor. 2. If we make oc = 0, the frustum of the cone 
becomes a cone. Hence, the convex surface of a cone is 
measured by the circumference of the base multiplied by one 
half the slant height of the cone. 

Cor. 3. K through H, the middle point of Oc, the line 
If be drawn parallel to Oo, and JEm perpendicular to 
Ooj the line oc being produced, to meet If at/, we have, 
because the A's UFOsLud JEfc are equal. 

If we multiply both members of this equation by 2r, 
we have 



i 
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that is, circ. Em ie equal to one half the anm of the cir 
camferences of the two bases of the frnstam. Hence, t&« 
convex surface of the fmttum of a cone m meamred by the 
circumference of the aection made hy a plane Kalf way between 
the two bateg, and pctrallel to them, multiplied by the «ia*( 
height of the frustum. 

Got. 4. If the trapezoid, OOco, be revolved abont Oo 
as an axis, the inclined side, Oc, will generate the con- 
vex surface of the frustnm of a cone, of which the slant 
height is Cfc, and the circumferences of the bases are circ. 
OCand circ. oc. Hence, if a trapezoid, oTie of whose aidet 
is perpendicular to the two parallel sides, be revolved about 
the perpendicular aide at an axis, it unit generate the frustum 
of a cone, the tnclijied side opposite the axis generating the 
convex surface, and the parallel sides the bases of the frustum. 

THEOREM XXI. 

The volume of a cone is measured by the area (^f Us hate 
multiplied by one third of its altitude. 

Let V — ABO, etc., be a cone ; then 
will its volume be measured by area 
ABO, etc., multiplied by J TO. 

Inscribe, in the base of the cone, any 
regular polygon, as ABODEF, which 
may be taken as the base of a right pyra- 
mid, of which V is the vertex. The 
volume of this inscribed pyramid will i 
have, for its measure, (Th. 15), 

polygon ABGBMF x J VO. 

Now, however great the number of sides of the poly- 
gon inscribed in the base of the cone, it will still hold 
true that the pyramid of which it is the base, and whose 
vertex is V, will he measured by the area of the poly- 
gon, multiplied by one third of VO; but when we 
reach the limit, by making the number of sidM iudefi- 
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nitely great, the polygon becomes the circle in which it 
is inscribed, and the pyramid becomes the cone. 
Hence the theorem ; the volume of a coney etc. 
Car. 1. If jB denote the radius of the base of a cone, 
and JST its altitude, or axis, its volume will be expressed 

hence, if V and V^ designate the volumes of two cones, 
of which jB and iZ' are the radii of the bases, and JSTand 
JT' the altitudes, we have 

F: F' :: iffx ^B' : iff' x i^B'' :: ffxi^IP : ff' X *^'». 

From this proportion we conclude, , 

First. That cones having equal altitudes are to each other 
oi their bases. 

Second. That cones having equal bases are to each other 
(tt their altitudes. 

Oor. 2. Retaining the notation above, we have 

F' ff' B'^ ,,. 

and, if the two cones are similar, 

ff : H' :. B : B'\ 
H' B*- . fff' B'^ 

''' -ff^ -b'^ ^"^""' w -- -W' 

By substituting for the factors, in the second member 
of eq. (1), their values successively, and resolving into a 
proportion, we get 

F: V :: B' : ^"; 
and F : F' : : JSP : ff'\ 

Hence, similar cones are to each other as the cubes of the 
^adH of their bases, and also as the cubes of their altitudes* 

Oor. 8. A cone is equivalent to a pyramid having an equiv* 
alent base and an equal altitude. 
18* 
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The volume of the fnutum of a cone ia equivalent to tht 
turn of the volumei of three cones, having for tkeir common 
altitude the altitude of the fnutum, and for their teveral 
bates, the batet of the frustum and a mean proportional be- 
tween them. 

Let ABOD — abed be the fruBtum of a 
cone ; then will ita volume be equiva- 
lent to the Bum of the volumes, having 
Oo for their common alUtade, and for 
their bases, the circles of which, 00, oe, 
and a mean proportional between OC 
and OC, are the respective radii. 

Inscribe in the lower haaB of the frus- ^ 
tam any regular polygon, and in the 
upper base a similar polygon, having 
its sides parallel to those of the firat. These polygons 
may be taken as the bases of the frustum of a nght pyra- 
mid inscribed in the frustum of the cone. 

The volume of the frustum of the pyramid is equiva- 
lent to the sum of the volumes of three pyramids, having 
for ^eir common altitude the altitude of the fi-ustum, 
and for their several bases the base^ of the frustum, and 
a mean proportional between them, (Th. 16). 

Now, however great the number of sides of the poly- 
gons inscribed in the bases of the frustum of the cone, 
this measure for the volume of the frustum of the pyra- 
mid, of which they are the bases, still holds true ; but 
when we reach the limit, by making the number of the 
sides of the polygon indefinitely great, the polygons b&- 
come the circles, the frustum of the pyramid becomes 
the frustum of the cone, and the three partial pyramids, 
whose sum is equivalent to the frustum of the pyramid, 
become three partial cones, whose sum is equivalent to 
tlie frustum of the cone. 
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Hence the theorem ; the volume ofthefru%tum of a coney etc. 

Cor. 1. Let It denote the radius of the lower base, B ' 
that of the upper base, and H the altitude of the frustum 
of a cone; then will its volume be measured, (Th. 21), by 

aince ciZ x JR' expresses the area of a circle which is a 
mean proportional between the two circles, whose radii 
are It and It\ 

Now, if the bases of the frustum become equal, or 
B=sR', the frustum becomes a cylinder, and each of the 
last two terms in the above expression for the volume of 
the frustum of a cone will be equal to the first ; hence, 
the volume of a cylinder, of which IT is the altitude, and 
JJthe radius of the base, is measured hjSx icli\ 

Therefore, the volume of a cylinder is measured by the 
(area of its hcise multiplied by its altitude. 

dor. 2. By a process in all respects similar to that pur- 
sued in the case of cones, it may be shown that similar 
cylinders are to each other as the cubes of the radii of their 
ims, and also as the cubes of their altitudes. 

Qor. 8. A cylinder is equivalent to a prism having an 
^(pimlefnt base and an equal altitude. 



THEOREM XXIII. 

If a plane be passed through a sphere^ the section mil be a. 
drek. 

Let be the center of a sphere 
through which a plane is passed, 
maKng the section AmBn ; then 
will this section be a circle. 

From let fall the perpendic 

tdar Oo upon the secant plane, 

and draw the radii OA^ OB; and 

Om, to diflferent points in the 

intersection of the plane with 

the surface of the sphere. Now, 
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the oblique lines OA, OB, Om, are all equal, being radii 
of the sphere; they therefore meet the plane at equal dis 
tances from the foot of the perpendicular Ooj (Cor., Th. 4, 
B.VI); hence oA, oB, om, etc., are equal: that is, all the 
points in the intersection of the plane with the surface of 
the sphere are equally distant from the point 0. This 
intersection is therefore the circumference of a circle of 
which is the center. 

Hence the theorem; if a plane he passed through a 
sphere, etc. 

Cor, 1. Since AB, the diameter of the section, is a chord 
of the sphere, it is less than the diameter of the sphere ; 
except when the plane of the section passes through the 
center of the sphere, and then its diameter becomes the 
diameter of the sphere. Hence, 

1. All great circles of a sphere are equal. 

2. Of two small circles of a sphere, that is the greater 
whose plane is the less distant from the center of the sphere. 

3. All the small circles of a sphere whose planes are at the 
same distance from the center, are equal. 

Cor, 2. Since the planes of all great circles of a sphere 
pass through its center, the int^fcisection of two great 
circles will be both a diameter of the sphere and a com- 
mon diameter of the two circles. Hence, two great circles 
of a sphere bisect each other. 

Cor. 3. A great circle divides the volume of a sphere^ and 
also its surface, equally. 

For, the two parts into which a Sphere is divided by 
any of its great circles, on being applied the one to the 
other, will exactly coincide ; otherwise all the points in 
their convex surfaces would not be equally distant from 
the center. 

Cor. 4. The radius of the sphere which is perpendicuJar 
to the plane of a small circle, passes through the center of the 
circle* 
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Cot. 6. A plane passing through the extremity of a radius 
of a sphere^ and perpendicular to it, is tangent to the sphere. 

Fpr, if the plane intersect the sphere, the section is a 
circle, and all the lines drawn from the cejiter of the 
sphere to points in the circumference are radii of the 
sphere, and are therefore equal to the radius which is per- 
pendicular to the plane, which is impossible, (Cor. 1, Th. 
8, B. VI). Hence the plane does not intersect the sphere, 
and has no point in its surface except the extremity of 
the perpendicular radius. The pliane is therefore tangent 
to the spKere by Def 22. 

THEOREM XXIV. 

If the line drawn through the center and vertices of two 
apposite angles of a regular polygon of an even number of 
iideSy be taken as an axis of revolution^ the perimeter of either 
tmi-polygon thus formed will generate a surface whose measure 
M the axis multiplied by the circumference of the inscribed circle. 

Let ABCDEF be a semi-polygon cut 
off from a regular polygon of an even 
number of sides by drawing the line AF 
through the center 0, and the vertices A 
and JF, of two opposite angles of the poly- 
gon; then will the surface generated by 
the perimeter of this semi-polygon re- 
volving about AF as an axis, be meas- 
nred by AF x circumference of the in- 
flcribed circle. 

Prom w, .the middle point, and the extremities B and 
^of the side jB(7,draw wn, BK, and (7i, perpendicular to 
AF\ join also m and 0, and draw BH perpendicular to 
OZ. The surface of the frustum of the cone generated 
by the trapezoid BKLO, has for its measure circ. mn X 
^C, (Cor. 3, Th. 20). Since mO is perpendicular to BO, 
•ttdTun to BHj the two A*s, BOH and'mwO, are similar, 
Bod their homologous sides give the proportion 
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mn : mO :: BR (=- KL) : BO 

and as circumferences are to each other as their radii, we 

have 

circ. mn : circ. mO : : KL z BO 

Hence, circ. mn X BO =» circ. mO X KL. 

But mO is the radius of the circle inscribed in tne 
polygon. Hence, the surface generated by BO during the 
revolution of the semi-polygon, is measured by the cir- 
cumference of the inscribed circle multiplied by KL^ the 
part of the axis included between the two perpendicu- 
lars let fall upon it from the extremities B and O. The 
surface generated by any other side of the semi-polygon 
will be measured, in like manner, by the circumference of 
the inscribed circle multiplied by the corresponding part 
of the axis. 

By adding the measures of the surfaces generated by 
the several sides of the semi-polygon, we get 

Circ. mO X {AK+ KL + LN+ NM+ MF) 

for the measure of the whole surface. 

Hence the theorem ; if the line drawn through the cen 
ter^ etc, 

Oor. It is evident that the surface generated by any 
portion, as OB and BJE^ of the perimeter, is measured by 
circ. mO x LM. 

THEOREM XXV. 

2%6 surface of a sphere is ^measured by the cireumferenee 
of one of its great circles multiplied hy'its diameter. 

Let a sphere be generated by the revolution of the 
semi-circle, AHF^ about its diameter, AJP; then will the 
surface of the sphere be measured by 

Circ. AOx AF. 

Inscribe in the semi-circle any regular semi-polygon, 
and let it be revolved, with the semi-circle, about the ajda 
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AF; the surface generated by its perim- 
eter will be measured by 

Circ. mOx AF, (Th. 24), c 

and this measure will hold true, how- 
ever great the number of sides of the in- H 
scribed semi-polygon. But as the num- 
ber of these sides is increased, the 
radius wO, of the inscribed semi-circle, 
mcreases and approaches equality with 
the radius, J.0; and when we reach the limit, by 
making the number of sides indefinitely great, the radii 
and semi-circles become equal, and the surface generated 
by the perimeter of the inscribed semi-polygon becomes 
the surface of the sphere. Therefore, the surface of the 
sphere has, for its measure, 

Circ. AOx AF. 

Hence the theorem; the surface of a sphere is meas- 
ured, etc. 

Cor. 1. A zone of a sphere is measured hy the circumfer- 
ence of a great circle of the sphere multiplied hy the altitude 
of the zone. 

For, the surface generated by any portion, as CD and 
DFy of the perimeter of the inscribed semi-polygon has, 
for its measure, circ. mO x LM^ (Cor. Th. 24) ; and as 
the number of the sides of the semi-polygon increases, 
LM remains the same, the radius mO alone changing, 
and becoming, when we reach the limit, equal to A0\ 
hence, the surface of the zone is expressed by 

Circ. AO X LM, 

whether the zone have two bases, or but one. 

Cor. 2. Let H and S' denote the altitudes of two 
zones of spheres, whose radii are R and R ' ; then these 
zones will be expressed by 2iri2 x H and 2^R ' x JT '; 
and if the surfaces of the zones be denoted by Z and Z', 
we hava 
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Z : Z' II 2itB X E : 2»iJ' x ff' :: Bx E : B' x M^ 

Hence, 1. Ztmes in different 9phere9 are to each other ai 
their altitudes multiplied by the radii of the spheres. 

2. Zones of equal altitudes are to each other as the radii 
of the spheres. 

3. Zon,es in the same^ or equal spheres, are to each other a$ 
their altitudes. 

Oor. 8. Let B denote the radius of a sphere; then will 

its diameter be expressed by 2B. and the circumference 

of a great circle by. 2.B ; hence ite surface wiU be ex- 

pressed by 

2itB X 2i2 = 4*iJ«. 

That is, the surface of a sphere is equivalent to the area qf 
four of its great circles. 

Cor. 4. The surfaces of spheres are to each other as thf 
squares of their radii. 

THEOREM XXVI. 

If a triangle be revolved about either of its sides as an axis, 
the volume generated will be measured by one third of the prodr 
uct of the axis and the area of a circle, having for its radius 
the perpendicular let fall from the vertex of the opposite 
angle on the axis, or on the axis produced. * 

First. Let the triangle ABOj 
in which the perpendicular from 
C falls on the opposite side, ABy 
be revolved about AB as an axis ; 
then will *Yol. A -4.jB(7 have, for 
its measure, ^AB x leCB . 

The two A's into which A ABO is divided by the 
perpendicular BO, are right-angled, and during the rev- 
olution they will generate two cones, having for their 

* Vol. A ^BC, cone A -42)(7, are abbreyiations for volume gener- 
ited by A ^BC, cone generated by A -^I^C; and surfaces of revolu- 
don generated by lines will hereafter be denoted by like abbreviationB. 
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common base the circle, of which DO is the radius, and 
for their axes the parts DA and DjB, into which AB is 
divided. 



Now, *Cone a ADO is measured by ^AD x irDO j 
(Th. 21), and cone A BDO, by ^BD x ^^DO' ; but these 
two cones compose Vol. A ABO; and by adding their 
measures, we have, for that of Vol. A ABOj 




iAD X ^DO + iBD X ^DO' = iAB x 4ri>(7 . 

Second. Let the trian- " 9 

gle HFGj in which the 
perpendicular jfrom G 
Mis on the opposite side 
^J?^produced, be revolved 
about UF as an axis; 
then will Vol. A FFG ^^ F 

have, for its measure, ^FF x irGrS\ Grff being the per- 
pendicular on FF produced. For, in this case it is appa- 
rent, that Vol. A FFG is the difference between the 
cone A FB'& and the cone A FffO^. The first cone has, 
for its measure, ^Fff x ifQ-H^^ and the second, for its 
laeaeure, ^FH x ^O^ff^ ; hence, by subtraction, we have 

Vol. A FFO = iEH X hGH^ — ^FH X TtGH'' = iEF X hGHK 

Hence the theorem ; if a triangle be revolved about either 
of its sides J etc. 

Scholium. — If we take either of the above expressions for the meas- 
Me of the volume generated by the revolution of a triangle about one 
of its sides, for example the last, and factor it otherwise, we have 

iSFxTtGH* = EFX iGHxiHX^GE= EFx iGHx — 3 

Now, EF X iGH expresses the area of the triangle EFG; and 
—5 , one third of the circumference described by the point G 

w 

daring the revolution. 
The expression, ^AB X itD&j may be factored and interpreted in the 

* See note on the preceding page. 

19 
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same manner. Hence, we conclade that the volume ffeneraied bg the 
revolution of a triangle about either of its aides, is measured by the area 
of the triangle mvltiplied by one third of the circumference described im 
ihe revolution by the vertex of the angle opposite the axis. 




THEOREM XXVII. 

The volume generated by the revolution of a triangle about 
any line lying in its plans, and passing through the vertex of 
one of its angles, is measured by the area of the triangle mul- 
tiplied hy two thirds of the circumference descr3>edj in the 
revolution, by the middle point of the side opposite the vertex 
through which the axis passes. 

Let the triangle ABOh^ 
revolved about the line 
AQ-, drawn through the 
vertex A, and lying in the 
plane of the triangle, and 
let HE be the perpendicu- 
lar let fall from JST, the 
middle point of BC, upon 
the axis ACr ; then will Vol. A ABQ have, for its meas- 
ure, A ABC X f cire. HE. 

From the extremities of BO, let fall the perpendicu- 
lars BF and CD, on the axis; and from A draw -4. JST per- 
pendicular to BO, or BO produced, and produce OB, 
until it meets the axis in 0-. 

N'ow, it is evident that Vol. A ABO is the diflference 
between Vol. A A(}0 and Vol. A AGB. But Vol. 
A AGO 18 expressed hj a AGO x i circ. (72>;and Vol. 
A AGB, hj aAGBx i circ. BF, (Scholium, Th. 26). 
Hence, 

Vol. A ^BC = A ^00 X i circ. CD— A ^GB X i circ. BF. 

Substituting for areas of A's, and for circumferences, 
their measures, we have 
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Vol. A ABG— 00 X \AK x ^!^ -- OB y. iAK X ^^^ 

= (?C X iAK X ^^^ — [GO-- BO) X iAK X ^^^ 

o # 

^QCxiAKX^^— GCxiAKx^^+BCxiAKx^^^ 

O o o 

= G?(7 X iAK X ^(CD — 5jP) + i?C X J^Z X — ,— . 

But 5 JT being drawn parallel to AO^y we have 

(7iV= OB — BF; 

hence, substituting this value for OB — BF, in the first 
term of the second member of the last equation, we have 

Vol. AABC:=iaOxiAKx^^^+BOxiAKx ?!^ 
= 0-0 X ON X iAK X ^4 + BO X iAK x^^!^, 

6 o 

by changing the order of factors in the first term of the 
second member. The homologous sides of the similar 
triangles, GrOB and J5(7iV, give the proportion 

aO : CB :: BO : ON 

whence, aOxON=- OBx BO 

Substituting this value for 0-0 x ON^ in the last equa- 
tion above, and arranging the factors as before, it becomes 

'^(A./^ABO^BOx\AKx^^:!!^ + BOxlAKx^^ 
, BO X jAK X ^' (^^Jgj}. 

6 
Bat CD + BF— 2ffl!; hence 

Vol. A ABO=BOx iAKx ^^^=BCx iAKx \.2*.EE', 

and since 

BQ X \AK=^ A ABO, and f x 2<k.HE = f circ. HE, 

this measure conforms to the enunciation. 

It only remains for us to consider the case in which 
the axis is parallel to the base BO of the triangle. T\ife 
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preceding demonstration will not now apply, because it 
supposes BOj or jB (7 produced, to intersect the axis. 

Let the axis AE, be parallel to the 
base BCy of the a ABC. From B 
and C let fall on the axis the perpen- 
diculars BE and CD. 

Now it is plain that 

Yol. A ABC^ cylinder rectangle BCDE + 
cone A ABC — cone A AEB. 

Substituting in second member, for cylinder and cones, 
their measures, we have 




Yol. AABC^BEx^CB' + iAJDx ^CB^—^AEx *BE* 
^iBEx ^OF+iBEx 'itOB'+iABxwCB^—iAEx ^BE^. 

But BE = (72>, and iBE + iAB = iAE. Reducing by 
these relations, we have 



Yol. A ABC== iBE x ncOB^^ iBE x ^CB x ^^.CB 
^BEx \OBx 12'ir.CB ^ BC x ICB x %.2it.CB. 

And, since BO x \CB expresses the area of the tri- 
angle ABCj and i.2ir.CB, two thirds of the circumfer- 
ence described by any point of the base, this expression 
also conforms to the enunciation. 

Hence the theorem ; the volume generated by the revclu- 
tion^ etc. 

Cor. If the generating 
triangle becomes isosceles, 
the perpendicular jfrom A 
meets the base at its middle 
point. In this case, if we 
resume the expression 

BCx \AKx — 5 — • 1^ A h k ^ 
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it becomes 



BO X \AK y. KE X i*. 
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But, since AK 18 perpendicular to BO, and KJS to BN", 
the a's AKJE and CBN' are similar/ and their homolo- 
gous sides give the proportion 

BO : BN II AK I KE 

whence, BOx KE = BNx AK 

Changing the order of factors in the last expression on 
the preceding page, and replacing BOxKE by its value, 
it becomes 

\AKx AKxBNx \t^AK^ x BNx^nc 

Hence, 

Yo\. i^ABO^-l^ xAK' y. BN.^ltxAK' xDF 

That is, ffie volume generated hy the revolution of an isos - 
celes triangle ahout any line drawn through its vertex and lying 
in the plane of the triangle^ is measured hy \n times the square 
€}f the perpendicular of the triangle multiplied by the part of the 
cuds included between the two perpendiculars lei fall upon it 
from the extremities of the base of the triangle. 

Scholium. — If we resume the equation 

Vol. A ^BC ^ BC X iAK X ^^^ 

and ehange the order of the factors in the second member, it may be 
put under the form 

Vol. A ^BC = BO X *U.HE X \AK. 

Sat during the revolution of the triangle, the side BC generates the 
BiurfjEuse of the frustum of a cone, which surface has for its measure 

BC X 2h.ee (Th. 20, Cor. 3). 

Hence, the above equation may be thus interpreted : 77ie volume 

generated by the revolution of a triangle about any line lying in its plane 

and passing through the pertex of one of its angles, is measured by the 

9urfaee generated, during the revolution, by the side opposite the vertex 

(hrough which the axis passes multiplied by one third of the perpen^ 

i^hr drawn from the vertex to that side. 
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THEOREM XXVIII. 

If the line drawn through the center and vertices of two op* 
posite angles of a regular polygon^ of an even number of 
sides, he taken as an axis of revolution, either semirpolygon 
thus formed will, during this revolution, generate a volume 
which has, for its measure, the surface generated by tJie 
perimeter of the semi-polygon multiplied by one third of its 
apothem. 

Let ABODE be a regular semi-poly- 
gon, cut off from a regular polygon 
of an even number of sides, by draw- 
ing a line through the center, 0, and 
the vertices, A and E, of two opposite 
angles of the polygon ; then will the c< 
volume generated by the revolution 
of this semi-polygon about AE, as an 
axis, be measured by (Sur. AB + sur. 
Ba+ sur. CD + sur. DE) x \0m, Om 
being the apothem of the polygon. 

For, if from the center of 0, the lines OB, 00, OD, be 
drawn to the vertices of the several angles of the semi- 
polygon, it will be divided into equal isosceles triangles, 
the perpendicular of each being the apothem of the 
polygon. 

Ifow, the volume generated by A AOB has, for its 

measure, 

Sur. AB X jOm, 

that by A BOO, Sur. BO x JOm, 

A OOD, Sur. OD x iOm, 

A DOE, Sur. DE x J Om, (Scholium, Th.2T). 

By the addition of the measures of these partial vol- 
umes, we find, for that of the whole volume. 

Vol. semi-polygon ABODE = but. perimeter ABODE X iOm, 

and were the number of the sides of the semi-polygon 
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increased or diminislied, the reasoning would be in no 
wise changed! 
Hence the theorem ; if the line drawn through the cerir 

tetj ete, 

ScHOLimc. — ^The volume generated by any portion of the semi-poly- 
gon, as that composed of the two isosceles ^'s BOCy CODy is meas- 
ured by 

Sur. perimeter BCD X iOm. 

THEOREM XXIX. 

The volume of a sphere is measured hy its surface multi- 
plied ly one third of its radius. 

Let a sphere be generated by the 
revolution of the semicircle AOEy 
about its* diameter, AE^ as an axis; 
then will the volume pf the sphere be 
measured by 

sur. semi-circ. OA x ^OA. 

Por, inscribe in the semi-circle any 
regular semi - polygon, as ABODEy 
and let it, together with the semi-cir- 
cle, revolve about the axis AE. The 
Bemi-polygon will generate a volume which has, for its 
measure, 

Sur. perimeter ABODE x JOm, (Th. 28), 

in which Om is the apothem of the polygon. 

Kow, however great the number of sides of the in- 
scribed regular semi-polygon, this measure for the volume 
generated by it, will hold true ; but when we reach the 
limit, by making the number of sides indefinitely great, 
the perimeter and apothem become, respectively, the 
semi-circumference and its radius, and the volume gen- 
erated by the semi-polygon becomes that generated by 
lie semi-circle, that is, the sphere. Therefore, 

Vol. sphere = sur. semi-circ. OA x ^OA. 
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THEOREM XXXI. 

The volume generated hy the revolution of the segment of a 
circle about a diameter of the circle exterior to the^ segment^ it 
measured hy one sixth of r times the square of the chord of 
the segment^ multiplied hy the part of the axis included be- 
tween the perpendiculars let fall upon it from the extremities 
of the chord. 

Let BOD be a segment of the circle, 
whose center is 0, and AM a part of a 
diameter exterior to the segment. Draw 
the chord BDj and from its extremities 
let fall the perpendiculars, BFy BE on '^ 
AH\ also draw Om perpendicular to 
BB. The spherical sector generated 
by the revolution of the circular sector 
BOBO about AH^ is measured by zone BB x JJ?0, 
(Scholium 1, Th. 29), = 2-r.£0 x JEF x \B0 = ^'B& x 
JEF; and the volume generated by the isosceles triangle 
BOB is measured by 

i^^Om X jEF, (Cor. 1, Th. 27). 

The difference between these two volumes is that gen- 
erated by the circular segment BOBj which has, there- 
fore, for its measure, 

inrFF{Bd' —'Om') = i*FF x Bm, (Th. 39, B. I). 

But since Bm = \BBy iBm = JJ?i>'; hence, by sub- 
stituting, we have 

Vol. segment BOB = l<icEF x ^BB* = i^rlBB' x EF. 
Hence the theorem. 

THEOREM XXXII. 

The volume of a segment of a sphere haSj for its measure^ 
the half sum of the bases of the segment multiplied by its altir 
tudcy plus the volume of a sphere which has this altitude for 
its diameter. 
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Let BCD be the arc of a circle, and 
BF and DE perpendiculars let fall 
from its extremities upon a diameter, c. 
of wWch ^R is a part ; then, if the 
area BQDEF be revolved about AH ^ 
aa an axis, a spherical segment will 
be generated, for the volume of which 
it is proposed to find a measure. 

The circular segment will generate a volume meas- 
ured by \neBD* X FF, (Th. 31) ; and the frustum of the 
cone generated by the trapezoid BDEF will have, for 
its measure, 




\^BF" xEF+ IncJDE" xEF+ ^ncBF xBEx EF, (Th. 22), 
= i^EF(BF' +~BE" + BF X BE). 

But the sum of these two volumes is the volume of 
the spherical segment, which has, therefore, for its 
measure, 

iwEF{BB' + 2BF' + 2BE' + 2BF x BE) 
From B let fall the perpendicular Bn on BE\ then will 
Dn = BE—nE = BE—BF; 



hence, Bn = BE — 2BE xBF+ BF 



't^—2 



and since BB' = Bn + Bn == EF' + Bn, 



-2 



we have BB^ = EF' + BE' + BF' — 2BE x BF. 



By substituting this value foj; BB\ in the above meas- 
ure for the volume of the segment, we find 

{HEF(EF*+DE*+BF*--'2D£JxBF^2BF^-}-2nE^ + 2BFxDE) 
^\HFF(EF^ + WE^+ZBF^)=ziHEI^ + EF(^^^^^^ 

Which last expression conforms to the enunciation. 
Hence the theorem ; the volume of a segment of a spher-e, 

Cor. When the segment has but one base, BF becomes 
9sero, and EF becomes EA; and the final expression 
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which we found for the volume of the segment reduces 
to 



i^j^^* + jEA X 



2 

Hence, A spherical segment haviv^ hut one hase^ is equiva* 
lent to a sphere whose diameter is the altitude of the segment^ 
plus one half of a cylinder having for base and altitude the 
base and altitude of the segment. 

Scholium. — When the spherical segment has a single base, we may 
put the expression, irtEA^ + FA X — ^— , under a form to indicate a 

convenient practical rule for computing the volume of the segment. 

Thus, since the triangle DEO is right-angled, and OjE?= OA — EA, 
we have 



de" = do — oe* = oa'—oa' + wa x ea^ea 
^waxea—'eT. 

By substituting this value for DE^ in the expression for the volome 
of the segment, we find 

htEJi ^EAx'lx [20A X EA—'EJl) 

«irt15' + EA^ X % {WA'-EA) 

^\ftE^ •\'\7t.^EA} {"lOA — EA) 
^\iiEA\EA + ^,OA — ZEA) 
^\n,EA\^,OA — ^EA) 
=ziftEA\ZOA — EA) 

Hence, the volume of a spherical segment, having a single hose, %s 
measured by one third of h times the square of the altitude of the seg* 
m^ent, multiplied by the differet^e between three tim>es the radius of the 
sphere and this altitude, 

RECAPITULATION 

Of some of the principles demonstrated in this and the pre^ 
ceding Books. 

Let i2 denote the radius, and 2> the diameter of any 
circle or sphere, and JST the altitude of a cone, or of a 
segment of a sphere ; theiiy 



^ i^m + fft^^l:^) 



or. 
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Circninference of a circle = 2ftB. 
Surface of a sphere = 4atB\ or ttZ?*. 

Zone forming the base of a 1 __ ^ 7> jt 

segment of a sphere, ) 
Vdlume or solidity of a sphere = i'trB^, or t^-D*, 
Volume of a spherical sector = f ^ JS* x JST. 
Volume of a cone, of which ^ 

jR is the radius of the > = J><JP x S. 

base J 

Volume of a spherical seg- 
ment, of which JS' is the 

radius of one base, and 

B^' the radius of the 

other, and whose altitude 

is^. 

If the segment has but one ^ i its i zt-^-^'* 
base, iJ'' = zero, and the > * 2 

volume of the segment, J = ItcB'\SB — S). 

PRACTICAL PROBLEMS. 

1. The diameter of a sphere is 12 inches ; how many 
cubic inches does it contain? Am. 904.78 cu. in. 

2. What is the solidity of the segment of a single base 
that is cut from a sphere 12 inches in diameter, the altitude 
of the segment being 3 inches ? Ans. 141.372 cu. in. 

8. The surface of a sphere is 68 square feet ; what is 
Its diameter ? Ans. D = 4.652 feet. 

4. If from a sphere, whose surface is 68 square feet, a 
segment be cut, having a depth of two feet and a single 
base, what is the convex surface of the segment ? 

Am. 29.229+ sq. ft. 

5. What is the solidity of the sphere mentioned in the 
two preceding examples, and what is the solidity of the 
segment, having a depth of two feet, and but one base ? 

2 ( Solidity of sphere, 52.71 cu. ft. 
^' I " « »egmfiut> 20.86 " 
SO 
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6. In a Bphere whose diameter is 20 feet, what is the 
solidity of a segment, the bases of which are on the same 
side of the center, the first at the distance of 3 feet from 
it, and the second of 6 feet ; and what is the solidity of 
a second segment of the same sphere, whose bases are 
also on the same side of the center, and at distances 
from it, the first of 5 and the second of 7 feet ? 

J f Solidity of first segment, 625.7 en. ft. 
^•\ « " second " 400.03 " 

7. If the diameter of the single base of a spherical 
segment be 16 inches, and the altitude of the segment 4 
inches, what is its solidity ? * 

Ans. 435.6352 cubic inches. 

8. The diameter of one base of a spherical segment is 
18 inches, and that of the other base 14 inches, these 
bases being on opposite sides of the center of the sphere, 
and the distance between them 9 inches ; what is the 
volume of the segment, and the radius of the sphere ? 

j^ ( Yol. seg., 2219.5 cubic inches. 
\ Rad. of sphere, 9.4027 inches. 

9. The radius of a sphere is 20, the distance from the 
center to the greater base of a segment is 10, and the 
distance from the same point to the lesser base is 16 ; 
what is the volume of the segment, the bases being on 
the same side of the center ? Ana. 4297.7088. 

10. If the diameter of one base of a spherical segment 
be 20 miles, and the diameter of the other base 12 miles, 
and the altitude of the segment 2 miles, what is its 
solidity, and what is the diameter of the sphere ? 



* First find the radius of the sphere. 

Note.— The Key to thU work contains full solutions to all the problems in 
the Geometry and Tri^aom.'trj, and the necessary diagrams for illustration. 
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PRACTICAL GEOMETRY. 

APPLICATION OF ALGEBRA TO GEOMETRY, AND ALSO 
PROPOSITIONS FOR ORIGINAL INVESTIGATION. 

No definite rules can be given for the algebraic solu- 
tion of geometrical problems. The student must, in a 
a great measure, depend on his own natural tact, and 
his power of making a skillful application of the geomet- 
rical and analytical knowledge he has thus far obtained. 

The known quantities of the problem should be repre- 
sented by the first letters of the alphabet, and the un- 
known by the final letters ; and the relations between 
these quantities must be expressed by as many inde- 
pendent equations as there are unknown quantities. To 
obtain the equations of the problem, we draw a figure, 
the parts of which represent the known and unknown 
magnitudes, and very frequently it will be found neces- 
sary to draw auxiliary lines, by means of which we can 
deduce, from the conditions enunciated, others that can 
be more conveniently expressed by equations. In many 
cases the principal difficulty consists in finding, from the 
relations directly given in the statement, those which 
are ultimately expressed by the equations of the problem. 
Having found these equations, they are treated by the 
known rules of algebra, and the values of the required 
magnitudes determined in terms of those given. 
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PROBLEM I. 

Cftven, the hypotenuse^ and the sum of the other two sidei 
of a right-angled triangle, to determine the triangle. 

Let ABO be the A. Put OB = y, AB 
^x.AO^h, and CB + ^5 = «; Then, 
by a given condition, we have 

and, a:»+ y»« h\ (Th. 89, B. I). 

Reducing these two equations, and we have 

If A = 5 and « = 7, rr = 4 or 3, and y = 8 or 4. 

Remark. — In place of putting x to represent one side, and y the 
other, we might put (x + y) to represent the greater side, and (s — y) 
the less side ; then, 

A* 

jr* + y« =s -, and 2a; == «, etc. 

PROBLEM II. 

Cftven, the base and perpendicular of a triangle^ to find the 
tide of its inscribed square. 

Let ABO be the A. Put 
AB = J, the base, OB = p, 
the perpendicular. 

Draw EF parallel to J.J?, 
and suppose it equal to ECl-y 
a side of the required square ; and put HF « x. 

Then, by similar A's, we have 

01 1 EF : : OB : AB. 

p — X : X :: p : b'. 




That is. 
Hence, 



bp — bx =px ; or, a? = - . . 

b + p 



That is, the side of the inscribed square is eqtuil to th$ 
product of the base and aUitudCj divided by their sum. 
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PROBLEM III. 

In a trzangUj having given the sides about the vertical 
angUj and the line bisecting that angle and terminating m 
the base J to find the base. 

Let ABO be the a, and let a cir- 
cle be circumscribed about it. Di- 
vide the arc AUB into two equal 
parts at the point j&, and draw JEO. 
This line bisects the vertical angle, 
(Cor., Th. 9, B. HI). Draw BJS. 

Put AI>=:x, BB = t/, AQ= a, 
QB ^b,QB^ e, and BE = w. The two A's, ABO and 
EBOy are equiangular ; from which we have 

w + c : b :i a I c\ OT, cw + c^^ ab\ (1) 

But, as EC and AB are two chords that intersect each 
other in a circle, we have 

cw^xy, (Th. 17, B. HI). 
Therefore, ay + c* = aJ. ( 2 ) 

But, as OB bisects the vertical angle, we have 
a I h It X I y, (Th. 24, B. !!)• 

Or, 



:r=f. (3) 





Hence, 
And, 



gy« + {^ « aJ 



;or,y-v/j«_^ 
^ a 



y*--^- 



Kow, as X and y are determined, the base is deter- 
mined. 

RiXASK. — Observe thai equation (2) is Theorem 20, Book III 
20* 
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PROBLEM IV. 




To determine a triangle^ from the bascj the line "bisecting 
the vertical angle j and the diameter of the cireumBcribing circle^ 

Describe the circle on the given 
diameter, AB^ and divide it into two 
parts, in the point 2), so that AD x 
BB shall be equal to the square of 
one half the given base, (Th. 17, B. m). 

Through B draw MB a, at right 
angles to AB^ and EG- will be the given base of the 
triangle. 

Put AB = w, BB-^m, AB -= d, D^ == b. 

Then, n + w = d, and nm = 6* ; 

and these two equations will determine n and m ; there- 
fore, we shall consider n and m as known. 

Now, suppose JEMO^ to be the required A; and draw 
SIB and RA. The two A's, ABH, BBI, are equian- 
gular ; and, therefore, we have 

AB : MB :: IB : BB. 

But SI is a given line, that we will represent by c ; 
and if we put IB = lOy we shall have SB = c + w; then 
the above proportion becomes, 

d : c + w :: w : m. 

Now, w can be determined by a quadratic equation ; 
and, therefore, IB is a known line. 

In the right-angled A D-BJ, the hypotenuse JF, and 
the base BBy are known ; therefore, BI is known, (Th. 
89, B. I) ; and if BI is known, BI and IG are known. 

Lastly, let BS^ re, S& = y, and put j&J= p, and IQ 

Then, by Theorem 20, Book m, pq + (^=^xtf ( 1 ) 
But, X : g :: p : y (Th. 24, B. U). 
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Or, x^?^ (2) 

Now, from equations ( 1 ) and ( 2 ) we can determine x 
andy, the sides of the A ; and thus the determination has 
been attained, carefully and easily, step by step. 

PROBLEM V. 

Three eqtcal circles touch each other externally ^ and thtts 
inclose one acre of ground; what is the diameter in rods <f 
each of these circles f 

Draw three equal circles to touch each other exter- 
nally, and join the three centers, thus forming a triangle. 
The lines joining the centers will pass ' 
through the points of contact, (Th. 7, 

B. m). * / 

Let R represent the radius of these N<^ 
equal circles; then it is obvious that / 

each side of this A is equal to 2R. / Y \ 

The triangle is therefore equilateral, 

and it incloses the given area, and three equal sectors. 

As the angle of each sector is one third of two right 
angles, the three sectors are, together, equal to a semi- 
circle ; but the area of a semi-circle, whose radius is JB, is 

vIP 

expressed by -^- ; and the area of the whole triangle 

must be -^ + 160 ; but the area of the A is also equal to 
It multiplied by the perpendicular altitude, which is 

Therefore, " 5 Vs =• ^ + 160. 
Or, ^(2'/3 — ») = S20. 

JJ. = -—-J^ m 992.248. 

2n/8 — 8.1416926 0.8226 

Hence, B » 81.48 + rods, for the required result 
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Problem VI. — In a righiHingled triangle^ having given 
the base and the sum of the perpendicular and hypotenuse^ 
to find these two sides* 

Prob. Vn. — Griveny the base and altitude of a trianghy to 
divide it into three equal parts, by lines parallel to the base. 

Prob. Yin. — In any equilateral A, given the length of 
the three perpendiculars drawn from any point within, to the 
three sides, to determine the sides, 

Prob. IX. — In a right-angled triangle, having given the 
base, ( 3 ), and the difference between the hypotenuse and per* 
pendicular, ( 1 ), to find both these two sides. 

Prob. X. — In a right-angled triangle, having given the 
hypotenuse, (5), and the difference between the base and 
perpendicular, ( 1 ), to determine both these two sides* 

Prob. XI. — Having given the area of a rectangle inscribed 
in a given triangle, to determine the sides of the rectangle. 

Prob. XH. — In a triangle, having given the ratio of the 
two sides, together with both the segments of the base, made 
by a perpendicular from the vertical angle, to determine the 
sides of the triangle. 

Prob. XHI. — In a triangle, having given the base, the 
sum of the other two sides, and the length of a line drawn 
from the vertical angle to the middle of the base, to find ths 
sides of the triangle. 

Prob. XTV. — To determine a right-angled triangle, having 
given the lengths of two lines drawn from the acute angles to 
the middle of the opposite sides. 

Prob. XV. — To determine a right-angled triangle, having 
given the perimeter, and the radius of the inscribed circle. 

Prob. XVT. — To determine a triangle, having given the 
base, the perpendicular, and the ratio of the two sides. 

Prob. XVH. — To determine a right-angled triangle, having 
given the hypotenuse, and the side of the inscribed square. 
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Pbob. XVTH. — To determine the radii of three equal cir- 
cles inscribed in a given circle^ and tangent to each other^ and 
also to the circumference of the given circle. 

Peob. XIX. — In a right-angled triangle^ having given the 
perimeter^ or sum of all the sides, and the perpendicular let 
fall from the right angle on the hypotenuse, to determine the 
triangle ; that is^ its sides. 

Prob. XX. — To determine a right-angled triangle, having 
given the hypotenuse, and the difference of two lines drawn 
from the two acute angles to the center of the inscribed circle. 

Pbob. XXL — To determine a triangle, having given the 
bascy the perpendicular, and the difference of the two other 
sides. 

Prob. XXII. — To determine a triangle, having given the 
base, the perpendicular, and the rectangle, or product of the 
two sides. 

Prob. XX I II. — To determine a triangle, having given the 
lengths of three lines drawn from the three angles to the mid- 
dle of the opposite sides. 

Prob. XXIV. — In a triangle, having given all the three 
sides, to find the radius of the inscribed circle. 

Prob. XXV. — To determine a right-angled triangle, having 
given the side of the inscribed square, and the radius of the 
inscribed circle. 

Prob. XXVI. — To determine a triangle, and the radius 
of the inscribed circle, having given the lengths of three lines 
drawn from the three angles to the center of that circle. 

Prob. XXVEI. — To determine a right - angled triangle, 
having given the hypotenuse, and the radius of the inscribed 
circle. 

Prob. XX VJJLL. — The lengths of two parallel chords on the 
same side of the center being given, and their distance apart, 
to determine the radius of the circle. 

Pbob. XXIX. — TJie lengths of two chords in the same 



I 



y 



288 QBOMETBY. 

etrch beinff given^ and also the difference of their dudanceM 
from the center j to find the raddtts of the circle. 

Prob.XXX. — The radius of a circle being given, andaUo 
the rectangle of the segments of a chord, to determine the dis" 
tance of the point at which the chord is divided, from the 
center. 

Pbob. XXXI. — If each of the two equal sides of an isos^ 
celes triangle be represented by a, and the base by 2b, what 
will be the value of the radius of the inscrwed circle f 

\ * 7, 6^/a« — J« " 
Ana. M = — • 

a + b 
Prob. XXXn. — From a point without a circle whose 
diameter is d, a line equal to dis drawn, terminating in the 
concave arc, and this line is bisected at the first point in which 
it meets the circumference. What is the distance of the point 
without from the center of the circle f 

It is not deemed necessary to multiply problems in the 
application of algebra to geometry. The preceding will 
be a sufficient exercise to give the student a clear con- 
ception of the nature of such problems, and will serve as 
a guide for the solution of others that may be proposed 
to him, or that may be inffented by his own ingenuity. 

MISCELLANEOUS PROPOSITIONS. 

"We shall conclude this book, and the subject of Gteom- 
etry, by offering the following propositions, — some ^e- 
orems, others problems, and some a combination of both, 
— not only for the purpose of impressing, by application, 
the geometrical principles which have now been estab- 
lished, but for the not less important purpose of culti- 
vating the power of independent investigation. 

After one or two propositions in which the beginner 
will be assisted in the analysis and construction, we shaH 
leave him to his own resources, with the caution that a 
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patient consideration of all the conditions in each case, 
and not mere trial operation, is the only process by which 
he can hope to reach the desired result. 

1. From two given points, to draw two equal straight 
lines, which shall meet in the same point in a given 
straight line. 

Let A and B be the given points, 
and CD the given straight line. Pro- 
duce the perpendicular to the straight 
line A£ at its middle point, until it 
meets CD in G, It is then easily 
proved that G is the point in CD in 
which the equal lines from A and 
B must meet. That is, that AG 
^BG. 

If the points A and B were on 
opposite sides of CD, the directions — 
for the construction would be the 
same, and we should have this fig- 
ure; but the reasoning by which 
we prove AG — BG would be un- . A 

dumgedk 

2. Prom two given points on the same side of a given 
BtTMght line, to draw two straight lines which shaD meet 
in the given line, and mate equal angles with it. 

Let CD be the given line, and 
A and B the given points. 

From B draw BU perpendicular 
to CD, and produce the perpen- 
dicular to F, making EF equal to 
BE; then draw AF, and from the 
point G, in which it intersects 
CDydmrGB. mw,lJBGE^ 
[_EGF =\_AGa Hence, the 
angles B GD and AG Care equal, 
and the Hues AG and BG meet 

in a common point in the line CD, and made equal angles with 
that line. 
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8. I^ fix)m a point without a circle, two straiglit lines 
be drawn to the concave part of the circumference, making 
equal angles with the line joining the same point and the 
center, the parts of these lines which are intercepted within 
the circle, are equal. 

4. If a circle be described on the radius of another circle, 
any straight line drawn from the point where they meet, 
to the outer circumference, is bisected by the interior one. 

6. From two given points on the same side of a line 
given in position, to draw two straight lines which shall 
contain a given angle, and be terminated in that line. 

6. If, from any point without a circle, lines be drawn 
touching the circle, the angle contained by the tangents is 
double the angle contained by the line joining the points 
of contact and the diameter drawn through one of them. 

7. If, from any two points in the circumference of a 
circle, there be drawn two straight lines to a point in a 
tangent to that circle, they will make the greatest angle 
when drawn to the point of contact. 

8. From a given point within a given circle, to draw a 
straight line which shall make, with the circumference, 
an angle, less than any angle made by any other line 
drawn from that point. 

9. If two circles cut each other, the greatest line that 
can be drawn through either point of intersection, is that 
which is parallel to the line joining their centers. 

10. If, from any point within an equilateral triangle, 
perpendiculars be drawn to the sides, their sum is equal 
to a perpendicular drawn from any of the angles to the 
opposite side. 

11. If the points of bisection of the sides of a given tri- 
angle be joined, the triangle so formed will be one fourth 
of the given triangle. 

12. The difference of the angles at the base of any tri- 
angle, is double the angle contained by a line drawn from 
the vertex perpendicular to the base, and another bisect- 
ing the angle at the vertex. 
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18. If, from the three angles of a tnangle, lines be 
drawn to the points of bisection of the opposite sides, 
these lines intersect each other in the same point. 

14. The three straight lines which bisect the three 
angles of a triangle, meet in the same point. 

15. The two triangles, formed by drawing straight 
Unes from any point within a parallelogram to the ex- 
tremities of two opposite sides, are, together, one half the 
parallelogram^ 

16. The figure formed by joining the points of bisection 
of the sides of a trapezium, is a parallelogram. 

17. If squares be described on three sides of a right- 
angled triangle, and the extremities of the a^acent sides 

be joined, the triangles so formed are equivalent to the 
given triangle, and to each other. 

18. If squares be described on the hypotenuse and sides 
of a right-angled triangle, and the extremities of the sides 
of the former, and the adjacent sides of the others, be 
joined, the sum of the squares of the lines joining them 
will be equal to five times the square of the hypotenuse. 

19. The vertical angle of an oblique-angled triangle 
inscribed in a circle, is greater or less than a right angle, 
by the angle contained between the base and the diam- 
eter drawn from the extremity of the base. 

20. If the base of any triangle be bisected by the diam- 
eter of its circumscribing circle, and, from the extremity 
of that diameter, a perpendicular be let fall upon the 
longer side, it will divide that side into segments, one of 
which will be equal to one half the sum, and the other to 
one half the difference, of the sides. 

21. A straight line drawn from the vertex of an equi- 
lateral triangle inscribed in a circle, to any point in the 
opposite circumference, is equal to the sum of the two lines 
which are drawn from the extremities of the base to the 
■ame point. 

22. The straight line bisecting any angle of a triangle 
21 Q 
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inscribed in a given circle, cuts the circumference in a 
point which is equi-distant from the extremities of the 
side opposite to the bisected angle, and from the center 
of a circle inscribed in the triangle. 

23. If, from the center of a circle, a line be drawn to 
any point in the chord of an arc, the square of that line, 
together with the rectangle contained by the segments 
of the chord, will be equal to the square described on the 
radius. 

24. If two points be taken in the diameter of a circle, 
equidistant from the center, the sum of the squares of tlie 
two lines drawn from these points to any point in the cir- 
cumference, will be always the same. 

25. If, on the diameter of a semicircle, two equal circles 
be described, and in the space included by the three dr- 
cumferences, a circle be inscribed, its diameter will be | 
the diameter of either of the equal circles. 

26. If a perpendicular be drawn from the vertical angle 
of any triangle to the base, the difference of the squares 
of the sides is equal to the difference of the squares of 
the segments of the base. 

27; The square described on the side of an equilateral 
triangle, is equal to three times the square of the radius 
of the circumscribing circle.. 

28. The sum of the sides of an isosceles triangle is less 
than the sum of the sides of any other triangie on the saxn^ 
base and between the same parallels. 

29. In any triangle, given one angle, a side adjacent to 
the given angle, and the difference of the other two sides, 
to construct the triangle. 

30. In any triangle, given the base, the sum of the 
other two sides, and the angle opposite the base, to con- 
struct the triangle. 

31. In any triangle, given thM. base, the angle opposite 
to the base, and the difference of the other two sides, to 
•instruct the triangle. 
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PART I 



PLANE TRIGONOMETRY. 



SECTION I. 

ELEMENTARY PRINCIPLES. 

Trigonohbtrt, in its literal and restricted sense, has 
for its object the measurement of triangles. When it 
treats of plane triangles it is called Plane Trigonomdry. 
In a more enlarged sense, trigonometry is the science 
which investigates the relations of all possible arcs of the 
circumference of a circle to certain straight lines, termed 
trigonometrical lines or circular functionsy connected with 
and dependent on such arcs, and the relations of these 
trigonometrical lines to each other. 

The measure of an angle is the arc of a circle inter- 
cepted between the two lines which form the angle — ^the 
center of the arc always being at the point where the 
two lines meet. 

The arc is measured by degrees^ minutes^ and seconds; 
there being 360 degrees to the whole circle, 60 minutes 
in one degree, and 60 seconds in one minute. Degrees, 
minutes, and seconds, are designated by ®, ', "; thus, 
27° 14' 21", is read 27 degrees 14 minutes 21 seconds. 

The circumferences of all circles contain the same 
number of degrees, but the greater the radius the greater 

(244) 
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is the absolute lengtli of a degree. The circumference of 
a carriage wheel, the circumference of the earth, or the 
still greater and indefinite circumference of the heavens, 
has the same number of degrees ; yet the same number 
of degrees in each and every circumference is the meas- 
ure of precisely the same angle. 

DEFINITIONS. 

L The Complement of an arc is 90^ minus the arc. 

2. The Supplement of an arc is 180^ minus the arc. 

3. The Sine of an angle, or of an arc, is a line drawn 
from one end of an arc, perpendicular to a diameter 
drawn through the other end. Thus, BF is the sine of 
the arc ABy and aho of the arc BDE, BK is the sine 
of the arc BD. 

4. The Cosine of an arc is the per- 
pendicular distance from the center of 
the circle to the sine of the arc ; or, it is 
the same in magnitude as the sine of 
the complement of the arc. Thus, OF 
is the cosine of the arc AB\ but C!Fs= 
KBj which is the sine of BD. 

5. The Tangent of an arc is a line touching the circle 
in one extremity of the arc, and continued from thence, to 
meet a line drawn through the center and the other ex- 
tremity. Thus, AH is the tangent to the arc AB^ and 
DL is the tangent of the arc BB. 

6. The Cotangent of an arc is the tangent of the com- 
plement of the arc. Thus, 2>i, which is the tangent of 
the arc DBy is the cotangent of the arc AB. 

Remark. — The eo is but a contraction of the word complement. 

7. The Secant of an arc is a line drawn from the center 
of the circle to the extremity of the tangent. Thus, OH 
is the secant of the arc ABj or of its supplement BDK 

8. The Cosecant of an arc is the secant of the comple- 
ment Thus, CL^ the fecant of -BD, is the cosecant oiAB. 

21* 
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9. The Tened Sine of an arc is the distance fri>m the 
extremity of the arc to the foot of the sine. Thus, AV 
is the versed sine of the arc AB^ and BK is the versed 
dne of the arc BB. 

For the sake of brevity, these technical terms are con- 
iracted thus : for sine AB^ we write «». AB ; for cosine 
AJ5, we write eo%. AB ; for tangent AB^ we write tan. 
AB, etc. 

From the preceding definitions we deduce the follow- 
ing obvious consequences : 

1st. That when the arc AB becomes insensibly small, 
or zero, its sine, tangent, and versed sine are also 
nothing, and its secant and cosine are each equal to 
radius. 

2d. The sine and versed sine of a quadrant are each 
equal to the radius ; its cosine is zero, and its secant and 
tangent are infinite. 

3d. The chord of an arc is twice the sine of one half 
the arc. Thus, the chord, BCf^^ is double the sine, BF. 

4th. The versed sine is equal to the difference between 
the radius and the cosine. 

5th. The sine and cosine of any arc form the two sides 
of a right-angled triangle, which has a radius for its 
hypotenuse. Thus, OF and FB are the two sides of the 
right-angled triangle, OFB. 

Also, the radius and tangent always form the two 
sides of a right-angled triangle, which has the secant of 
the arc for its hypotenuse. This^we observe from the 
right-angled triangle, OAff. 

To express these relations analytically, we write 

sin.* + COS.* =» -B" (1) 

B* + tan.« « sec* (2) 

From the two equiangular triangles OFBy QAW^ we 

have 

QF X FB » QA ^AH. 
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That is, 

COS. : sin. = It : tan.; whence, tan. «= — ^ — - (3) 

COS 

Also, OF : OB ^ OA : OS. 

That is, 
COS. : jR » JB : sec. ; whence, cos. sec. = Ji\ (4) 

The two equiangular triangles, CAJET and ODLj give 

CA : AH =- DL : DC. 

That is, 

B : tan. = cot. : B ; whence, tan. cot. ^ IP. ( 5 ) 

Also, OF : FB ^ BL : BO. 

That is, 

COS. : sin. = cot. : B; whence, cos. B = sin. cot. (6) 

From equations (4) and (5), we have 

COS. sec. =: tan. cot. (7) 

Or, COS. : tan. » cot. : sec. 

We also have ver. sin. =5 — cos. (8) 

The ratios between the various trigonometrical lines 
are always the same for arcs of the same number of 
degrees^ whatever be the length of the radius ; and we 
may, therefore, assume radius of any length to suit our 
Convenience. The preceding equations will be more con- 
cise, and more readily applied, by making the radius 
equal unity. This supposition being made, we have, for 
equations 1 to 6, inclusive, 

sin." + COS.* =1. ( 1 ) 

1 + tan.* =: sec* (2) 

tan. Bs — - (3) cos. = — (4) 

cos. sec. 

tan. == — -- (5) cos. =a sin. cot. (6) 

cot. 

Jjet the circumference, AEDH^ be divided into four 
equal parts by the diameters* AD and FSy the one hori- 
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zontaJ and the other vert- 
ical. These equal parts 
are called quadrants^ and 
they may be distinguished 
as the Jirsty secondy thirdj 
and fourth quadrants. 

The center of the circle 
is taken as the origin of 
distances, or the zero point, 
and the diflferent directions 
in which distances are esti- 
mated from this point are indicated by the signs + and 
— . If those from to the right be marked +, those 
from C to the left must be marked — ; and if distances 
from upwards be considered plus, those from down- 
wards must be considered minus. 

If one extremity of a varying arc be constantly at A^ 
and the other extremity fall successively in each of the 
several quadrants, we may readily determine, by the 
above rule, the algebraic signs of the sines and cosines 
of all arcs from 0° to 360°. Now, since all other trigo- 
nometrical lines can be expressed in terms of the sine 
and cosine, it follows that the algebraic signs of all the 
circular functions result from those of the sine and 
cosine. 

We shall thus find for arcs terminating in the 
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PROPOSITION 1. 



The chord of 60° and the tangent of 46° are each equal to 
radius ; the sine of 30°, the versed sine of 60°, and the eih 
sine of 60° are each equal to one half the radius. 
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With (7 as a center, and CA as a 
iitdius, describe the arc ABJPy and 
from A lay off the arcs AD = 45^, 
AB =» 60°, and AE = 90° ; then 
is jP5 = 80°. 

1st. The side of a regular in- 
scribed hexagon is the radius of 
the circle, (Prob. 28, B. IV), and as the arc subtended 
by each side of the hexagon contains 60°, we have the 
chord of 60° equal to the radius. 

2d. The triangle CAH is right-angled at Ay and the 
angle O is equal to 45°, being measured by the arc AD ; 
hence the angle at H is also equal to 45°, and the trian- 
gle is isosceles. Therefore AH^ CA = radius of the 
circle. 

8d. The triangle ABO is isosceles, and Bn is a per- 
pendicular from the vertex upon the base ; hence An = 
nO » Bm. But Bm is the sine of the arc BE^ On is the 
cosine of the arc AB, and An is the versed sine of the 
same arc, and each is equal to one half the radius. 

Hence the proposition ; the chord of 60°, etc. 

PROPOSITION II. 

QweUy the sine and the cosine of two arcSy to find the sine 
and the cosine of the sum and of the difference of the same 
aarcM caressed hy the sines and cosines of the separate arcs. 

Let Q- be the center of the 
circle, CD the greater arc, 
and DF the less, and denote 
these arcs by a and I re- 
spectively. 

Draw the radius Q-D) make 
the arc DE equal to the arc 
J)Fj and draw the chord EF. 
From F and JS?, the extremi- 
tiMy and J^ the middle point 
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of the chord, let fall the perpendiculars JPjJf, JE^P, and 
JZV, on the radius OQ. Also draw DO, the sine of the 
arc <72>, and let fall the perpendiculars IH on FMj and 
JEK on IN. 

Now, by the definition of sines and cosines, DO ^ 
sin.a ; GO = cos.a ; FI = sin.6 ; Q-I = cos.6. We are 
to find 

FM = sin. (a + J) ; Q-M = cos. (a + 6) ; 
jEP = sin. (a — 6) ; (?P = cos. (a — 6). 

Because IN is parallel to DO, the two a's, Cf-DOj 
GINy are equiangular and similar. Also, the A FJSI is 
similar to the A GIN; for the angles, FI& and fflN^ 
are right angles ; from these two equals, taking away the 
common angle JIILj we have the angle FIS = the angle 
GIN. The angles at H and N are right angles ; there- 
fore, the A's Ffflj GIN, and GDO, are equiangular 
and similar; and the side EI ia homologous to IN 
and DO. 

Again, as FI = JJ?, and IK is parallel to FMj 

jPjff = IK, and BI = KF. 

By similar triangles we have 

GD : DO ^ GI: IN. 
That is, jB : sin.a =» cos.6 : IN; or, JZ\r»= — '-^ — 1-. (1) 

Also, GD : GO ^ FI : FH. 

That is, B : cos.a = sin.6 : HF; or, #JJ= cos^imJ^ ^2) 

Also, aD '. ao = ai : air. 

That is, i? : co8.a = cos.6 : aif; or, axr=. cos^os^i ^ 3 j 

Also, aD '. DO = FI : IS. 

That is, iJ : 8in.a = 8in.J : IE', or, IE= «^-^^-^, (4) 

By adding the first and second of these equation^ we 
have 

Zflr+ jPir- JOf- 8in.(a + J). 
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That is, sin. (a + 6), = siP-« cos.i + cos.a sm.b^ 

It 

By subtracting the second from the first, since 
nr—FE^ nr—IK= EP, we have 

«:•, / i\ sin.a cos.J — cos.a sin.6 
sm. [a — o) = =^ . 

Jtt 

By subtracting the fourth from the third, we have 
Q-N — IS =« Q-M =s COS. (a + h) for the first member. 

Hence, cos, (a + h) ^ ^^^'^ ^^^'^ " ^^^'^ ^^^'^ (5) 

By adding the third and fourth, we have 

aN+ IH^ aN+ NP^ aP = co8.{a—b). 

XT ^ / T\ cos.a C0S.5 + sin.a sin. J /^. 

Hence, cos. (a — 6) = ^ . ( 6 ) 

Collecting these four expressions, and considering the 
radius nBily, we have 

(8in.(a + J) = sin.a cos. J + cos.a sin. J ( 7 ) 

sin.(a — b) == sin.a cos. J— cos.a sin.6 (8) 

cos.(a + 6) = cos.a cos.i — sin.a sin.6 ( 9 ) 

cos.(a — h) = cos.a cos.6 + sin.a sin.5 ( 10 ) 

FormulsB {A) accomplish the objects of the proposi 
tion, and from these equations many useful and import:'. 
ant deductions can be made. The following are th^ 
most essential : 

By adding (7) to (8), we have (H); subtracting (8> 
from ( 7 ) gives ( 12 ). Also^ ( 9 ) added.to ( 10 ) give* ( W ) , 
(9)takenfrom(10)giY^a(l4^), *• ' "' 

sin.(a + 5>) 4- si?).(a— J) = 2sin.a cos.6 ( H ) 

siu.(ari:6) — sin.(a — i)==2cos.a sin.6 (12) 

©Oi(i(a + ft) + COS. (a — ft) = 2cos. a cos. ft ( 13 ) 

.<?j^s.(a — ft) — cos.(a + ft) = 2sin.a sin.ft ( 14 ) 

^f y^j^.pp.ta + fts»J., anda — ft = i, then (U) becomes 
\\S\{n) becomes (16), (13J becomes (17), and (14) b^ 
(pmoB (18). 



m 
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(C) 



Bin.A + sm.B=2An.(^±^co8.(^-^) (15) 



Bin.^ - ain.B = 2co8. {^^) sin. {^^) i 1*) 
cos-d + COB.B = 2cos. (— i — ^ COS. ( ~ ) { 17 ) 

C0B.5— cos-d = 28in. ( — 5—) sin. ( ~ ) ( 18 ) 

sm 
If we divide ( 15 ) by ( i^ ), (observing that — - = tan., 

COB* 

and ?^ = cot. = as we learn by equations ( 6 ) and 

sin. tan. 

( 5 ), we shall have 

sm. ( — ^— ) cos. ( 



A+B\ fA—B\ . /A+B\ 
sin.^ + sin.5 —V^-) ^^«-(-2-) ^-(-2-) 



sin.-d. — sin.-B 



COS. 



COS. 



(^"»in.(^laa.(4=?) 



(19) 



Whence, 
8in.J.+8in.jB : sin.Jl — sin.jB=tan.(^— — j : tan. (^ — - — J 

That is : The 8%Lm of the sines of any two arcs is to the dif^ 
ferenee of the same sineSy as the tangent of one hay^the snm 
of the same arcs is to the tangent of one half their differefnce. 

By operating in the same way with the different eqna* 
tions in formulae ((7), we find, 



m 



- f- (^) 



'sin. J. + sin.P 

COS.^ + C08.5 

sin. A + sin.^ 

C08.5 — C0B.j1 

sin. A — sin.^ (A — B^ 

QOB.A + C08.5 "^ **"• v"~2" 
sin.J . — sin.5 fA + jB\ 

C08.A + COB..g ^^ \ 2 / 
COS.^ — COS. J. 



(20) 



= cot.(^^-^ (21) 
= tan.(^^^^ (22) 



*^'(r-^ 



(23) 



(24) 



SECTION I. 268 

These equations are all true, whatever be the value 
of the arcs designated by A and B ; we may, therefore, 
assign any possible value to either of them, and if in 
equations (20), (21), and (24), we make -B= 0, we shall 
have, 

"^•^ tan.4 h-. (25) 



1 + COS. Jl 2 cot JJ. 

sin*.A , jol X / fi^ X 

cot. -pr- = --T ( 26 ) 



(27) 



@ 1 — COS. J. 2 tan.JJ. 

1 + COS. Jl _ cot. JJ. _ 1 
1 — COS. Jl "" tan.^J. "" tan^.|J. 

If we now turn back to fonnulae (A), and divide equa- 
tion ( 7 ) by ( 9 ), and ( 8 ) by ( 10 ), observing at the same 

sin 
time that — - == tan., we shall have, 

COS. • ' 

tan (a-^SSss ^^^'^ cos. J + cos.a sin.6 



tan.(a — 6) = 



cos.a C0S.6 — sin.a sin.6 
sin.a cos.J — cos.a sin.6 



cos.a C0S.6 + sin.a sin.6 

By dividing the numerators and denominators of the 

second members of these equations by (cos.a cos.6), we 

find, 

sin.a cos.6 cos.a sin.6 

. / . z\ cos.a cos.6 cos.a cos.6 tan.a4-tan.6 ,^ 

tan.(a+6)= . — ; s — ==s- ■ (28) 

^ ' cos.a cos.6 sm.a sin.6 1 — ^tan.atan.6 • 

cos.a cos.6 cos.a cos.6 

sin.a cos.6 cos.a sin.6 

, ,» cos.a C08.6 cos.a C08.6 tan.a — tan.6 

tan.fo— 6)= 1 — -. . — jj=:rTi: V — i ( 29 ) 

^ ' cos.a cos.6 sin.a sm. 6 1+tan.a tan.6 

cos.a C08.6 cos.a cos.6 

If in equation (H), formulae ( JS), we make a « 6, we 
ehall have, 

6in.2a = 2s]n.a cos.a (30) 

Making the same hypothesis in equation (13), gives, 

cos.2a + 1 « 2co8«.a (31 ) 
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The same hypothesis reduces equation (14) to 

1 — cos.2a = 2sin*.a * (32) 
The same hypothesis reduces equation (28) to 

tan.2a = :,^^4- (^^) 

1 — tan'.a 

If we substitute a for 2a in ( 31 ) and (32), we shall have 

1 + cos.a = 2cos.*Ja. (34) 
and 1 — cos.a = 2sin.'Ja. ( 35 ) 

PROPOSITION III. 

In any rtght-angled plane triangle^ we may have the folr 
lowing proportions : 

1st. The hypotenuse is to either side^ as the radms is to the 
sine of the angle opposite to that side. 

2d. One side is to the other side^ as the radius is to the tan- 
gent of the angle adjacent to the first side. 

3d. One side is to the hypotenuse^ as the radius is to the 
secant of the angle adjacent to that side. 

Let CAB represent any right- 
angled triangle, right-angled at 
A. 

(Here, and in all cases hereafter, we shall represent the angles of a 
triangle by the large letters A, B^ Cy and the sides opposite to them, 
by the small letters a, &, c.) 

From either acute angle, as (7, take any distance, as 
(72>, greater or less than CB^ and describe the arc DH. 
This arc measures the angle 0. From 2>, draw DJT par- 
allel to BA ; and from E^ draw JEQ^ also parallel to BA 
or JDF. 

By the definitions of sines, tangents, secants, etc, DF 
is the sine of the angle 0; EQ- is the tangent^ CO- the 
secant^ and CF the cosine. 
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Now, by proportional triangles we have, 

CBiBA=^CD:DF or, a : t? = iJ : sin.(7 

OAiAB^CEiEa 

CA : CB = OB : Ca 

Hence the proposition. 

Scholium. — If the hypotenuse of a triangle is made radius, one side 
b the sine of the angle opposite to it, and the other side is the cosine 
of the same angle. This is obvious from the triangle CDF. 



or, a 
or, b 
or, b 



c =^ B :tan.(7 
a = \B : sec. (7 




PROPOSITION IV. 

In any triangle^ the sines of the angles are to one another 
as the sides opposite to them. 

Let ABC be any tri- 
angle. From the points 
A and Bj as centers, 
with any radius, de- 
scribe the arcs meas- 
Bring these angles, and ^ 
draw pa, (72>, and wn, 
perpendicular to AB. 

Then, pa = sin. J., and mn =» sin.£. 

By the similar A*s, Apa and AOBj we have, 

M:sm.A^b:OB; OT,B{CB)^b&m.A (1) 
By the similar a's, Bmn and J5(72>, we have, 

B : Bin.B =^ aiOB; or, B{CI)) = a sin.J? (2) 

By equating the second members of equations ( 1 ) 
and (2) 

b sin.J. = a sin.jS. 

Hence, sin. JL : sin.JB :^ a : b 

Or, a : 6 SB sin.J. : &in,B. 

Scholium 1. — ^When either angle is 90^, its sine is radius. 

SoHOLiini 2. — ^When CB is less than AC, and the angle B, acute, 
the triangle is represented by ACB, When the angle B becomes B^^ 
it Lb obtiue, and the triangle is ACB^; but the ^^roportion is equally 
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true with either triangle ; for the angle CB^D = CBA, and the sine 
of CB^D '18 the same as the sine of AB^C, In practice we can deter- 
mine which of these triangles is proposed, bj the side AB being 
greater or less than AC; or, by the angle at the vertex C being large, 
as ACB, or small, as ACB^. 

In the solitary case in which AC, CB, and the angle A, are given, 
and CB less than AC, we can determine both of the A's ACB and 
A CB^ ; and then we surely have the right one. 



PROPOSITION V. 

If from any angle of a triangle^ a perpendicular he UtfaU 
on the opposite side^ or basej the tangents of the segments of 
the angle are to each other as the segments of the base. 

Let ABC be the triangle. Let fall 
the perpendicular CZ>, on the side 
AB. 

Take any radius, as Ony and de- 
scribe the arc which measures the A 
angle C. From w, draw qnp parallel to AB. Then it is 
obvious that np is the tangent of the angle i>CB, and nq 
is the tangent of the angle ACD. 

Now, by reason of the parallels AB and gp, we have, 

qn I np =^ AD : DB 
That is, tan.J.aD : tan.i>CB = AB : DB. 



PROPOSITION VI. 

If a perpendicular he let fall from any angle of a triangle 
to its opposite side or hascy this base is to the sum qf the other 
two sideSf as the difference of the sides is to the difference of 
the segments of the base. 

(See figure to Proposition 5.) 

Let AlB be the base, and from (7, as a center, with the 
shorter side as radius, describe the circle, cutting AB in 
(?, and AQ'in F; produce J.O'to H. 
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It is obvious that AJE is the sum of the sides AO and 
OBy and AF is their difference. 

Also, AD IB one segment of the base made by the per- 
pendicular, and BD = J>G is the other; therefore, the 
difference of the segments is A a. 

As J. is a point without a circle, by Cor. Th. 18, B. 
m, we have 

AJS X AF ^ AB X Aa 

Hence, AB : AE = AF : AQ. 

PROPOSITION VII. 

The 9um of any two sides of a triangle is to their difference^ 
as the tangent of one half the sum of the angles opposite to 
these sideSy is to the tangent of one half their difference. 

Let ABO be any plane triangle. ^ 

Then, by Proposition 4, we have, 

BO : AO s= BIB. A : sin.j&. 
Hence, A B 

B0+A0iBC—A0^^n.A+Bm.B:am,A—Bm.B(TlL.9,B.ir). 
But, 

tan. ( — ^ — ) : tan. ( — - — j = sin. J. + sin.ji5 : Bin. A 

— I5in.ji5, (eq. (19), Trig.) 

Comparing the two latter proportions, (Th. 6, B. H), 
we have, 

B0+A0:B0—A0=tAn. (£±:^V tan. ( "^ ~ ^) 
Hence the proposition. 

PROPOSITION VIII. 

Giveny the three sides of any plane triangle^ to find some 
relation which they must hear to the sines and cosines of the 
resjpeeUve angles* 

22* B 




258 



PLANE TRIGONOMETRY. 



Let ABG be 
the triangle, and 
let the perpen- 
dicular fall either 
upon, or without 

thebase, as shown c « T> ^ 'B 

in the figures. ^ 

By recurring to Th. 41, B. I, we shall find 

a^ + V — e* 





CD = 



2a 



(1) 



Now, by Proposition 3, we have 

B : COS. O = b : OB. 
h COS. O 



Therefore, 



GB = 



B 



(2) 



Equating these two values of OBy and reducing, we 
have 

COS. a = ^(^1+^^). («.) 

In this expression we observe, that the part c, whose 
square is found in the numerator with the minus sign, is 
the side opposite to the angle ; and that the denominator 
is twice the rectangle of the sides adjacent to the angle. 
From these observations we at once draw the following 
expressions for the cosine J., and cosine B : * 



COS. J. 



Uc 



COS 



2ac 



(n) 



(i>) 



As these expressions are not convenient for logarith* 
mic computation, we modify them as follows : 
If we put 2a =» J:, in equation ( 31 ), we have 

cos. J. + 1 = 2cos.' J J.. 

In the preceding expression, ( » ), if we consider radius 
unity, and add 1 to both members, we shall have 
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« 

j« + o» — o^ 



COS. J. + 1 = 1 + 



Therefore, 2co8.» J J. 



2bc 

2ho + V + c' — g' 
2bo 

(6 + e)« — a« 



2he 
Considering b + e 9i^ one quantity, and observing that 
(J + ef — a* is the difference of two sqaareSy we have 

(5+cy_a«=r(J+c+a) (J+o— a) ; but (J+r— a)=5+c+a— 2a. 



Hence, 2cos.'M = (^ + ^ + ^)(^ + ^ + '^"H 
Or, co8.«i^ = ^ 2 A 2 ;. 

the final result for radius unity is 

COS. U =. \/*JL3f). 
For any other radius we must write 

COS. U = v/-^' (»-''). 

By inference, cos. J J? = sj^^i^lzi^ 

Also, COB. J(7 = ^^5FE3. 

In every triangle, the sum of the three angles is equal 
to 180®; and if one of the angles is small, the other 
two must be comparatively large ; if two of them are 
email, the third one must be large. The greater angle 
is always opposite the greater side ; hence, by merely 
inspecting the given sides, any person can decide at 
once which is the greater angle ; and of the three pre- 
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ceding equations, that one should be taken which applies 
to the greater angle, whether that be the particular 
angle required or not ; because the equations bring out 
the cosinea to the angles ; and the cosines to very small 
arcs vary so slowly, that it may be impossible to decide, 
with sufficient numerical accuracy, to what particular 
arc the cosine belongs. For instance, the cosine 9.999999, 
carried to the table, applies to several arcs; and, of 
course, we should not know which one to take ; but this 
difficulty does not exist when the angle is large ; there- 
fore, compute the largesi angle first, and then compute 
the other angles by Proposition 4. 

But we can deduce an expression for the sine of any 
of the angles, as well as the cosine. It is done as fol- 
lows: 

EQUATIONS FOR THE SINES OP THE ANGLES. 

Resuming equation ( m ), and considering radius unity, 
we have 

a« + 6' — c* 
COS. O =s — ■ . 

2ab 

Subtracting each member of this equation from unity, 
gives 

Make 2a = O, in equation (32) ; then a'=' ^O, 
and 1 — COS. C = 28in.«ja (2) 

Equating the second memhers of (1) and (2)^ 

2ab — a' — 6' + c> 



2sin.' JC 



2ab 

(a - h)* 



2ab 
" 2ab * 



■*.. 
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/e + b — a\ /c + a — b\ 

i\ • . 1 /Y ^ 2 ^ \ 2 / 
Op, Bin.* J(7 ■» = 

ah 

Tt^*- ^+J — « C'\rh+a ji^+« — h c+a+h , 
But._^_= —^ a,and_-^ ^ J. 

Put ^ « «, as before; then, 

sin. J(7 « ^ (ir-a)(^- i) 
^ ah 

By taking equation (i>), and proceeding in the same 
Dci.anner, we have 

sin. IB - sJ^EK5Ej). 

^ ac 

I'rom («), Bia.iA = v/^^^^S5E3. 

The preceding results are for radius unity ; for any 
other radius, we must multiply by the number of units 
in such radius. For the radius of the tables we write 
jB ; and if we put it under the radical sign, we must 
write B*; hence, for the sines corresponding with our 
loGfarithmic table, we must write the equations thus, 

sin. ^A - \/ElEEEE3. 

^ 00 

^ ac 

sin. J(7 = \/^EEpEI). 
j ^ ab 

\ Au large angle should not be determined by these 
% eqaQ>tions, for the same reason that a small angle should 
M not "be determined from an equation expressing the 
% eoaVue. 

« In. practice, the equations for cosine are more gener- 
(Dy Tued, because more easily applied. 
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The formulfiB which we have thus analytically devel- 
oped, express nearly all the important relations between 
the sines, cosines, and tangents of arcs or angles ; and 
we have also demonstrated all the theorems required for 
the determination of the unknown parts of any plane 
triangle, three of the parts of which are given, one at 
least being a side. 

Such relations might be indefinitely multiplied, but 
those already established are sufficient for most practical 
purposes, and when others are required, no difficulty 
will be found in deducing them from these. 

The following geometrical demonstrations of many of 
the preceding relations, are offered, in the belief that 
they will prove useful disciplinary exercises to the stu- 
dent. 

1st. Let the arc -4.2) = J.; theni>(?=sin.J.; (7fl^=cos.J.; 

DJs^sin.^J.; JJ)=B2sin.]^J.; OI^cos^iA; 

OI^DO; and i>ji5=2JD(?=2cos.JJ.. 

The angle, DBAj is measured by 
one half the arc AD ; that is, by J J.. 

Also, ADa^ DBA = ^A. 

Now, in the triangle, BD (7, we have 
Bin.DBa : i>(y=sin.90° : BD. 

That is, sin. J J. : sin. J.=l : 2cos. JjI^ 

Or, sin.J.=2sin.JJ. cos.JJ.; 

which corresponds to equation (30). 

In the same triangle, 
Bin.90° : BD^Bm.BDa : BC^; and sin.BDa^-co&.DBa. 
That is, 1 : 2cos.}^=cos.}J. : 1+cos.J.. 
Or, 2cos.* JJ.=:l+cos.J., same as equation (84). 

In the triangle, DGAj we have, 

sin.90° : AD ^ sin. O^D A : aA. 
That is, 1 : 2sin. J J. « sin. J J. : 1— cos.^. 
Or, 2sin.» ^A «» 1 —cos. J., same as equation ( B5 X 
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By similar triaogles, we have, 

BAiAL^ABiAa. 

That is, 2 : 2sin. JJ. = 2sin.JJ. : versed sin.J.. 

Or, versed sin.J. = 2sin.' JJ.. 

2d. Prom C as the center, with CA as the radiufl, 
describe a circle. Take any arc, 
AB, and call it A ; and AD a less 
arc, and call it B ; then BD is the 
difference of the two arcs, and mnst 
be designated by (A — B) ; arc AQ- 
= arc AB ; therefore, 

BXQl)a^A + B\ J?(?=sin.ji; 

Hn = sin.-B ; Chn = sin. J. + sin. JB ; 
Bn = sin. J. — sin.JB. 
Fm =: mL =s Cfir= cos. jB ; mn =« cos-A ; 
therefore, Fm + mn=z cos. J. + cos.-B = Fn ; 
mD — mn = C08.ji5 — cos.J. = nD ; 

A + B\ 




and 



Da 



2sin.(: 



Because, 
therefore, 



or. 



NF^AB', AB + NF=^A + B\ 

180° — (^ + 5) = arc JB; 

90° — (^^^) = Jarc FB. 



But the chord, FBy is twice the sine of J arc FB ; 
that is, FB^ 28in. (90° — ^^-|-^) = 2co8. (~^. 
The [_7i(?2> =s L-BJT), because both are measured 
by one half of the arc JBD; that is, by ( — ^ — \ and the 

two triangles, ChnB and J^n-B, are similar. 

(A + Ji?\ 
— ^ — )• 

In the triangle, FBQ-j Fn is drawn from an angle per 
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pendicular to the opposite side ; therefore, by Propoeitiop 
6, we have, 

Ghn : nB=^taLn.GFn : tan.j&JVi. 

A I X> 

That is, sin.-4+sin.j& : sin.J. — sin-jB—tanY — ^ — ^ t tan. 

i — ^^— )• This is equation ( 19 ). 

In the triangle, ChnD^ we have, 

sin.90® : J>& = Bm.nI>G : Chi; 8in.n2>fl^»-co8.n(?i). 

That is, 1 : 28in. (^) = cos. (±^) : Bm.A+^.B. 

Or, sin.-A + sin. JB = 28in. { — - — ^ cos. ( — - — \ 

the same as equation ( 1^ ). 

8d. In the triangle, MiB, we have, 

sin.90 : FB = sin.-BJ'n : Bn. 

That is, 1 : 2cosY — ^— ) = sin/ ~ \ : sin. J. — AjlB. 

Or, sin. J. — sin. jB = 2cos. ( — ^ — ^ sin. { T Ji 

the same as equation (16). 
4th. In the triangle, FBriy we have, 

sin.90 : FB = cos.BFn : Fn. 

That is, 1 : 2cos. ( — ^ ) = cos.^ ~ ^ : cos. J.+cos.J?. 

Or, COS. J. + cos.jB =a 2cos. { — ^ — ^ cos. ( — ^h— )> *te 

same as equation (17). 

5th. In the triangle, GhiBy we have, 

.sin.90° : GB = sin.nai> : nB. 

That is, 1 : 2sin. ( — ^ — ^ = sin. ( "^ \ : cos.£— coStJ, 

the same as equation ( 18 ). 

6th. In the triangle, FGhij we have, 

sin.fl^i^ : Cfn^ooB.GFn : Fn. 



X 
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That is. Bin. — J— : Bin.J.+sin.J5 = cos.— i— : cos.-4 + 
oob.jS. 
. Or, {^vcl'A + sin.-B) cos. i — i — \ = (cos.j1 + cos.jB) sin. 
AJfB 



R-)- 



Bin. 



^^ Bin. J. ^• sm.jS 2 . / J. + jB\ , , 

^^> i-T 5^ = T — =ri ■= tan. ( — ^ — ), the 

COS. J. + cos.jB A + B \ 2 r 

COS. o 

same as equation (20). 

7th. In the triangle, FnBj we have, 

Fn : nB :: 1 : tan.JSJVi. 

That is, COS. ji5+ COS. J. : sin.Ji — sin.jS :: 1 : tan.J(J. — B). 

^ sin. A — sin.jB , /A — B\ ,, 
- Or, — 3 =-=5tan. ( — ^r — ), the same 

' C0S.J. + C0S.5 V 2 /' 

ae equation (22). 

8th. In the triangle, 6rni>, we have, 

Crn : nB : : 1 : tan.wG^D. 

That is, 

flin. A + sin. B : cos. B — cos. A :: 1 : tan.( — - — Y 



A — B> 

COS. B — COS. A ^ /A — By 



cos. JO COB. J± , /JL JCJ\ 

' Bin. A + sin. B \ 2 / 

NATURAL SINES, COSINES, ETC. 

When the radius of the circle is taken as the unit of 
measure, the numerical values of the trigonometrical 
lines belonging to the different arcs of the quadrant, be- 
come natural sines, cosines, etc. They are then, in fact, 
but numbers expressing the number of times that these 
lineB contain the radius of the circle in which they are 
taken. The tables usually contain only the sines and 
cosines, becauBe these are generally sufficient for practi- 
28 
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cal purposes, and the others, when required, are readily 
expressed in terms of them. 

We proceed to explain a method for computing a table 
of natural sines and cosines. 

It was shown, in Book V, that the linear value of the 
arc 180°, in a circle whose radius is unity, is 

3.141592653. 

This divided by 180 x 60, the number of minutes in 
180°, will give the length of one minute of arc, which is 

.00029088820867. 

But there can be no sensible difference between the 
length of the arc V and its sine ; and, within narrow 
limits, that sine will increase directly with the arc. 

Hence, 



sin. 


1' 


= 


.0002908882. 


sin. 


2' 


» 


.0005817764. 


sin. 


3' 


» 


.0008726646. 


sin. 


4' 


=s 


.0011635528. 


sin. 


5' 


» 


.0014544410. 


sin. 


6' 


sss 


.0017458292. 


sin. 


V 


=: 


.0020362175. 


sin. 


8' 


= 


.0023271057. 


sin. 


9' 


ass 


.0026179939. 


sin. 


10' 


= 


.0029088821. 



Beyond this, the error which would arise from taking 
the arc for its sine, upon which the above proceeds, 
would affect the final decimal figures; and we must, 
therefore^ continue the computation of the series by 
other processes. To find the values of the cosines of 
arcs, from 1' to 10', we have 

COS. = ^1 — sin.' =1 — I sin.', nearly. 

That is, when the sines are very small fractions, as ifl 
the case for all arcs below 10', we can find the cosine If 
subtracting one half of the square of the sine from unUif. 
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WliOTce, COS. 1' « .9999999577. 

COS. 2' = .9999998308. 

COB. 3' = .9999998204. 

COS. 4' = .99999932804. 

COS. 6' = .99999894290. 

COS. 6' = .99999847753. 

COS. V = .99999792735. 

COS. 8' = .9999973035. 

COS. 9' = .9999965730. 

COS. 10' = .9999957703. 

The natural sines of arcs, differing by 1', firom 10' np 
to 1°, may be computed from those of arcs less than 
lO', by means of equation ( H ), group JB, which is 

sin. (a + 6) = 2sin. a cos. b ^— sin. (a — 6) ; 

And when a = (, this equation becomes 

sin. 2a » 2sin. a cos. a. Eq. ( 30 ). 

To find the sine of 11', we make a = 6', and 6 = 5'; 

then sin. 11' = 2sin. 6' cos. 5'— sin. 1'= .00319976913. 

a SB 5 as 6', sin. 12' =s 2sin. 6' cos. 6'. 
ass 7', ftss 6', sin. 13' = 2sin. 7' cos. 6' — sin. 1'. 
a ss 5 ss 7, sin. 14' = 2sin. 7' cos. 7'. 
a =s 8, 5 = 7, sin. 15' ss 2sin. 8' cos. 7' — sin. V 

And so on to the 

sin. 30' s= 2sin. 16' cos. 16'. 
sin.P as sin. 60' = 2sin.30'cos.30'.' 
sin. 2° = 2sin.l<» cos.l^ 
sin. 3** SB 2sin. 2^ cos. 1** — sin. 1**, etc., etc., etc. 

This process may be continued until we have found 
the sines and cosines of all arcs differing by 1', from 
to 90°, the values of the cosines being deduced success- 
ively from those of the sines by means of the formula, 

COS. =s s^l — sin.'. 

In this calculation, we began by assuming that, for 
small arcs, the sines and the arcs were sensibly equal. 
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It must bt. {./meinbered that this is but an approzima^^ 
tion ; and although the error in the early stages of th^ 
process is not sufficient to affect any of the decimal fig- 
ures which enter the tables, it will finally become so, 
since it is constantly increased in the operations by 
which the sines and cosines of the larger arcs are de- 
duced from those of the smaller. When the euror has 
been thus increased until it reaches the order of the last 
decimal unit of the table, which assigns our limit of 
error, we must have the means of detecting and correct 
ing it. 

This consists in calculating the sines and cosines of 
certain arcs by independent processes, and comparing 
them with those found by the above method. 

We have seen, for example, (Prop. 7, B. V), that the 
chord of 

30° « 517638090; whence, sin. 15° « .258819045. 

15^ « .2610523842 ; " " 7° 30' = .130526192. 

7^ SO' p« .1308062583: " " 3° 45' =..0654031291. ] 

And so on to 

sin. 14' 3" 45'" =: .004090604. 

etc. etc. etc. 

The following elegant method of deducing, from the 
sine of an arc, the sine and cosine of one half the arc, is 
given, assuming that the student is familiar with the 
simple algebraic principles upon which it depends. 

Let us take the natural sine of 18°, which is .8090170, 

and make x =» sine, and y the cosine of 9° = ---. 

Then, a;' + j^* = 1; (1) 

and 2xy = .3090170 (2); Eq. {30]i 

Adding, we have 

7?+2xy +y' = 1.3090170 ; 



J 
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Taking the square root, we have 

x + i/ ^ 1.144128. (3) 

Subtracting (2) from (1), 

x^ — 2xt/ + t/^ ^ .690983; 

taking the square root, 

ic — y « —.831254* (4) 

Adding (3) and (4), 2a; = .312869, 

hence, * a; =* 8in.9° = .1564345 

Subtracting (4) from (3), 2y « 1.975377 

hence, y = co8.9*' = .9876885 

Now, by making x = the sine of 4° 30', and y = cosine 
of 4° 30', and as ]?efore 

a:» + y' = 1 

and 2a;y = .1564345, 

we obtain the sine and cosine of 4° 30'; and another ope- 
ration will give the sine and cosine 2° 15', etc., etc. 

We may in this manner compute the sines and cosines 
of all arcs resulting from the division of 18° by 2, and 
we may make their values accurate to any assigned deci- 
mal figure. 

This has been carried far enough to show how a table 
of natural sines, etc., could be computed ; but in conse- 
quence of the tedious numerical operations which the 
process requires, other methods are resorted to in the 
actual construction of the table. 

The Calculus ftirnishes formulae giving the values of 
the sines and cosines of arcs developed into rapidly con- 
verging series, and from these the sines and cosines of 
all arcs from 0° to 90°, can be determined with great 

** 'Wlien an arc is less than 45°, the cosine exceeds the sine ; and 
when the arc is between 45° and 90°, the sine exceeds the cosine. 
Hence, when the arc is 9°, y, its cosine, exceeds x, its sine ; and we 
therefore placed the minus sign before the second member of Eq. (^). 

28* 
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accuracy and with comparatively little labor. In the last 
two columns on each page of Table IE, will be f<5und the 
values thus computed of the sines and cosines of every 
degree and minute of a quadrant. 

TRIGONOMETRICAL LINES FOR ARCS EXCEEDING W. 



Prom the annexed figure, 
the construction of which 
needs no explanation, are 
deduced by simple inspeo- 
tion the results given in the 
following 




TABLE 



W* + a^ 


270° — a** 


sin. = COS. a, 008. = — sin. a 


sin. = — COS. a, cos. = — sin. a 


tan. = — cot a, cot. = — tan.a 


tan.= cot a, cot = tan.a 


BOO. — — ooseo. a, coseo. — sec. a 


sec. = — cosec. a, cosec. = — sec. a 


180» - a^ 


270° + a** 


Bin. = am. a, cos. = — cos. a 


sin.r=: — COS. a, COS. = sin. a 


tan. = — tan. a, cot. = — cot a 


tan.— — cot a, cot tan.a 


sec. — — sec. a, cosec. — coseo. a 


sec. = cosec. a, cosec = — sec. a 


180» + a^ 


360° — a° 


sin.= — sin. a, COS. = — cos. a 


sin. = — sin. a, COS. = cos. a 


tan.= tan.a, cot = cot. a 


tan. tan.a, cot — — cot a 


sec. = — sec. a, co8ec.=— cosec.a 


sec. = sec. a, cosec. = — cosec. a 



By means of this table, the values of the trigonomet* 
rical lines of any arc between 90° and 360*^, can be ex* 
pressed by those of arcs less than 90°. 

li^ for example, the arc is 118°, we have 
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Bin. 118° =: sin. (90° + 28°) = co8.28°; 

• tan.ll8° =» tan.(90° + 28°) = — cot.28° ; 
etc., etc., etc. 

For the arc 230°, we have 

Bin. 230° = sin. (270° — 40°) -= _ cos. 40° ; 

Bec.230° = sec.(270° — 40°) = — cosec:40° ; 
etc., etc., etc. 

In many investigations, it becomes necessary to con- 
sider the functions of arcs greater than 360° ; but since 
the addition of 360° any number of times to the arc a, 
will give an arc terminating in the extremity of a, it is 
obvious that the arc resulting from such addition will 
have the same functions as the arc a. And hence it fol- 
lows that the functions of arcs, however great, may be 
expressed in terms of the functions of arcs less than 90°. 
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SECTION II. 



PLANE TRIGONOMETRY, PRACTICALLY APPLIED. 

In the preceding section, the theory of Trigonometry 
has been quite fully developed, and the student should 
now be prepared for its various applications, were he 
acquainted with logarithms. But logarithms are no part 
of Trigonometry, and serve only to facilitate the numeri* 
cal operations. Trigonometrical computations can be 
made without logarithms, and were so made long before 
the theory of logarithms was understood. 

For this reason, we proceed at once to the solution of 
the following triangles. 

1. The hypotenuse of a right-angled triangle is 21, 
and the base is 17 ; required the perpendicular and the 
acute angles. 

Let CAB be the triangle, in 
which CB = 21, and CA = 
17. With C as a center, and 
CD ss 1 as a radios, describe 
the arc DE, of which the sine 
is DF, the tangent is EO, and 
the cosine is CF, 

By similar triangles we have 

CB : CA 
that is, 21 : 17 : 




CD : OP; 
1 : cos. (7. 



Hence, 



17 



cos. (7 a. -- = .80962+. 
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We must now torn to Table U, and find in the last two columns 
the cosine nearest to .80952^ and the corresponding degrees and 
minutes will be the value of the angle Q. 

On page 57; of Tables^ near the bottom of the page, and in the 
column with cosine at the top^ we find .80953, which corresponds 
to 35° 56^ for the angle C. The angle B is, therefore, 54° 8'. 

This Table is so arranged, that the sum of the degrees at the top 
and bottom of the page, added to the sum of the minutes which are 
found on the same horizontal line in the two side columns of the 
page^ is 90° 

Thus, in finding the angle C^ the number .80958 was found in 
the column with cosine at the head. We therefore took the de- 
grees firom the head of the page, and the minutes were taken 
from the left hand column, counting downwards. 

For the side AB^ we have the proportion 

CF X FD :: CA : AB) 
or, cos, C : sin. G ii 17 : AB] 

that is, .80958 : .58708 : : 17 : AB. 

From which we find AB =* .58708 x 17 h- ,80958 ; 
whence, AB » 12.828. 

If we had formed a table of natural tangents, as well as of natu- 
ral sines, AB could have been found by the following proportion * 

CE X EG :: GA : AB 
or, 1 : tan. (7 : : 17 : AB\ 

whence, AB as 17 tan. G, 

The perpendicular AB may also be found by the proportion 

GD : DF IX GB x AB] 
or, 1 : sin. G xx 21 x AB] 

whence, AB « 21 sin. (7 = 21 x .58708 « 12.82868. 

2. The two sides of a right-angled triangle are 150 pnd 
125 ; required the hypotenuse and the acute angles. 

We may employ the same 
figure as in the preceding prob- 
lem. 

Then, firom the similar trian- 
gles, CFD and GAB^ we get 

OF X FD XX GA x AB] 
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that is, COS. C : sin. C :: 150 : 125 :: 6 : 5^ 
wbicli gives 6 sin. (7 = 5 cos. C7; 

hence, 36 sin.*(7 = 25 cos.*Cl 

Adding member to member, 36 cos.' 6' sss 36 cos.* (7. 

we have 36 (sin.* 6'+ cos.' 6^) = 61 cos.* C 

But sin.' C+ cos.'C = 1, (Eq. (1) Trigonometry); 
whence, 61 cos.^C = 36; 

cos.'C; = ^ = .5901639344: 
bl . 

and cos. C =r .76822, nearly. 

To find the angle of which this is the cosine, we turn to page 60 
of tables, and looking in the column having cosine at the head^ we 
see that .76822 falls between .76828, which has 48' opposite to it 
in the left hand column, and .76810, which has 49' opposite to it 
in the same column. Now, the cosines of arcs less than 90° de- 
crease when the arcs increase, and the converse ; and while the 
increase of the arc is confined within the limits of 1', the increase 
of the arc will be sensibly proportional to the decrease of th^ cosine. 

0.76828 .76828 

Hence, 0.76810 .76822 

18 : 6 :: 60" : af' 

which gives af^ = 20^', 

The angle C is, therefore, equal to 39'' 48' 20", and the au^ 
£ - 90° _ 39° 48' 20" « 60° 11' 40". 
To find CB, we have 





OF I CD .1 CAi CB, 


or. 


COB.C : 1 :: 150 : CB, 


that is, 


.76822 : 1 :: 150 : CBy 


whence. 


OB = -=^„ = 195.26-. 



3. The base of a right-angled triangle is 160, and the 
angle oppo^te the base is 50® 11' 40" ; required tiio 
hypotenuse and the perpendicular. 
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Let CAB be tlie triangle. 
Then, (Prop. 4, Sec. I), 

tin. 60« 11' 40" : ein-dOo :: 160 ; CB. 

Whence, 

<^^ - 776822 - l«^-26. 
the same as in the preceding esiample. 
To find AB. we have 

GD : DF :: OB : AB-, 
that is, 1 : sin. (7 or cos/-B :: 195.26 : AB; 

from which we find 

AB =: 195.26 sin. 39° 48' 40"; 



or. 



AB » 126.0015. 



4. Two sides, the one 30 and the^other 35, and the in- 
cluded angle 20°, of a triangle, are given, to find the 
other two angles and the third side. 

Let BA C be the triangle, in which B 
« 35, BA = 30, and the angle B » 
20°. From A, the extremity of the 
shorter side, let fall on BC the perpen- 
dicular ADf thus dividing the triangle 
into the two right-angled triangles BAD and CAD. 

Then, from the triangle BAD, we have 




- 1st, 


sin. D : sin. B : ; 


: BA : AD, 


or. 


1 : sin. 20° : : 


: 30' : AD « 30 sin. 20°. 


2d, 


1 : cos.^ :; 


: BA : BD-, 


or. 


1 : COS. 20° : - 


: 30 : ^i> =: 30 cos. 20"*. 



In the table of natural sines, we find sin. 20° =s .34202, and the 
eos. 20° a .93969 ; hence, AD ^ 20 X .34202 » lQ,26i060, and 
B2> = 30 X .93969 = 28.19070, ^nd therefore BiC ^ BC -^ 
BD = 6.8093. 

From the triangle CAD, we have 



Ist^ AC=^ "^Alf + DC'' = v'(10.26)« + (6.8+)' = 12.367 



^1 



AC \ AD II sin. 90° : sin. (7: 

• fc - • • • • • • ^ 
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or. 



whence; 
and the 



12.367 : 10.26+ : : 1 : sm. (7; 
10.26 



sin. G 



.83319. 



12.367 

angle C = 56° 26'. 

If, noW; we add angles B and (7, and take the sum from 180% 
the remainder will be the angle BA C. 

Hence, {_BAG^ 180° — (56° 26'+ 20°) = 103° 34'. 

5. Two Bides, the one 18 and the other 24, and the 
angle opposite the side 24 equal to 76®, are given, to find 
the remaining side and the other two angles. 

Let X denote the angle opposite the side 18. Then, 
24 : 18 : : sin. 76° : sin. a?, (Prop. 4, Trig.). 
' Dr, 4 : 3 : : sin. 76° : sin. x. 

sin.x = i sin. 76° = i X .97030 = .72772; 

whence the angle opposite the side 18 is 46° 41' 45". 
Adding this to the given angle, and taking the sum from 180^j 
we get 57° 18' 15" for the third angle. 

To find the remaining side, denoted hy y, we have 

. sin. 76° : sin. 57° 18' 15" :: 24 : yj 



or. 



y = 



.97030 : .84155 : : 24 : y. 
24 X .84155 



.97030 



20.815 » 3d side. 



6. The three sides of a triangle are 18, 24, and 20.815 J 
required the angles. 

This problem may be solved by Prop. 6, or by Prop. 8, Trigo» 
Dometry. 

First. By Prop. 6. 

In the triangle ABOj make GB &a 
2^,AG^ 20.815, and AB « 18. A 

Then, 

24 : 38.815 : : 2.815 : GD — BD. 

109.264225 , ^^^^ , 
. ^ -4.6527. p- 



OJ>—BD 
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But CD+ BD =^ CB ^ 24. 

By addition; we get 2CD r=z 28.5527; 

dividing by 2, and CD « 14.2763+. 

And hence, BD ^ CB — CD ^ 2^ — 14.2763 » 9.7287. 

In the triangle ADB, we have 

BA : BD :: 1 : cos. 5 
or, 18 : 9.7237 : : 1 : cos. jB = .54020 

rrvi TT T>. f;Q T COS. 67** 18' = .54024 ) 
Table n, Page 53, |^^^^, ^^ ^ .54000 } 

diff. =. 24:60"::4:ir 

hence, [_B ^ 57° 18' 10". 

It will be observed that Examples 5 and 6 refer to the same tri- 
angle, and that in Example 5 the angle B was 57° 18' 15". Thiy^, 
slight discrepancy in the results should be expected, on account of 
the small number of decimal places used in the computations. 

Second. By Prop. 8. 

Sum of the sides, =s 62.815, 

half sum denoted by 5, =» 31.4075 

a = 24 

8 — a = 7.4075 



Formula, cos. i J. s ^/ — L- 1^ radius being unity. 

5 ( s— a) = 31.4075 x 7.4075 = 232.65105625 
he =• 20.815 X 18 = 374.67 
^^^—^^ « .62095 very nearly. 

V':62095 = .78800. 

Hence, cos. M = .78800, and iA (Table 11, page 59) » 38° 
very nearly ; the angle A is therefore equal to 76°, which agrees 
with Example 5. 

7. Given, the three sides, 1425, 1338, and 493, of a tn- 
angle; required, the angle opposite the greater side, using 
the formula for the sine of one half an angle. 
24 
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Make a » 1425, h := 1338, and c » 493 ; tlien the [_A h» 
opposite Uie side a, and the formula is 

in wbicli $ denotes the half sum of the three sides. 

Then we have « = 1628, « — 6 = 290, « — c= 1135, (« — 6) 

(,_c) = 329150, he = 659634, C^—^H^—<0 ^ .498988 



Hence, sin. iA = v'-498988 = .70632. .^ 

In the table we find sin. 44** 56' 28.5" = .70638. 
Therefore, ^A = 44** 56' 28.5", and A = 89^ 52' 57" ; — but 
litUe less than a right angle. 

In these seven examples we have shown that it is possi- 
ble to solve any plane tiiangle, in which three parts, one 
at least being a side, are given, without the aid of loga- 
rithms. But, when great accuracy is required, and the 
number of decimal places employed is large, the necessary 
multiplications and divisions, the raising to powers, and 
the extraction of roots, become very tedious. All of these 
operations may be performed without impairing the cor- 
rectness of results, and with a great saving of labor, by 
means of logarithms ; but, before using them, the student 
should be made acquainted with their nature and pro- 
perties. 

LOGARITHMS. 

Logarithms are the exponents of the powers to which 
a fixed number, called the Ja«e, must be raised, to pro- 
duce other numbers. 

The exponent of a number is also a number express- 
ing how many times the first number is taken as a factor. 

Thus, let a denote any number ; then a* indicates that a 
has been used three times as a factor, a* that it has been 
used four times as a factor, and a^ that it has been thus 
used n times. 
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. Now, instead of calling these numbers 3, 4, — J— n, 
exponents, we call them the logarithms of the powers a\ 
a\ a". 

To multiply a* by a', we have simply to write a, giving 
it an exponent equal to 2 + 5 ; thus, a' x a* = a^ 

Hence, the 9um of the logarithms of any number of factors 
is equal to the logarithm of the product. 

To divide a" by a% we have only to write a, giving it 
an exponent equal to 12 — 9 ; thus, a" -s- a* = a' ; and, 
generally, the quotient arising from the division of a ~ by 
a*, is equal to a"^. 

Hence, the logarithm of a quotient is the logarithm of the 
dividend diminished by the logarithm of the divisor. 

If it is required to raise a number denoted by a', to the 
fifth power, we write a, giving it an exponent equal to 
8x6; thus, (a')*=sa^, and, generally, («")'*=«'*"*. 

Hence, the logarithm of the power of a number is equal to 
the logarithm of the number multiplied by the exponent of the 
power. 

To extract the 6th root of the number a\ we write a, 
giving it an exponent equal to |; thus, 'v^a»=a5, and, 
generally, to extract any root of a number, we divide the 
exponent of the number by the index of the root, and the 
quotient will be the exponent of the required root. 

Hence, the logarithm of a root of a number is equal to the 
quotient obtained by dividing the logarithm of the number by 
the index of the root. 

Now, understanding that by means of a table of loga- 
rithms we may find the numbers answering to given 
logarithms, wititi as much facility as we can find the loga- 
rithms of given numbers, we see from what precedes that 
multiplications, divisions, raising to powers, and the ex- 
traction of roots, may be performed by logarithms ; and 
. the utility of logarithms, in trigonometrical computation^ 
mainly consists in the simplification and abridgment 
these operations by their use. 
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The common logarithms are those of which 10 is the 
base ; that is, they are the exponents of 10. 

Thus, 10^ = 10 Hence the logarithm 10 = 1. 

10» = 100 " " " 100 =2. 

10* = 1000 « i " 1000 =3. 

10* = 10000 " « " 10000 = 4. 

etc. etc. etc etc. etc 

10 (T 

Since j^ = 1 =* 10"-' » 10^, and generally — = a» = 1, 

it follows that in this, as in all other systems, the loga* 
rithm ot 1 = 0. 

Prom what precedes,, it is evident that the logarithm of 
any number between 10 and 100 must be found between 

1 and 2; that is, its logarithm is 1 plus a number less 
than 1; and any number between 100 and 1000, will 
have for its logarithm 2 plus some number less than 1, 
and so on. The fractional part of the logarithm of a 
number is expressed decimally. 

The entire number belonging to a logarithm is called 
its index. The index is never put in the tables, (except 
from 1 to 100), and need not be put there, because we 
always know what it is. It is always one less than the 
number of digits in the integer. Thus, the number 8754 
has 8 for the index to its logarithm, because the number 
consists of 4 digits; that i^ the logarithm is S arid some 
decimal. 

The number 347.921 has 2 for the index of its loga- 
rithm, because the number is between 347 and 348, and 

2 is the index for the logarithms of all numbers over 100, 
and less than 1000. 

All numbers consisting of the same figures, whether 
integral, fractional, or mixed, have logarithms consisting 
of the same decimal part. The logarithms differ only in 
their indices. 
24* 
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Thus, the number 7956. has 3.900695 for its log. 
the number 796.6 has 2.900696 " 
the number 79.66 has 1.900695 " 
the number 7.956 has 0.900696 " 
the number .7966 has —1.900696 " 
the number .07956 has —2.900696 " 

From this we perceive that we must take the logarithm 
out of the table for a mixed number or a decimal, the 
same as if the figures expressed an entire number; and 
then, to prefix the index, we must consider the vahie of 
the number. 

The decimal part of a logarithm is always positive ; 
but the index becomes negative when the number is a 
decimal; and the smaller the decimal, the greater the 
negative index. Hence, 

To prefix the index to a decimal, count the decimal 
point as 1, and every cipher as 1, up to the first significant 
figure, and this is the negative index. 

For example, find the logarithm of the decimal 
.0000831. 

Num. .0000831; log. —5.919601. 

The point is counted one, and each of the ciphers is 
counted one ; therefore the index is minus fi'Oe. 

The smaller the decimal, the greater the negative 
index ; and when the number becomes 0, the logarithm is 
negatively infinite. 

Hence, the logarithmic sine of 0° is negatively infinite^ 
however great the radius. 

A number being given^ to find its corresponding logarithm. 

The logarithm of any number consisting of four figures, 
or less, is taken out of the table directly, and without the 
least difficulty. 

Thus, to find the logarithm of the number 3726, we 
24* 
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find 872 at the side of the table, and in the column 
marked 5 at the top, and opposite 372, we find .571126, 
for the decimal part of the logarithm. 

Hence, the logarithm of 3725 is 3.571126. 
the logarithm of 37250 is 4.571126. 
the logarithm of 37.25 is 1.571126, etc. 

Find the logarithm of the number 834785. 

This number is so large that we cannot find it in the 
table, but we can find the numbers 8347 and 8348. The 
logarithms of these numbers are the same as the loga- 
rithms of the numbers 834700 and 834800, except the 
indices. 

834700 log. 5.921530 

834800 log. 5.921582 

Difference, 100 52 

Now, our proposed number, 834785, is between the 
two assumed numbers ; and, of course, its logarithm lies 
between the logarithms of the two assumed numbers; 
and, without fiirther comment, we may find it by propor- 
tion thus, 

100 : 85 = 52 : 44.2 

Or, 1. :.85=52 : 44.2 

Hence, for finding from the table the logarithm ot a 
number consisting of more than four places of figures, 
we have the following 

RULE. 

Take from the table the log. of the number expressed by the 
the four superior figures ; thisy with the proper index j is the 
approximate logarithm. Multiply the number expressed by the 
remaining figures of the ^number j regarded as a deeimdj by 
the tabular difference^ and the product wiU he thi corredum 
to he added' to the approximate log. to obtain the true log. 



1 
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EXAMPLES. 



1. What is the log. of 357.32514? 

The log. of 357.3 is 2.553033 

No. not included^ .2514 
Tabular diff.^ 122 

Prod., 30.6708 ; correction, 81 

log. sought, 2.553064 

The log. of 35732.514 is 4.553064 

« .035732514 « —2.553064. 

2. What is the log. of 7912532 ? 

Approximate log., 6.898286 
.532 X 55 s=s correction, 29 

True log. = 6.898315. 

A logarithm being given, to find its corresponding number. 

For example, what number corresponds to the log. 
6.898815 ? 

The index 6 shows that the entire part of the number must con- 
tun seven places of figures.. With the decimal part, .898315, of 
the log., we turn to the table, and find the next less decimal part 
to be .898286, which corresponds to the superior places, 7912. 

The difference between the given log. and the one next less is 
29. This we divide by the tabular difference, 55, because we are 
working the converse of the preceding problem. Thus, 

29 -f- 55 = 52727+. 

Place the quotient to the right of the four figures, before found, 
and we shall have 7912527.27 for the number sought. 

This example was ta:ken from the preceding case, and 
the number found should have been 7912532 ; and so it 
would have been, had we used the true difference, 29.26, 
in place of 29. 

When the numbers are larere, as in this example, the 
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result is liable to a small error, to avoid which the loga- 
rithms should contain a great number of decimal places; 
but the logarithms in our table contain a sufficient num- 
ber of decimal places for most practical purposes. 

Hence, for finding the number corresponding to any 
given logarithm, we have the following 

RULE. 

Look in the table for the decimal part of the given logo- 
rithrriy and if not founds take the deeimcd next lesSj and take 
out the four corresponding figures. 

Take the difference between the given log. and the next less 
in the table ; divide that difference by the tabular difference, 
and write the quotient on the right of the four superior fig^ 
ureSy and the result is the number sought. 

Point off the whole number required by the given index. 

EXAMPLES. 

1. Given, the logarithm 3.743210, to find its corres- 
ponding number true to three places of decimals. 

Ans. 5536.177. 
§. Given, the logarithm 2.633356, to find its corres- 
ponding number true to two places of decimals. 

Ans. 429.89. 

3. Given, the logarithm — 3.291746, to find its corres- 
ponding number. Ans. .0019577. 

4. What number corresponds to the log. 3.233568 ? 

Ans. 1712.25. 

5. What is the number of which 1.532708 is the log.? 

Ans. 34.0963. 

6. Find the number whose log. is 1.067889. 

Ans. 11.692, 

EXPLANATION OF TABLE II. 

Table I is merely a table of numbers and their corres- 
ponding logarithms, and requires no explanation other 
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than that vrhich has been ^ven in connection with the 
subject of logarithms. 

Table II, with the exception of the last two columns, 
which contain natural sines and cosines, is a table in 
which are arranged the logarithms of the numerical 
values of the several trigonometrical lines corresponding 
to the diflferent angles in a quadrant. The values of 
these lines are computed to the radius 10,000,000,000, 
and- their logarithms are nothing more than the loga- 
rithms, each increased by 10, of the natural sines, co- 
sines, and tangents, of the same angles; because the 
values of these lines, for arcs of the same number of de- 
grees taken in different circles, are directly proportional 
to the radii of the circles. 

The natural sines are made to the radius of unity; 
and, of course, any particular sine is a decimal fraction, 
expressed by natural numbers. The logarithm of any 
natural sine, with its index increased by 10, will give 
the logarithmic sine. Thus, the natural sine of 3° is 
.052336. 

The logarithm of this decimal is — 2.718800 

To which add 10. 



The logarithmic sine of 3° is, therefore, 8.718800 

In this manner we may find the logarithmic sine of 
any other arc, when we have the natural sine of the 
same arc. 

If the natural sines and logarithmic sines were on the 
same radius, the logarithm of the natural sine would be 
the logarithmic sine, at once, without any increase of 
the index. ^ 

The radius for the logarithmic sines is arbitrarily 
taken so large that the index of its logarithm is 10. It 
might have been more or less ; but, by common consent, 
it is settled at this value ; so that the sines of the smallest 
arcs ever used shall not have a negative index. 
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In our preceding equations, sin. a, cos. a, etc., refei 
to natural sines; and bj such equations we determine 
their values in natural numbers ; and these numbers are 
put in Table II, under the heads of -Z\r. sine and -ST. oas.^ 
as before observed. 

When we have the sine and cosine of an arc, the 
tangent and cotangent are found by Eq. (3) and (6) ; thus, 

. B sin. , ^ . , B COS. 

tan. = (o) cot. = — ; ; 

COS. sm. 

and the secant is found by equation (4); that is, 

sec. = . 

cos. 

For example, the logarithmic sine of 6° is 9.01923d, 
and its cosine 9.997614. From these it is required to 
find the logarithmic tangent, cotangent, and secant. 

R sin. 19.019236 

Cos. subtract 9.997614 



Tan. is 


9.021621 


R COS. 


19.997614 


Sin. 


subtract 9.019235 


Cotan. is 


10.978379 


i2»is 


20.000000 


Cos. 


subtract 9.997674 



Secant is 10.002326 

The secants and cosecants of arcs are not given m 
our table, because they are very little used in practice ; 
and if any particular secant is required, it can be deter- 
mined by subtracting the cosine from 20 ; and the cose- 
cant can be found by subtracting the sine from 20. 

The sine of every degree and minute of the quadrant 
is given, directly, in the table, commencing at 0^, and 
extending to 45°, at the head of the table ; and from 45® 
to 90°, at the bottom of the table, increasing backward. 
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The same column that is marked sine, at the top, is 
marked cosine at the bottom ; and the reason for this is 
apparent to any one who has examined the definitions 
of sines. 

The difference of two consecutive logarithms is given, 
corresponding to ten seconds. Removing the decimal 
point one figure, will give the difference for one second ; 
and if we multiply this difference by any proposed num- 
ber of seconds, we shall have a difference of logarithm 
corresponding to that number of seconds, above the pre- 
ceding degree and minute. 

For example, find the sine of 19° 17' 22". 

The sine of 19*^ 17', taken directly from the table, is 9.518829 
The difference for 10" is 60.2 ; for 1", is 6.02 ; and 

6.02 X 22 = 132 

Hence, 19° 17' 22" sine is 9.518961 

From this it will be perceived that there is no difficulty 
in obtaining the sine or tangent, cosine or cotangent, of 
any angle greater than 30'. 

Conversely : Given, the logarithmic sine 9.982412, to 
find its corresponding arc. The sine next less in the 
table is 9.982404, which gives the arc 73° 48'. The differ- 
ence between this and the given sine is 8, and the dif- 
ference for 1" is .61 ; therefore, the number of seconds 
corresponding to 8, must be discovered by dividing 8 by 
the decimal .61, which gives 13. Hence, the arc sought 
IS 73° 48' 13". 

These operations are too obvious to require a rule. 
When the arc is very small, — and such arcs are sometimes 
required in Astronomy, — it is necessary to be very accu- 
rate ; for this reason we omitted the difference for seconds 
for all arcs under 30'. Assuming that the sines and tan- 
gents of arcs under 30' vary in the same proportion as 
the arcs themselves, we can find the sine or tangent of 
any very small arc, with great exactness, as follows : 
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The sine of 1'^ as expressed in tHe table; is 6.463726 

Divide this by 60 ; that is, subtract logarithm 1.778151 

The logarithmic sine of 1", therefore, is 4.685575 

Now, for the sine of 17", add the logarithm of 17 1.230449 

Logarithmic sine of 17", is 5.916024 

In the same manner we may find the sine of any other 
small arc. 
For example, find the sine of 14' 21 J"; that is, 861.5". 

The logarithmic sine of 1" is 4.685575 

Add logarithm of 861.5, 2.935254 

Logarithmic sine of 14' 21}", 7.620829 

Two lines drawn, the one from the surface and the 
other from the center of the earth, to the center of the 
sun, make with each other an angle of 8.61". What is 
the logarithmic sine of this angle ? 

The log. of the sine 1" is 4.685575 

Log. of 8.61, 0.935003 

Log. sine of son's horizontal parallax s 5.620578 

GENERAL APPLICATIONS WITH THE USE OF 

LOGABITHMS. 

I. RIGHT-ANGLED TRIGONOMETRY. 

One figure will be suflSlcient to represent the triangle 
in all of the following examples; the right angle being 
at J5. 

PRACTICAL PROBLEMS. 

1. In a right-angled triangle, ABO^ ^ 
given the base AB^ 1214, and the angle 
A, 51° 40' 30", to find the other parts. 
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To find BO. 

Badins, 10.000000 

: tan. ^ 51« 40' 30", 10.102119 

AB, 1214, . 3.084219 






: BOy 1636.8, 8.186338 

Rem ABK. — ^When the first term of a logarithmic proportion is radius, 
IliA required logarithm is found by adding tlfe second and third loga- 
rithms, rejecting 10 in the index, which is dividing by the first term. 

In all cases we add the second and third logarithms together ; which, 
in logarithms, is multiplying these terms together ; and from that sum 
we subtract the first logarithm, whatever it may be, which is dividing 
by the first term. 

To find AC. 

Sin. Cy or cos. A, bV 40' 30", 9.792477 

: AB, 1214, 3.084219 

Radius, 10.000000 






: AG, 1967.7, 3.291742 

To find this resulting logarithm, we subtracted the first logarithm 
from the second, conceiving ite index to be 13. 

Let ABO represent any plane triangle, right-angled 
at i?. 

2. Given, AO 73.26, and the angle A, 49° 12' 20''; 
required the other parts. 

AnM. The angle (7, 40° 47' 40" ; BO, 65.46 ; and AB, 47.86. 

8. Given, AB 469.84, and the angle A, 61° 26' 17", to 
f nd the other parts. 

An». The angle (7, 38° 33' 43"; jBC, 588.7; and -4 (7, 752.9. 

4. Given, AB 493, and the angle (7, 20° 14' ; required, 
the remaining parts, 

An9. The angle A, 69° 46'; BO, 1338 ; and AO, 1425.5. 

5. Let AB = 831, and the angle A = 49° 14' ; what are 
the other parts ? 

. Am. AO, 606.9; BO, 383.9; and the angle 0, 40° 46'. 

6. If A0^4t5, and the angle (7=37° 22', what are the 
remaining parts ? 

Ans. AB, 27.81; BO, 86.76; and the angle A, 52° 38' 
25 T 
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7. Given, ^C7» 4264.3, and the angle A -iSe'^ 29' 13'% 
to find the remaining parts. 

Ans. AB, 2354.4 ; BCy 3555.4 ; andtheangle C, 33^ 3(K47''* 

8. If AB^ 42.2, and the angle A = 31^ 12' 49", what 
are the other parts ? 

Ans. AC, 49.34 ; BC, 25.57 ; and the angle (7, 58^ 47' 11". 

9. K AB = 8372.1, and BO » 694.73, what are liie 
other parts ? 

c AC, 8400.9 ; the angle (7, 85° Iff 23^ ; and the 
'^^' i angle ^, 4^ 44' 37". 

10. If ^5 be 63.4, and ^(7 be 85.72, what are the 
other parts ? 

^^^ f jBC; 57.7 ; the angle (7, 47^ 42'; and the angle -4, 
' I 42° 18'. 

11. Given, AC ^ 7269, and AB « 3162, to find the 
other parts. 

. f jBC; 6545 ; the angle (7, 25° 47' 7" ; and the 
' I angle A, 64° 12' 53". 

12. Given, AC =^ 4824, and BC = 2412, to find the 
other parts. 

^^ ( The angle A = 30° 00', the angle C = 60° 00', 
^ I and JL5 = 4178. 

13. The distance between the earth and sun is 94,770,000 
miles, and at that distance the semi-diameter of the son 
subtends an angle of 16' 6". What is the diameter ot 
the sun in miles ? Ans. 887,674 miles 




In this example, let E be the center of the earth, S that of ili« 
Bnn, and £B a tangent to the sun's surface. Then the A -EBS 
is right-angled at £, and BS ia the semi-diameter of the son. Tka 
yalne of 2BJS is required. 
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14. The semi-diameter of the earth is 8956 miles, and 
the distance of the sun 94,770,000 miles. What angle 
will the semi-diameter of the earth subtend, as seen from 
the sun! Ana. 8.61". 

This angle is called, in astronomy, the sun's horizontal parallax. 
The preceding figure applies to this example, by supposing E to 
be the center of the sun, S that of the earth, and B8 equal to 
8956 miles. 

15. The mean distance of the moon from the earth is 
60.3 times 8960 miles, and at this distance the semi- 
diameter of the moon subtends an angle of 15' 82". 
What is the diameter of the moon in miles ? 

Ans. 2157.8 miles. 

XL OBLIQUE-ANGLED TRIGONOMETRY. 

PROBLEM I. 

In a plane triangle^ given a side and the two adjacent 
angles, to find the other parts. 

In the triangle ABO, let AB ^ ^ 

876, the angle A « 48° 8', and the 
angle B = 40° 14', to find the other 
ports. 

As the sum of the three angles of every ^ ^ 

«rbiigld is always 180°, the third angle, C, must be 180° — 88° 
ir = 91° 48'. 

To find AC. 

Sin. 91° 43', 9.999805 

: uA^, 876, 2.676188 

::sin.5 40°U, 9.810167 

12.386366 




: ^(7,243, 2.386660 

Observe, that the sine of 91° 43' is the same as the cosine of 
V4V. 
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To find BO. 

Sm.91*»43', 9.999805 

: -iJ?,376, 2.576188 

: : sin. A, 48*> 3', 9.871414 

12.446602 




: sin. J? O; 279.8, 2.446797 

PROBLEM II. 

In a plane triangle^ given two sides and an angle opposite 
one ofthemy to determine the other parts. 

Let AD = 1751 feet, one 
of the given sides ; the angle 
JD =3 81° 17' 19'' ; and the side 
opposite, 1257.6. From these 
data, we are required to find 
the other side and the other 
two angles. 

In this case we do not know whether AC or AE represents 
1257.5, because AG = AE, K we take AG for the other given 
side, then DC\& the other required side, and DAG is the vertical 
angle. If we take AE for the other given side, then DE is the 
required side, and DAE is the vertical angle. In such cases we 
determine both triangles. 

To find the angle E :=^ 0. 

(Prop. 4.) AC^ AE^12bl.b, log. 8.099508 
: D, 3Piri9", sin. 9.715460 

: : AD, 1751, log. 3.243286 

12.958746 



E « Gy 46° 18', sin. 9.859238 

From 180** take 46** 18', and the remainder is the angle DCA 
. 133*^ 42'. 

The angle DAG ^ AGE— D, (Th. 11, B. I); 
that is, DAG ^ 46^ 18' — 31** 17' 19" « 15° 0'41''. 
The angles D and E, taken from 180°, give 

DAE » 102° 24' 41". 
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To find DC. 

Sin. 2>, 31<^ 17' 19", 
: ^(7,1257.5, 
:: Bm.DAO 15*^ O' 4r, 



log. 9.715460 
log. 3.099508 
log. 0.413317 





12.512825 


: i)C, 626.86, 


2.797165 


To find DE. 




Sin. D, SI" 17' 17", 
: ^JS:, 1257.5, 
: : sin. DAE, 102° 24' 41", 


9.715460 
3.099508 
9.989730 




18.089238 



: DE, 2364.7, 3.373778 

BxMABK. — To make the triangle possible, ACvaxisi not be less than 
AB, the sine of the angle 2>, when DA is made radios. 



PROBLEM III. 

In any plane triangle, given two sides and the included 
angle, to find the other parts. 

Let AD = 1751, (see last figure), DU == 2364.5, and 
the included angle D «= 31^ 17' 19". We are required 
to find AUj the angle DAE, and the angle E. 

Observe that the angle E must be less than the angle DAE, be- 
cause it is opposite a less Scde. 

From 180° 

Take D, 31*> 17' 19", 

Sum of the other two angles, = 148° 42' 41", (Th. 11, B. I), 
} sum = 74° 21' 20". 

By Proposition 7, 

DE+DA : DE— DA « tan. 74° 21' 20" : tan. }(^.4.E— jE^. 

That is, 

4115.6 : 613.5 « tan. 74° 21' 20" : tan.Ki>^4J57— E) 
25* 
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Tan. 74*> 21' 20", 10.552778 

013.5, 2.787815 



13.340593 
4115.5 log. (subtracted), 3.614423 

isLn,i(^DAE^E) taii.28*» 1' 36", 9.726170 

But the half sum plus the half difference of any two quantities 
is equal to the greater of the two; and the half sum minus the 
half difference is equal the less. 

Therefore, to 74<* 21' 20", 

Add 28*> 1'36", 



DAE ^ 
E » 


102° 22* 56", 
46° W 45", 

To find AH. 




- 


Sin. E, 46° 1^ 45", 
: 2>^1751, 
: : sin. D, 31° 17* 19", 

: ^^,1257.2, 


9.859323 
3.243286 
9.715460 




12.958746 




8.099423 



PROBLEM IV. 
Given f the three sides of a plane triangle^ to find the anghs* 

Let ^(7 = 1761, OB = 1267.6, AB = 2864.5, to find 
the angles A^By and 0. 

K we take the formula for cosines, we 

will compute the greatest angle, which is 
C. To correspond with the formula, 

we must take a « 1257.5, b a 1751, and c = 2364.5. 
The half sum of these is, 

8 » 2686.5; and « — c » 322. 
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II. 


8 = 2686.6 
«— c = 322 


20.000000 
3.429187 
2.607866 


Nomerator; log. 

• 


25.937043 


a 1267.6 3.099608 
h 1761. 3.243286 
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Denominator; log. 6.342794 6.342794 

2 ) 19.694249 

}C7«H 61*>iri0" COS. 9.797124 
C»102 22 20 

The remaining angles may now be found by Problem 4. 



PRACTICAL PROBLEMS. 

Let ABO represent any oblique-angled triangle. 

1. Given, AB 697, the angle A 81° 30' 10", and the 
angle B 40^ 80' 44'', to find the other parts. 

Arts. AC, 684; BO, 813; and [_0y 67° 69' 6". 

2. Tf AO^ 720.8, L^ =70° 6' 22", L^ = 69° 86' 
86", required the other parts. 

Ans. AB, 643,2; BO, 785.8; and l_0, 50° 19' 2". 

3. Given, BO 980.1, the angle A 7° 6' 26", and the 
angle B 106° 2' 23", to find the other parts. 

Ans. AB, 7283.8; AO, 7613.1 ; and [^O, 66° 51' 11". 

4. Given, AB 896.2, BO 328.4, and the angle 118* 
45' 20", to find the other parts. 

.f -4(7, 712; L^, 19° 35' 46" ; 
I and L^, 46° 88' 54". 

5. Given, A0=^ 4627, B0-= 5169, and the angle A = 
70^ 25' 12", to find the other parts. 

. (A By 4828 ; L^, 57° 29' 56'' ; 
*• I and LC; 52° 4' 52". 
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6. Given, AB 793.8, BC 481.6, and AC 500.0, to find 
the angles. 

. ( [_A, 35° 15' 32"; L^, 86° 49' 18"; and L^, 
"*' I 107° 55' 10". 

7. Given, AB 100.8, BC 100.3, -and AC 100.3, to find 
the angles. 

^ / The angle A, 60°; the angle B, 60°; and the 
"** I angle O, 60°. 

8. Given, AB 92.6, BC 46.3, and J.C 71.2, to find the 
angles. 

. /L^ 29° 17' 22"; L-B, 48° 47' 30"; and L^, 
I 101° 65' 8". 

9. Given, AB 4963, 5(7 6124, and AC 6621, to find 
the angles. 

. / L^, 57° 30' 28"; L-^, 67° 42' 36"; and [_C, 
I 64° 46' 55". 

10. Given, AB 728.1, BC 614,7, and ^C 683.8, to find 
the angles. >■■ ' 

A • f L^ = 54° 32' 52", L^= 50° 40' 58", and \0 
^"^'X =74° 46' 10". 

11. Given, AB 96.74, BC 83.29, and AC 111.42, to 
find the angles. 

. , f L^ = 46° 80' 45", L-B-76° 8' 46", and L^ 
^''^' t = 57° 26' 29". 

12. Given, AB 363.4, BC 148.4, and the angle B 102" 
18' 27", to find the other parts. 

. i[_A = 20° 9' 17", the side ^(7= 420.8, and \0 
^«'-i =57°32'16". ^ 

13. Given, AB 632, BC 494, and the angle A 20° 16', 
to find the other parts, the angle Cheing acute. 

Ans / LC= 26° 18' 19", L^ = 133° 26' 41", and 
"l AC =1035.7. 

14. Given, AB 53.9, AC 46.21, and the angle B 58' 
16', to find the other parts. 

An$. \_A = 38° 68', \_C= 82° 46', and 5(7= 84.18. 
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16. Given, AB 2163, BO 1672, and the angle C 112"' 
18' 22", to find the other parts. 

Ant. AG, 877.2; \_B, 22° 2' 16"; and L^, 46° 39' 22". 

16. Given, AB 496, BO 496, and the angle B 88° 16', 
to find the other parts. 

Am. AO, 325.1; L-^, 70° 62'; and L^, 70° 62'. 

17. Given, AB 428, the angle 49° 16', and {A0+ 
BO) 918, to find the other parts, the angle B heing 
obtuse. 

. /The angle A = 38° 44' 48", the angle B = 91° 
t 69' 12", ^C=- 664.5, and 5(7=363.6. 

18. Given, AO 126, the angle B 29° 46', and {AB— 
BC) 48, to find the other parts. 

. /The angle ^ = 66° 61' 32", the angle C=94° 
\ 22' 28", AB = 253.06, and .BC = 210.05. 

19. Given, AB 1269, AO 1837, and the angle A 68° 
16' 20", to find the other parts. 

A / L-B = 83° 23' 47", L C = 43° 19' 68", and 5(7 
^"*'t =1482.16. 
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APPLICATION OF TEIGONOMETBY TO MEASUBINO 

HEIGHTS AND DISTANCES. 

In this tisefal application of Trigonometiy, a base line 
Is always supposed to be measured, or given in length; 
and by means of a quadrant, sextant, circle, theodolite, 
or some other instrument for measuring angles, such 
angles are measured as, connected with the base line and 
the objects whose heights or distances it is proposed to 
determine, enable us to compute, from the principles of 
Trigonometry, what those heights or distances are. 

Sometimes, particularly in marine surveying, horizontal 
angles are determined by the compass ; but the varying 
effect of surrounding bodies on the needle, even in situa- 
tions little removed from each other, and the general 
construction of the instrument itself render it unfit to be 
employed in the determination of angles where anything 
like precision is required. 

The following problems present sufficient variety, to 
guide the student in determining what will be the most 
eligible mode of proceeding, in any case that is likely to 
occur in practice. 

PROBLEM I. 

Being desirous of finding the distance between two 

distant objects, C and i), I jaeasured a base, AB^ of 884 

Tards, on the same horizontal plane with the objects Q 
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and D. At A, I found the angles BAB = 48° 12', and 
C:4jB= 89° 18'; at J5, the angles ABC 46° 14', and 
ABB 87° 4'. It is required, from these data, to com- 
pute the distance between Q and B. 

From the angle OABy take the angle BAB) the 
remainder, 41° 6^, is the angle OAB. To the angle 
DBAy add the angle BAB, and 44^ 44', the supple- 
ment of ihe sum, is the angle ABB. In the same 
way the angle AOB, which is the supplement of 
the sum of CAB and CBA, is found to be 44'' 28^ 

Hence, in the triangles ABO and ABB, we have 




Sin. AOB, 44° 28', 
: AB, 384 yards, 
:: sin. ^^£7, 46° 14', 


9.845405 
2.584331 
9.858635 




12.442966 


: AC J 395.9 yards. 


2.597561 


Sin. ABB, 44° 44', 
: ABj 384 yards, 
:: sin. ^^2>, 87° 4', 


9.847454 
2.584S31 
9.999431 




12.583762 



: AB, 544.9 yards, 2.736308 

Then, in the triangle CAB, we have given the sides CA and AB, 
and ihe included angle CAB, to find CB; to compute which we 
proceed thus: 

The supplement of the angle CAB, is the sum of the angles 
ACB and ABC', 

Hence, g ■= 69° 27'; and, by proportion we have, 

AB + AC (« 940.8) 2.973497 

: AB—AC («H 149) 2.173186 

: : tMi. ^^^ + ^^^ (^ 69° 270 10.426108 



12.599294 
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^^ACD^_ADC^ (= 22-64') 9.625797 



the angle A CD^ sum, 92*^ 21' 
the angle ADC^ diff., 46^ 33^ 

Sin. .42X7, 46^ 33', 
: j1(7, 395.9 yards, 
: : sin. CAD, 41^ 6', 



(7Z>, 358.5 yards. 



9.860922 
2.597585 
9.817813 

12.415398 

2.554476 



PROBLEM II. 

To determine the altitude of a lighthouse, I observed 
the elevation of its top above the level sand on the sea- 
shore, to be 15° 32' 18'' ; and measuring directly from 
it, 638 yards along the sand, I then found its elevation 
to be 9° 56' 26". Required the height of the lighthouse. 

Let CD represent the height of the light- 
house above the level of the sand, and let B 
be the first station, and A the second ; then 
the angle CBD is 15*^ 32' 18, and the angle 
CAB is 9*^ 56' 26"; therefore, the angle 
A CB, which is the difference of the angles 
CBD and CAB, is 5° 35' 52". 

Hence, Sin. A CB, 5° 35' 52", 

: ABy 638, 
: : sin. angle A, 9*^ 56' 26", 




8.989201 
2.804821 
9.237107 



: J? (7, 1129.09 yards, 

Radios, 
• 5(7,1129.09, 
: : sin. CBD, 15<^ 32' 18", 



I i>(7, 302.46 yards. 



12.041928 
8.052727 

10.000000 
S.052727 
9.427945 

12780672 
2.480672 
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PROBLEM III. 

Coming from sea, at the point D I observed two 
headlands, A and By and inland, at (7, a steeple, which 
appeared between the headlands. I found, from a map, 
that the . headlands were 5.35 miles apart ; that the dis- 
tance from A to the steeple was 2.8 miles, and from 
B to the steeple 3.47 miles ; and I found, with a sextant^ 
that the angle ABO was 12® 15, and the angle BBOy 15® 
80'. Kequired my distance from each of the headlands, 
and from the steeple. 




CONSTEUCTION. 

The angle between the two headlands is 
the sum of 16° 30' and 12° 15', or 27° 45'. 
Take doable this sum, 55° 30'. Conceive A£ 
to be the chord of a circle, and the arc on 
one side of it to be 55° 30'; and, of coarse, 
the other will be 304° 30'. The point B 
will be somewhere in the circamference of 
tbis circle. Consider that point as determined, and draw CB, 

In the triangle ABO, we have all the sides, and, of coarse, we 
can find all the angles ; and if the angle AOB \a less than 180°— 
27° 45' « 152° 15', then the circle cats the. line OB in a point 
B, and O is withoat the circle. 

Draw AE, BE, AB, and BB. AEBB is a quadrilateral in a 
circle, and \_ AEB + [_ ABB = 180°. 

The I ABE «= the | ABE, because both are measured by one 

half the arc AE. Also, [_ ^^^ = L BAB, for a similar reason. 

Now, in the triangle AEB, its side AB, and all its angles, are 
known ; and from thence AE can be computed. Then, having the 
two sides, AO and AE, of the triangle AEO, and the included 
angle OAE, we can find the angle AEG, and, of course, its supple- 
ment, AEB, Then, in the triangle AEB, we have the side AE, 
and the two angles AEB and ABE, from which we can find AB, 

The compatation, at length, is as follows : 
26 
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Angle Ml A3 
Angle leBA 



To find AJE. 

15*> 30' Sin. AE£, 152*> W, 9.668027 
120 15' : AB,bM, .728354 



27^ 45' : : sin. ABE 12*> 15' 9.826700 



180^ 



Angk AE£ « 152o 15' : AF, 2.438, 



10.055054 



.887027 



To find the angle BAG. 

BO, 3.47 

AB, 5.35 log. .728354 

ACy 2.80 log. .447158 



2 ) 11.62 



Anglo^^e— 35*>23'56" 
Angle EAB » 15'> 30' 

Angle^^&«19<'53'56" 

180^ 



2)160<> 6' 4" 
80** 3' 2" 



1.175512 



6.81 log. .764176 
BO, 2.34 log. .369216 

20 



21.133392 

2 ) 19.957880 

17** 41' 58" COS. 9.978940 
2 
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To find the angles AEO and AOK 

AC + AE 5.238 .719165 

: AC — AE .362 —1.558709 

: : tan, ^^^ t "^^^ 80- 3' 2" 10.755928 



10.314637 



AEC—AGE 



: tan. ^ 2P 30^ 12" 9.595^72 



angle .4J?C; 101*> 33^ 14^^ sum. 

mg\Q ACE ox ACD, 58*»32^5(y', diff. 
angle CDJl, 12* 15^ 



7(y»47^5(y^ supplement 109*»12^ KK^ angle 042? 
35*» 23^ 56^^ angle a4J5 

73*» 48^14^'', angle JB41> 



• To find AD. 

Sin. AD (7, 12<> 15', 9.326700 

: ^C;2.8, .447158 

: : Bin. ^ CZ> 58« 32^ 50^', 9.930985 

10.378143 



: AD 11.26 miles, 1.051443 



PROBLEM IV. 

The elevation of a spire at one station was 28® 60' 17'', 
and the horizontal angle at this station, between the 
spire and another station, was 93® 4' 20". The horizon- 
tal angle at the latter station, between the spire and the 
first station, was 54® 28' 36", and the distance between 
the two stations was 416 feet. Required the height of 
the spire. 
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Let CD be the spire, A the first station^ and 
B the second ; then the vertical angle GAD is 
23^ b{y 17"; and as the horizontal angles, CAB 
and CBA, are 93<» 4' 20" and 54^ 28' 36", re- 
spectively, the angle ACB, the supplement of 
their sum, is 32° 27' 4"* 




To find -la 

Sin.^ail,32<>27'3", 
: siddj5, 416, 
:: sin.^jBC; 54°28'36", 



: side ^ a, 631, 

To find DO. 
• Radius, 
: side ulC, 631, 
:: ten.i>uia, 23^50' 17", 

: i>C; 278.8, 



9.729634 
2.619093 
9.910560 

12.529653 

2.800019 



10.000000 
2.800019 
9.645270 

2.445289 




By the application of Pro- 
blem 4, we can compute the 
distance between two horizon- 
tal planes, if the same object 
is visible from both. a^ 

For example, let Jtf" be a 
prominent tree or rock near 

the top of a mountain, and by observations taken at -1, 
we can determine the perpendicular Mn. By like obser- 
vations taken at jB, we can determine the perpendicular 
Mm. The difference between these two perpendiculars is 
nmy or the difference in the elevation between the two 
points A and B. If the distances between A and n, or B 
and w, are considerable, or more than two or three miles, 
corrections must be made for the convexity of the earth; 
but for less digftances such corrections are not necessaiy* 
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PKACTICAL PROBLEMS. 

1. Required the height of a wall whose angle of eleva- 
tion, at the distance of 463 feet, is observed to be 16® 
21'. Ans. 135.8 feet. 

2. The angle of elevation of a hill is, near its bottom, 
31® 18', and 214 yards further off, 26® 18'. Required the 
perpendicular height of the hill, and the distance of the 
perpendicular from the first station. 

{The height of the hill is 565.2 yards, and the 
distance of the perpendicular from the first 
station is 929.6 yards. 

3. The wall of a tower which is 149.5 feet in height, 
makes, with a line drawn from the top of it to a distant 
object on the horizontal plane, an angle of 57® 21'. 
"What is the distance of the object from the bottom of 
the tower? Ans. 233.3 feet. 

4. From the top of a tower, which is 138 feet in height, 
I took the angle of depression of two objects standing 
in a direct line from the bottom of the tower, and upon 
the same horizontal plane with it. The depression of the 
nearer object was found to be 48® 10', and that of the 
further, 18® 52'. What was the distance of each from 
the bottom of the tower ? 

J f Distance of the nearer, 123.5 feet; and of the 
^*' t further, 403.8 feet. 

6. Being on the side of a river, and wishing to know 
the distance of a house on the opposite side, I measured 
812 yards in a right line by the side of the river, and then 
found that the two angles, one at each end of this line, 
subtended by the other end and the house, were 31® 15' 
and 86° 27'. What was the distance between each end 
of the line and the house ? Ans. 351.7, and 182.8 yards. 

6. Having measured a base of 260 yards in a straight 
line, on one bank of a river, I found that the two 
angles, one i^t each end of the line, subtended by the 
26* u 
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other end and a tree on the opposite bank, were 40^ and 
80°. What was the width of the river ? 

Ans. 190.1 yards. 

7. From an eminence of 268 feet in. perpendicular 
height, the angle of depression of the top of a steeple 
which stood on the same horizontal plane, was found~to 
be 40° 8', and of the bottom, 66° 18'. What was the 
height of the steeple ? Ans. 117.76 feet. 

8. Wanting to know the distance between two objects 
which were separated bj a morass, I measured the dis- 
tance from each to a point from whence both could be 
seen ; the distances were 1840 and 1428 yards, and the 
angle which, at that point, the objects subtended, was 36° 
18' 24^'. Required their distance. Ans. 1090.85 yards. 

9. From the top of a mountain, three miles in height^ 
the visible horizon appeared depressed 2° 13' 27". Re- 
quired the diameter of the earth, and the distance of the 
boundary of the visible horizon. 

^ f Diameter of the earth, 7958 miles ; distance of 
\ the horizon, 154.54 miles. 

10. From a ship a headland was seen, bearing north 
89° 23' east. After sailing 20 miles north, 47° 49' west, 
the same headland was observed to bear north, 87° 11' 
east. Required the distance of the headland from the 
ship at each station. 

J J At first station, 19.09 miles; at the second, 
I 26.96 miles. 

11. The top of a tower, 100 feet above the level of tiie 
sea, was seen as on the surface of the sea, from the mast^ 
head of a ship, 90 feet above the water. The diameter 
of the earth being 7960 miles, what was the distance 
between the observer and the object? 

An^. 23.92 plus tV ^o^ refraction = 25.76 miles. 

12. From the top of a tower, by the seaside, 143 feet 
high, it was observed that the angle of depression of a 
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ship's bottom, then at anchor, measured 35^ ; what, then^ 
was the ship's distance from the foot of the tower ? 

Ans. 204.22 feet. 

13. Wanting to know the breadth of a river, I meas- 
ured a base of 500 yards ia a straight line on one bank; 
and at each end of this line I found the angles subtended 
by the other end and a tree on the opposite bank of th^ 
river, to be 63° and 79° 12'. What, then, was the per- 
pendicular breadth of the river? Ans. 529.48 yards. 

14. What is the perpendicular height of a hill, its 
angle of elevation, taken at the bottom of it, being 46°, 
and 200 yards further off, on a level with the bottom, 
81° ? Ans. 286.28 yards. 

16. Wanting to know the height of an inaccessible 
tower, at the least accessible distance from it, on the 
same horizontal plane, I found its angle of elevation to 
be 68° ; then going 300 feet directly from it, I found the 
angle there to be only 32° ; required the height of the 
tower, and my distance from it at the first station. 

. /Height, 807.64 feet. 
I Distance, 192.18 " 

16. Two ships of war, intending to cannonade a fort, 

are,.by the shallowness of the water, kept so far from it, 

that they suspect their guns cannot reach it with effect. 

In order, therefore, to measure the distance, they separate 

from each other a quarter of a mile, or 440 yards, and then 

each ship observes and measures the angle which the 

other ship and fort subtends ; these angles are 83° 46^ 

and 86° 16^. What, then, is the distance between each 

ship and the fort? .^ / 2292.26 yards. 

^^- \ 2298.05 " 

17. A point of land was observed by a ship, at sea, to 
bear east-by-south ;* and after sailing north-east 12 miles, 

* Thftt is, one point south of east. A point of the dompass is 
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it was found to bear south-east-by-eaet. It is required to 
determine the place of that headland, and the ship's dis- 
tance fbom it at the last observation. 

AnB. Distance, 26.0728 miles. 

18. Wishing to know my distance from an inaccessible 
object, 0, on the opposite side of a river, and having 
a chain or chord for measuring distances, but no instm- 
ment for taking angles ; from each of two stations, A 
and B^ which were taken at 500 yards asunder, I meas- 
ured in a direct line from the object, 0, 100 yards, viz., 
AO and BD^ each equal to 100 yards; and I found that 
the diagonal AD measured 650 yards, and the diagonal 
BC 560. What, then, was the distance of the object 

from each station A and B1 a ( AO, 586.27 yards. 

^ns. ^50,500.14 " 

19. A navigator found, by observation, that the summit 
of a certain mountain, which he supposed to be 45 min- 
utes of a degree distant, had an altitude above the sea 
horizon of 31' 20''. Now, on the supposition that the 
earth's radius is 3956 miles, and the observer's dip was 
4' 15", what was the height of the mountain ? 

Arts, 3960 feet. 

Remark:. — This should be diminished by about one eleventli 
part of itself, for the influence of horizontal refraction. 

20. From two ships, A and -B, which are anchored in 
a bay, two objects, and D, on the shore, can be seen. 
These objects are known to be 500 yards apart. At the 
ship Aj the angle subtended by the objects was measured, 
and found to be 41® 25' ; and that by the object JD and 
the other ship was found to be 52° 12'. At the other 
ship, the angle subtended by the objects on shore was 
found to be 48® 10' ; and that by the object (7, and the 
ship Ay to be 47® 40'. Kequired the distance between 
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the ships, and the distance from each ship to the ohjects 

on shore. 

{Distance between ships, 895.7 yards. 
From ship A to object D, 743.5 " 
From ship A to object 0, 467.7 " 
From ship B to object D, 590.5 " 

To solve this problem, suppose the distance between the ships to 
be 100 yards, and determine the several distances, including the 
distance between the objects, C and D, under this supposition; then 
multiply the values thus found for the required distances by the 
quotient obtained by dividing the given value of GD by the com- 
puted value. 
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together equal to ft great circle. But, 
by the last proposition, BC is leas 
than the two arcs, Bl>and2)C. There- 
fore, AB -\-BC + AC, IB less Hian 
ABD-\- ACD; that is, less than 
great circle. 

Hence the proposition. 



PBOPOSITION III. 

The extremities of the aans of a great circle of a sphere 
are the poles of the great circle, and these pairUa are alto 
ihepdes ofaR anudl cirdea parallel to the greal circle. 

Let he the center of 
the ^here, and BB the 
axis of the great cbcle, 
Om Am"; then will £ and 
J), the extremities of the 
axis, be the poles of the 
circle, and also the poles 
of any parallel small cir- 
cle, as FnE. 

For, since BB is per- 
pendicular to the plane 
of the circle, Om Am", it 



^/^zfh 


(7—- --^F. 


L-^^lT 


7-'-^ 




i> ^^^ 



is perpendiciJar to the lines OA, Om', Om", etc., passing 
through its foot in the plane, (Def.2, B. VI); hence, all 
the arcs, Bm, Sm', etc., are qnadrante, as are also the 
area Dm, Dm', etc. The points B and B are, therefor^ 
each equally distant from all the points in the circumfe^ 
ence, Om Am"; hence, (Def. 9), they are its poles. 

Again, since the radius, OB, is perpendicular to the 
plane of the circle, C^ Am", it ia also perpendicular to 
the plane of the parallel small circle, JVtJE, and passoi 
through its canter, 0'. Now, the chorda of the arcs, BF, 
Bn, BE, etc., being oblique lines, meeting the plane of 
the small circle at equal distances £n>m the foot of tbjl 
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perpendicular, BO'y are all equal, (Th. 4, B. VI) ; hence, 
the arcs themselves are equal, and B is one pole of the 
circle, FnE. In like manner we prove the arcs, 2>JP, 2>n, 
DE^ etc., equal, and therefore D is the other pole of the 
same circle. 

Hence the proposition, etc. 

Cor. 1. A point on the Burface of a sphere at the distance 
of a quadrant from two points in the arc of a great circle^ not 
at the extremities of a diameter^ is a pole of that arc. 

For, if the arcs, Bm^Bm\ are each quadrants, the angles, 
BOm Sind BOm\ are each right angles; and hence, BO 
is perpendicular to the plane of the lines, Om and Om', 
which is the plane of the arc, m m'; B iq therefore the 
pole of this arc. 

Oor. 2. The angle included between the arc of a great circle 
and the arc of another great circle^ connecting any of its points 
with the pohy is a right angle. 

For, since the radius, J?0, is perpendicular to the plane 
of the circle, Om Am'\ every plane passed through this 
radius is perpendicular to the plane of the circle ; hence, 
the plane of the arc Bm is perpendicular to that of the 
arc Om\ and the angle of the arcs is that 'of their planes. 

PROPOSITION IV. 

The angle formed by two arcs of great circles which inter- 
wet each other^ is equal to the angle included between the tan- 
gents to these arcs at their point of intersection^ and is meas- 
ured by that arc of a great circle whose pole is the vertex of 
the a/ngle^ and which is Ihnited by the sides of the angle or 
the aides produced. 

Let AM and AN be two arcs intersecting at the 
point Ay and let AE and AF be the tangents to these 
arcs at this point. Take AO and J.2>, each quadrants, 
and draw the arc CZ>, of which A is the p9le, and 00 
and OB are the radii. 
37 
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Now, since the planes of the arcs intersect in the radins 
OA^ and AE is a tangent to one arc, and AF a tangent 

to the other, at the common point J., 
these tangents form with each other an 
angle which is the measure of the angle 
of the planes of the arcs ; but the angle 
of the planes of the arcs is taken as the 
angle included by the arcs, (Def. 3). 

Again, because the arcs, J[(7 and ADy 
are each quadrants, the angles, J. 0(7, 
AODy are right angles ; hence the radii, 
OC and (9Z>, which lie, one in one face, 
and the other in the other face, of the 
diedral angle formed by the planes of the arcs, are 
perpendicular to the common intersection of these faces 
at the same point. The angle, (702), is therefore the 
angle of the planes, and consequently the angle of the 
arcs ; but the angle COD is measured by the arc CD. 

Hence the proposition. 

Cor, 1. Since tlie angles included between the arcs of 
great circles on a sphere, are measured by other arcs of 
great circles of the same sphere, we may compare such 
angles with each other, and construct angles equal to 
other angles, by processes which do not differ in principle 
from those by which plane angles are compared and con- 
structed. 

Cor. 2. Two arcs of great circles will form, by their in- 
tersection, four angles, the opposite or vertical ones of 
which will be equal, as in the case of the angles formed 
by the intersection of straight lines, (Th. 4, B. J). 



PROPOSITION V. 

The surface of a hemisphere may be divided into three righ^ 
angled and four quadrantal triangles^ and one of these right- 
angled triangles will be so related to the other two, that two 
of its sides and one of itd angles will be complemental to the 
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9ide9 of one of ihem^ and two of its sides supplemental to two 
of the sides of the other. 

Let ABQ be a right-angled spherical triangle, right 
angled at B, 

Produce the sides, AB and A (7, and 
they Mil meet at A'^ the opposite 
point on the sphere. Produce BO^ 
both ways, 90° from the point B^ to 
P and P', which are, therefore, poles 
to the arc AB^ (Prop. 3). Through 
J., P, and the center of the sphere, 
pass a plane, cutting the sphere into 
two equal parts, forming a great circle on the sphere, 
which great circle will be represented by the circle 
PAP' A' in the figure. At right angles to this plane, 
pass another plane, cutting the sphere into two equal 
parts ; this great circle is represented in the figure by the 
straight line, POP'. A and A' are the poles to the great 
circle, POP'; and P and P' are the poles to the great 
circle, ABA'. 

Now, OPD is a spherical triangle, right-angled at D, 
and its sides OP and CD are complemental respectively . 
to the sides BO and AO of the A ABO, and its side PB 
is compleinental to the arc DO, which measures the 
l_JSA O of the same triangle. Again, the A A'B is right- 
angled at jB, and its sides A'O, A'B, are supplemental 
respectively to the sides AO, AB, of the aABO. There- 
fore, the three right-angled A's, ABO, OPD, and A'BO, 
have the required relations. In the A AOP, the side AP 
is a quadrant, and for this reason the A is called a quad- 
rantal triangle. So also, are the A's A' OP, AOP', and 
POA', quadrantal triangles. Hence the proposition. 

Scholium. — In every triangle there are six elements, three sides and 
three angles, called the parts of the triangle. 

Now, if all the parts of the triangle ABC axQ known, the parts of 
each of the ^% PCD and A^BC, are as completely krvo'TTix. k\A 
▼htn the part* of th« A ^^D are known, tihe puttft oi ^i^v^ i^J% ACP 
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and A^CP are also known ; for, the side PD measures each of the I *n 
P4Cand PA^C, and the angle CPD, added to the right angle A^PD^ 

gives the | A'PC, and the | CPA is supplemental to this. Hence, 

the solution of the A ABC\a a solution of the two right-angled and 
four quadrantal A's, which together with it make up the sor&ce of 
the hemisphere. 

PROPOSITION VI. 

If there he three are% of great circles whose poles are the 
angular points of a spherical trianglcy such arcSy if prodiieedj 
will form another triangle^ whose sides wiU be supplemental 
to the angles of the first triangle^ and the sides of the first 
triangle wiU he supplemental to the angles of the second. 

Let the arcs of the three great cir- 
cles be Q-Hy PQy KL^ whose poles are 
respectively J., J?, and C. Produce the 
three arcs until they meet in D, E^ and 
F. We are now to prove that E is the 
pole of the arc AQ\ I) the pole of the 
arc B0\ F the pole to the arc AB. 

Also, that the side EFy is supplemental « g^ f 

to the angle J.; ED to the angle (7; 

and BFto the angle B; and also, that the side AC is 

supplemental to the angle E, etc. 

A pole is 90° from any point in the circumference of 
Hs great circle ; and, therefore, as A is the pole of the 
arc (rJST, the point A is 90° from the point E. As (7 is 
the pole of the arc LKj C is 90° from any point in 
that arc; therefore, is 90° from the point E; and 
E being 90° from both A and (7, it is the pole of the arc 
AO. In the same manner, we may prove that D is the 
pole of BOy and Jf the pole of AB. 

Because A is the pole of the arc GB[, the arc GB 
measures the angle A, (Prop. 4) ; for a similar reason, 
PQ measures the angle B, and LK measures the angle (7. 

Because E is the pole of the arc AC, EH=z 90° 
Or, Ea + aS^ 90° 

For a like reason, FE + fl^Jff - 90^ 
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Adding these two equations, and observing that Q-If 
M J., and afterward transposing one Aj we have, 

Ea + aS+FH^ 180^ —A. 

Or, jFjP=180^— ^ ^ 

In like manner, FD = 180^ —B \ («) 

And, . DJ? = 180^ — C J 

But the arc (180° — -4.), is a supplemental arc to -4, by 
the definition of arcs ; therefore, the three sides of the 
triangle DjFjP, are supplements of the angles -4, B^ (7, of 
the triangle ABQ. 

Again, as JF is the pole of the arc J. (7, the whole angle 
E is measured by the whole arc LH. 

But, J[(7+ (7J5r=90° 

Also, ^(7 + -4^^ = 90° 

By addition, AO+AO+CE + AL = 180° 
By transposition, AO +CE+AL = 180''— AO 
That is, Lffy or F= 180°— ^(7 ^ 

In the same manner, F ^180^— AB > (^) 

And, 2>=180°_J5(7 J 

That is, the sides of the first triangle are supplemental 
to the angles of the second triangle. 

PROPOSITION VII. 

The sum of the three angles of any spherical triangle, is 
greater than two right angles, and less than six right angles. 

Add equations ( « ), of the last proposition. The first 
member of the equation so formed will be the sum of 
the three sides of a spherical triangle, which sum we 
may designate by S. The second member will be 6 right 
angles (there being 2 right angles in each 180°) less the 
three angles A, B, and (7. 

That is, S=6 right angles — {A + B+C) 

By Prop. 2, the sum S is less than 4 right angles; 
27* 
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therefore, to it add s^ a sufficient quantity to make 4 
right angles. Then, 

4 right angles = 6 right angles — (A+B+Cf) + 8 

Drop or cancel 4 right angles from both members, and 
transpose {A + B + O). 

Then, A + B + 0^2 right angles + «. 

That is, the three angles of a spherical triangle make 
a greater sum than two right angles by the' indefinite 
quantity «, which quantity is called the spherical excess^ 
and is greater or less according to the size of the triangle. 

Again, the sum of the angles is less than 6 right angles. 
There are but three angles in any triangle, and each one of 
them must be less than 180®, or 2 right angles. For, an 
angle is the inclination of two lines or two planes ; and 
when two pianos incline by 180®, the planes are parallel, 
or are in one and the same plane ; therefore, as neither 
angle can be equal to 2 right angles, the three can never 
be equal to 6 right angles. 

PROPOSITION VIII. 

On the same sphere^ or on equal spheres^ triangles which 
are mutually equilateral are also mutually equiangular; andj 
conversely^ triangles which are mutually equiangular are als$ 
mutually equilateral^ equal sides lying opposite equal angles. 

First.— Let ABO and BJEF, in 
which AB = JDJSy A0=^ JDF, and 
B0=^ jBT, be two triangles on 
the sphere whose center is 0; 
then will the L -^> opposite the 
side BOf in the first triangle, be 
equal the L2>,«oppo8ite the equal 
side FF^ in the second; also 
L^=l F,find[_0-=[_F. 
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For, drawing the radii to the vertices of the angles of 
these triangles, we may conceive to be the common 
vertex of two triedral angles, one of which is bounded 
by the plane angles AOB^ BOO^ and J. 0(7, and the other 
by the plane angles DOE, EOF, and DOF. But the 
plane angles bounding the one of these triedral angles, 
are equal to the plane angles bounding the other, each 
to each, since they are measured by the equal sides of the 
two triangles. The planes of the equal arcs in the two 
triangles are therefore equally inclined to each other, 
(Th. 20, B. VI) ; but the angles included between the 
planes of the arcs are equal to the angles formed by the 
arcs, (Def. 3). 

Hence the [__ J., opposite the side BO, in the A ABO, 
is equal to the [__ 2>, opposite the equal side EF, in the 
other triangle ; and for a similar reason, the L.-S= L.^> 

andtheLC^^L-^. 

Second. — If, in the triangles ABO and DEF, being on 

the same sphere whose center is 0, the [__A = [^P, the 
LJ? = L^, and the [_0^ [__F', then will the side AB, 
opposite the {___ (7, in the first, be equal to the side BE, 
opposite the equal [__ -^j ^^ the second ; and also the side 
AO equal to the side BF, and the side BO equal to the 
side EF. 

Tot, conceive two triangles, denoted by A'B'O' and 
jyE'F', supplemental to ABO and BEF, to be formed ; 
then will these supplemental triangles be mutually equi- 
lateral, for their sides are measured by 180° less the 
opposite and equal angles of the triangles ABO and 
BEF^ (Prop. 6) ; and being mutually equilateral, they 
are, as proved above, mutually equiangular. But the 
triangles ABO and DEF are supplemental to the tri- 
angles A^B^O' and D*F?F' ; and their sides are therefore 
measured severally by 180° less the opposite and equal 
angles of the triangles A'B'O' and D'WF\ (Prop. 6). 
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Hence the triangles ABO and DEF^ which are mutaally 

equiangular, are also mutually equilateral. 

Scholium. — With the three arcs of great circles, AB, AC, and BC, 
either of the two triangles, ARC, DEF, may be formed ; but it is evi* 
dent that these two triangles cannot be made to coincide, though they 
ard both mutually equilateral and mutually equiangular. Spherical 
triangles on the same sphere, or on equal spheres, in which the sides 
and angles of the one are equal to the sides and angles of the other, 
each to each, but are not themselves capable of superposition, am 
called symmetrical triangles. 



PROPOSITION IX. 

On the same aphercj or on equal spheres^ triangles having 
two sides of the one equal to two sides of the other j each to 
each^ and the included angles equals have their remaining 
sides and angles equal. 

Let ABO and DEF be two 
triangles, in which AB = DEy 
AO ^ DF, and the angle A = 
the angle D ; then will the side 
BO be equal to the side FE^ 
the L -B = the [_E, and L O 

= L^. 

For, if DE lies on the same 
side of BF that AB does of AO^ the two triangles, ABO 
and BEFy may be applied the one to the other, and they 
may be proved to coincide, as in the case of plane tri- 
angles. But, if BE does not lie on the same side of BF 
that AB does of J. (7, we may construct the triangle which 
is symmetrical with BEF; and this symmetrical triangle, 
when applied to the triangle ABO, will exactly coincide 
with it. But the triangle BEF, and the triangle sym- 
metrical with it, are not only mutually equilateral, but 
also are mutually equiangular, the equal angles lying 
opposite the equal sides, (Prop. 8) ; and as the one or the 
other will coincide with the triangle ABO, it follows that 
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the triangles, ABC and DEFy are either absolutely or 
symmetrically equal. 

Cor. On the 8ame sphere, or on equal sphereSj triangles 
having two angles of the one equal to two angles of the other, 
each to each, and the included sides equal, have their remain- 
ing sides and angles equal. 

•For, if L^ = LA L^ = L^j and side AB = side 
DEy the triangle DEF, or the triangle symmetrical with 
it, will exactly coincide with A ABC, when applied to it 
as in the case of plane triangles ; hence, the sides and 
angles of the one will be equal to the sides and angles 
of the other, each to each. 




PROPOSITION X. 

In an isosceles spherical triangle, the angles opposite the 
equal sides are equal. ci^^ 

Let ABC be an isosceles spherical tri- 
angle, in which AB and AC are the equal 
sides ; then will [__ J? = [__(?. 

For, connect the vertex A with D, the 
middle point of the base, by the arc of a 
great circle, thus forming the two mutu- 
ally equilateral triangles, ABB and ADC. 
They are mutually equilateral, because AD is common, 
BD^DChj construction, and AB=^AChj supposition; 
hence they are mutually equiangular, the equal angles 
being opposite the equal sides, (Prop. 8). The angles B 
and C, being opposite the common side AD, are there- 
fore equal. 

Cor. The arc of a great circle which joins the vertex 
of an isosceles spherical triangle with the middle point of 
the base, is perpendicular to the base, and bisects the ver- 
tical angle of the triangle ; and, couversely, the arc of a 
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great circle which bisects the vertical angle of an isosceles 
spherical triangle, is perpendicular to, and bisects the 
base. 




PROPOSITION XI. 

If two angles of a spherical triangle are equal, the oppomie 
iides are also equal, and the triangle is isosceles. 

In the spherical triangle, ABO, let the \_B » \_C\ then 
will the sides, AB and A 0, opposite these equal angles, 
be equal. 

For, let P be the pole of the base, BC, 
and draw the arcs of great circles, PB, 
PO; these arcs will be quadrants, and at 
right angles to BC, (Cor. 2, Prop. 3). 
Also, produce CA and BA to meet PB 
and POy in the points JE and F. Now, 
the angles, PBF and POJE, are equal, 
because the first is equal to 90*^ less the 
l__ABC, and the second is equal to 90*^ 
less the equal l_ACB; hence, the A*s, 
PJSJ?^and PCFy are equal in all their parts, 
since they have the LP common, the \_PBF=^ VJ^CE, 
and the side PB equal to the side PC, (Cor., Prop. 9). 
PE is therefore equal to PF, and [_PEO=^ [_PFB. 

Taking the equals PF and PE, from the equals PO 
and PB, we have the remainders, FO and EB, equal ; 
and, from 180°, taking the L's PFB and PEO, we have 
the remaining L's, AFC and AEB, equal. Hence, the 
A*s, AFOsmdAEB, have two angles of the one equal to 
two angles of the other, each to each, and the included 
sides equal; the remaining sides and angles are therefore 
equal, (Cor., Prop. 9). Therefore, -4.(7 is equal to BA, 
and the A ABO is isosceles. 

Oor. An equiangular spherical triangle is also equilat- 
, and the converse. 



\ 
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Remark. — In this demonstration, the pole of the base, JBC, is sup- 
posed to fall without the triangle, ABC. The same figure may be used 
for the case in which the pole falls within the triangle ; the modifi- 
cation the demonstration then requires is so slight and obvious, that 
it would be superfluous to suggest it. 




PROPOSITION XII. 

The greater of two mles of a spJierieal triangle is opposite 
the greater angle ; and^ conversely ^ the greater of two angles 
of a spherical triangle is opposite the greater side. 

Let -4.5(7 be a spherical triangle, in which the angle A 
is greater than the angle B\ then is the side BG greater 
than the side A 0. 

Through A draw the arc of a 
great circle, J.2>, making, with AB, c^,^--^/^ 3^^^^ ^ 
the angle BAD equal to the angle 
ABB. The triangle, BAB, is isos- 
celes, and BA == BBj (Prop. 11). 

In the A ACD, CD-^AD>AO, ^ 

(Prop. 1.) ; or, substituting for AD its equal DB, we have, Wr 

CD ^ DB> AG. 

If in the above inequality we now substitute CB for 
CD+DB, it becomes CB > CA. 

Conversely; if the side C® be greater than the side CA, 
then is the [_A > the [_B. For, if the [__A is not greater 
than the LjB, it is either equal to it, or less than it. The 
\^A is not equal to the {_B ; for if it were, the triangle 
would be isosceles, and CB would be equal to CA, which 
is contrary to the hypothesis. The \__A is not less than 
the L^; for if it were, the side CB would be less than the 
side CAj by the first part of the proposition, which is alsc 
contrary to the hypothesis ; hence, the \_A must be great 
than the \_B. 
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PROPOSITION XIII. 
Two sf/mmetrical spherical triangles are equal in area. 

Let ABC and DEF be two A's on the same sphere, 
having the sides and angles of the one equal to the sides 
and angles of the other, each to 
each, the triangles themselves 
not admitting of superposition. 
It is to be proved that these 
A's have equal areas. 

Let P be the pole of a small 
circle passing through the three 
points, ABO^ and connect P 
with each of the points, J., jB, 

and (7, by arcs of great circles. Next, through E draw 
the arc of a great circle, EP'^ making the angle DEP' 
equal to the angle ABP. Take EP' = BP^ and draw 
the arcs of great circles, P'i>, P'F. . 

The A*8, ABP and DEP'^ are equal in all their parts, 
because AB^DE, BP=^EP\ and the l_ABP=[_l)EP'y 
(Prop. 9). Taking from the \_ABO the \_ABP, and 
from the [__DEF the \_J>EP^y we have the remaining 
angles, PBG and P'EF^ equal; and therefore the A's, 
BCP and EFP^^ are also equal in all their parts. 

Now, since the A*s, ABP and DEP\ are isosceles, they 
will coincide when applied, as will also the A's, BOP 
and EFP\ for the same reason. The polygonal areas, 
ABCP and I>EFP\ are therefore equivalent If from 
the first we take the isosceles triangle, PAOy and fronoL the 
second the equal isosceles triangle, P^JDFj the remainders, 
or the triangles ABO and BEF^ will be equivalent; 

Remark. — It is assumed in tips demonstration that the pole P&lli 
without the triangle. Were it to fall within, instead of without, no 
other change in the above process would be required than to add tiit 
isosceles triangles, PAC, P^DF, to the polygonal areas* to gel thf 
areas of the triangles, ABO, DBF. 
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(hr. Two spherical triangles on the same sphere, or on 
eqnal spheres, will be equivalent ^— 1st, when they are 
mutually equilateral; — 2d, when they are mutually equi- 
angular ; — 3d, when two sides of the one are equal to 
two sides of the other, each to each, and the included 
angles are equal ; — 4th, when two angles of the one are 
equal to two angles of the other, each to each, and the 
included sides are equal. 

PROPOSITION XIV. 

Tf two arc8 of great drclcB intersect each other on the «wr- 
fa>ce of a hemisphere^ the sum of either two of the opposite tri" 
angles thus formed will he equivalent to a lune whose angle is 
the corresponding angle formed by the arcs. 

Let the great circle, AUBO, be the base of a hemi- 
sphere, on the surface of which the great semi-circumfer- 
ences, BDA and ODHj inter- 
sect each other at D ; then will 
the sum of the opposite tri- 
angles, BDO and BAHj be 
equivalent to the lune whose 
angle is BDC; and the sum 
of the opposite triangles, 
CD A and BBJE, will be equiv- 
alent to the lune whose angle 
is CDA. 

Produce the arcs, BDA and 
CD^y until they intersect on the opposite hemisphere at ^; 
then, since OBJS and DUE are both semi-circumferences 
of a great circle, they are equal. Taking from each the 
common part JDJE, we have CD =^HJE. In the same way 
we prove BB = ffA, and AJS = B0. The two triangles, 
BBO and E'AJE, are therefore mutually equilateral, and 
lie&ee they are equivalent, (Prop. 13). But the two tri- 
angles, SAJS and ABJE, together, make up the lune 
28 
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Produce the sides of the tri- 
angle until they meet this cir- 
cumference in the points, D, jE?, 
jP, 2/, jK", and P, thus forming 
the sets of opposite triangles, 
DAE, AKL ; BEF, BPK; CFL, 
CDP. t 

Now, the triangles of each of 
these sets are together equal to 
a lune, whose angle is the cor- 
responding angle of the triangle, (Prop. 14) ; hence we 
have, 

A DAE + A AKL = 2 J. X T, (Prop. 15, Cor. 2). 

aBEF + aBPK=- 2B X T. 

A QFL + A CDP =^20 X T. 

If the first members of these equations be added, it is 
evident that their sum will exceed the surface of the 
hemisphere by twice the triangle ABO; hence, adding 
these equations member to member, and substituting for 
the first member of the result its value, 42^ + 2A-4.jB(7, 
we have 

4T + 2/\AB0 = 2A.T + 2B.T+ 2aT 
or, 2T+ /\ABO=^ A.T + B.T + O.T 
whence, /lABO ^ A.T + B.T + Q.T—2T. 

That is, l^ABQ = (^ + J? + Q— 2) T 

But J. + J?+(7 — 2 is the excess of the sum of the 
angles of the triangle over two right angles, and T de- 
notes the area of a tri-rectangular triangle. 

Hence the proposition ; the area, etc. 
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PROPOSITION XVII. 

The area of any spherical polygon is measured by the excess 
of the sum of all its angles over two right angles^ taken as 
many timeSj less twoy as the polygon has sides, multiplied by 
the tri-rectangular triangle. 

Let ABODE be a spherical poly- 
gon; then will its area be meas^ 
ured by the excess of the sum of 
the angles, J., Bj (7, i>, and E, over 
two right angles taken a number 
of times which is two less than 
the number of sides, multiplied by 
T^ the tri-rectangular triangle. 
Through the vertex of any of the 
angles, as E, and the vertices of 

the opposite angles, pass arcs of great circles, thus divi- 
ding the polygoh into as many triangles, less two, as the 
polygon has sides. The sum of the angles of the several 
triangles will be equal to the sum of the angles of the 
polygon. 

Now, the area of each triangle is measured by the 
excess of the sum of its angles over two right angles, 
multiplied by the tri-rectangular triangle. Hence the 
sum of the areas of all the triangles, or the area of the 
polygon, is measured by the excess of the sum of all the 
angles of the triangles over two right angles, taken as 
many times as there are triangles, multiplied by the tri- 
rectangular triangle. But there are as many triangles as 
the polygon has sides, less two. 

Hence the proposition ; the area of any spherical poly^ 
goUy etc. 

Cor, If S denote the sum of the angles of any spherical 

polygon, n the number of sides, and T the tri-rectan- 

golar triangle, the right angle being the unit of angles ; 

the area of the polygon will be expressed by 

IS— 2 (n — 2)J X r= {S—2n + 4) T. 
28* 
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SPHERICAIi TRIGONOMETRY. 

A Spherical Triangle contains six parte — three sides and 
three angles — any three of which being ^ven, the other 
three may be determined. 

Splierical Trisonometry has for its object to explain the 
different methods of computing three of the six parts of 
a spherical triangle, when the other three are given. It 
may be divided into Right-angled Spherical Trigonome- 
try, and Ohlique-angled Spherical Trigonometiy ; the first 
treating of the solution of right-angled, and the second 
of oblique-angled spherical triangles. 



EIGHT-ANGLED SPHERICAL TEIGONOMETRY. . 
PROPOSITION I. 

With ike tine» of the tides, and the tangent of ohb bide 
of any right-angled spherical triangle, two plane triangles eon 
he fonned that will be similar, and similarly situated. 

Let ABO be a spherical triangle, 
right-angled at B ; and let P be the 
ceuter of the sphere. Because the 
angle CBA is a right angle, the plane 
CBJ> is perpendicular to the plane 
J)BA. From O let fell OS, perpen- 
dicular to the plane DBA ; and as the 
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plane CBD is perpendicular to the plane DBAy CH will 
lie in the plane CBD^ and be perpendicular to the line 
DBy and perpendicular to all lines that can be drawn in 
the plane DBA, from the point H (Def. 2, B. VI). 

Draw HQ perpendicular to DAy and draw GrG\ GO 
will lie wholly in the plane QDAy and GHQ- is a right- 
angled triangle, right-angled at H. 

"We will now demonstrate that the angle i>6r (7 is a 
right angle. 

The right-angled Aaff6?, gives OE'+HG'^Ca' (1) 
The right-angled aBGH, gives DG^+HG'^^DH^ (2) 
By subtraction, CH^ — DG^ = CG' — DE' (3) 
By transposition, CE^ + BE' = CG' + BG' (4) 

But the first member of equation (4), is equal to 
CjD*, because CBE is a right-angled triangle; 

Therefore, CB' = CG' -^ BG' 

Hence, OB is the hypotenuse of the right-angled tri- 
angle BGOy (Th. 39, B. I). 

From the point jB, draw BB at right angles to 2>J., 
and BF at right angles to BB, in the plane OBB ex- 
tended ; the point F will be in the line BO. Draw BF, 
and as jP is in the plane OBA, and JE is in the same ^ 
plane, the line JEF is in the plane OB A. Now we are to 
prove that the triangle CEG is similar to the triangle 
BBF, and similarly situated. 

As EG and BB are both at right angles to BA, they 
are parallel ; and as EO and BF are both at right angles 
to BBj they are parallel ; and by reason of the parallels, 
the angles GEO and BBF are equal ; but GEO is a right 
angle ; therefore, BBF is also a right angle. 

Now, as GE and BB are parallel, and OE and BF 
are also parallel, we have, 

BE : BB = ir(? : J?JS^ 

And, BE : BB = EO : BF 
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Therefore, Ha : BE ^ HO : BF (Th, 6, B. II), 
Or, Ha I HO ^ BE I BF. 

Here, then, are two triangles, having an angle in the 
one equal to an angle in the other, and the sides about 
the equal angles proportional; the two triangles are 
therefore equiangular, (Cor. 2, Th. 17, B. 11); and they 
are similarly situated, for their sides make equal angles 
at H and B with the same line, DB. 

Hence the proposition. 

Scholium. — By the definition of sines, cosines, and tangents, w6 
perceive that CH is the sine of the arc BC, DH is its cosine, and BI 
its tangent ; CG is the sine of the arc AC^ and D^ its cosine. Also, 
BE is the sine of the arc ABy and DE is the cosine of the same arc. 
With this figure we are prepared to demonstrate the following propo- 
sitions. 

PROPOSITION IL. 

In any right-angled spherical triangle^ the sine of one side 
is to the tangent of the other side, as radius is to the tangent 
of the angle adjacent to the first-mentioned side. 

Orj the sine of one side is to the tangent of the other sidey 
as the cotangent of the angle adjacent to the first-mentioned 
side is to the radius. 

For the sake of brevity, we will represent the angles 
of the. triangle by J., B^ (7, and the sides or arcs opposite 
to these angles, by a, 6, <?, that is, a opposite J., etc. 

In the right-angled plane triangle EBF^ we have, 

EB : BF = E : tan.BEF 

That is, sin.c : tan.a = H : tan.-4., 

which agrees with the first part of the enunciation. By 
reference to equation (5), Section I, Plane Trigonometry, 
we shall find that, 

tan.J. cot. J. = 22"; 

B' 



therefore, tan.J. 



cotJ.' 
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Substituting this value for tangent J., in the preceding 
proportion, and dividing the last couplet by jB, we shall 
have, 

Bin.<? : tan.a = 1 : -. 

cot.^ 

Or, 8in.<? : tan.a = cot. J. : B. 

Or, Ji sin.c = tan.a cot.-4, ( 1 ) 

which answers to the second part of the enunciation. 

Cor. By changing the construction, drawing the tan- 
gent to ABy in place of the tangent to BO, and proceed- 
ing in a similar manner, we have, 

R sin.a = tan.<? cot. 0. ( 2 ) 



PROPOSITION III. 

In any right-angled spherical triangle^ the sine of the right 
angle is to the sine of the hypotenuse^ as the sine of either of 
the other angles is to the sine of the side opposite to that angle. 

The sine of 90°, or radius, is designated, by B. 

In the plane triangle, OBGtj we have. 

Bin. OHa : (76? = sin. (7^5^ : OB 

That is, B : &m.b =s sin.^ : sin.a 

Or, B sin.a = sin. J sin. Jl ( 3 ) 

Cor. By a change in the construction of the figure, 
drawing a tangent to AB, etc., we shall have, 

B : sin.6 = sin. : sin.c 

Or, B sin.c = sin. J sin. C. ( 4 ) 

Scholium. — OoUeoting the four equations taken from tliis and the 
preceding proposition, we have, 

( 1 ) E sin.c r= tan.a cot.^ 

( 2 ) B sin.a = tan.c cot. C 

( 3 ) B sin.a = sin.& aia,A 

( 4 ) B sin.c = Bm,b sin. C ^ 
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These equations refer to the right-angled 
triangle, ABC; but the principles are tme 
for any right-angled spherical triangle. Let 
us apply them to the right-angled triangle, 
FDC, the complemental triangle to ABC. 

Making this application, eqoation 

( 1 ) becomes B8in.CD = tan.PD oot(7 

( 2 ) becomes B sin.PD = tan. CZ> cotJP 
( 3 ) becomes B 8m.FD = sin.PC7 sin. C 
( 4 ) becomes B sin. CD = sin.P(7 sin.P 

By observing that sin. CD = cos.^C7 = cos.&. 

And that tan.PD = cot DO = cot.^, etc.; and by running equac 
tions ( n ), (m ), ( o ), and {p), back into the triangle, ABC, we shall 
have, 

(5) Bcoa,b = cot.ji cot.C1 

( 6 ) i? cos.^ = cot.& tan.c I 

{7) B COS.A = cos.a sin.<7 

( 8 ) £ C0S.& = cos.a COS.C 

By observing equation ( 6 ), we find that the second member refers 
to sides adjacent to the angle A, The same relation holds in respect 
to the angle C, and gives, 

(9) B COS. C = cot.& tan.a. 
Making the same observations on ( 7 ), we infer, 

( 10 ) J2 COS. C = COS.C Bin, A, 

Obsbrvation 1. Several of these equations can be de- 
duced geometrically without the least difSiculty. For 
example, take the figure to Proposition 1. The parallels 
in the plane, DBAj give, 

DB : BH^DE I Ba. 

That is, R : cos.a = cos.<? : cos. J. 

A result identical with equation ( 8 ), and in words it is 
expressed thus : Badttis is to cosine of one side, as the cosine 
of the other side is to the cosine of the hypotenuse. 

Observation 2. The equations numbered from (1) to 
(10) cover every possible case that can occur in right- 
angled spherical trigonometry ; but the combinations are 
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too various to be remembered, and readily applied to prac- 
tical use. 

We can remedy this inconvenience, by taking the com." 
plement of the hypotenuse, and the complements of the two 
oblique angles, in place of the arcs themselves. 

Thus, b is the hypotenuse, and let 6' be its complement. 

Then, b + 6'=:90° ; or, 6 = 90^—6'; and, sin.6 = cos.6', 
C0S.6 = sin.6' ; tan.6 = cot.6'. In the same manner, if A' 
is the complement to -4, 

Then, sin.A = coq.A'; cob. A = sin.A'; and, tan. J. = 
cot.^'; and similarly, sin. (7= cos.(?'; cos. (7= sin. (7'; and 
tan. (7= cotO^. 

Substituting these values for 6, Ay and (7, in the fore- 
going ten equations (a and o remaining the same), we 
have, 
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(11) Bsm.c = 

(12) jBsin.a = 

(13) iZsin.a = 

(14) Rsin.c ' 

(15) i2sin.6' = 

(16) i2sin.-4'= 

(17) i2sin.^': 

(18) JJsin.J': 

(19) iZsin.O^^ 
(2C) i2sin.(?= 



tan.a tan.^' 
tan.<? tan. (7 
COS. 6' C0S.-4' 
C0S.6' cos.(?' 
tan. A' tan. (7 
tan.6' tan.t? 
• cos.a COS. (7 
cos.a co8.(? 
tan.J' tan.a 
cos.c C0S.-4' 



Omitting the consid- 
eration of the right an- 
gle, there are five parts. 
Each part taken as a 
middle part, is connect- 
ed to its adjacent parts 
by one equation, and 
to its extreme parts by 
another equation ; there- 
fore, ten equations are 
required for the combi- 
nations of all the parts. 



These equations are very remarkable, because the first 
members are all composed of radius into some sine, and 
the second members are all composed of the product of 
two tangentSj or two cosines. 

To condense these equations into words, for the pur- 
pose of assisting the memory, we will refer any one of 
them directly to the right-angled triangle, ABC, in the 
last figure. 
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When the right angle is left out of the question, a 
right-angled triangle consists oi five parts — three sides, 
and two angles. Let any one of these parts be called a 
middle part; then two other parts will lie adjacent to this 
part, and two opposite to ity that is, separated from it by 
two other parts. 

For instance, take equation (U), and call c the middle 
part; then J.' and a will be adjacent parts, and (7 and V 
opposite parts. Again, take a as a middle part; then e 
and (7 will be adjacent parts, and J.' and 6' will be oppo- 
site parts ; and thus we may go round the triangle. 

Take any equation from ( H ) to (20 ), and consider the 
middle part in the first member of the equation, and we 
shall find that it corresponds to one of the following inva- 
riable and comprehensive rules : 

1. The radivs into the sine of the middle part is equal to 
the product of the tangents of the adjacent parts. 

2. The radius into the sine of the middle part is equal to 
the product of the cosines of the opposite parts. 

These rules are known as Napier's Rules, because they 
were first given by that distinguished mathematician, 
who was also the inventor of logarithms. 

In the application of these equations, the accent maybe 
omitted if tan. be changed to cotan., sin. to cosin., etc. 
Thus, if equation ( 13 ) were to be employed, it would be 
written, in the first instance, Jt sin. a = cos. 6' cob,A% to 
insure conformity to the rule ; then, we would change it 
into jR sin.a == sin.6 &in.A. 

Remark. — We caution the pupil to be yery particular to take the 
eamplementa of the hypotenuse, and the complements of the oblique 
Angles. 
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OBLXQUE-ANGLED SPHERICAL TRIGONOMETRY. 

Thb preceding investigations have had reference to 
right-angled spherical trigonometry only, but the appli- 
cation of thepe principles covers oblique-angled trigonom- 
etry also; for, every oblique-angled spherical triangle 
may be considered as made up of the sum or dijSference 
of two right-angled spherical triangles. With this ex- 
planatory remark, we give 

PROPOSITION I. 

In all spherical triangles^ the Bines of the sides are to each 
TtheVj as the sines of the angles opposite to them. 

This was proved in relation to right-angled triangles in 
Prop. 3, Sec. n, and we now apply the principle to ob- 
lique-angled triangles. 

Let ABO be the triangle, and let 
OD be perpendicular to ABj or to 
AB produced. 

Then, by Prop. 3, Sec. 11, we have, 

R : sin. AO = Bm.A : sin.(7i>. 
Also, 

Bin. OB : B = sin. CI) : sin. B. 
29 w 
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By multiplying these two proportionfl together, term 
by term, and omitting the common factor Bj in the first 
couplet, and the common fiwtor, sin.C2), in the second, 
we have 

sin. CB : sin.J.(7= sin.J. : sin.i?. 



PROPOSITION II. 

In any spherical triangkj if an arc of a great circle be Ut 
fall from any angle perpendicuiar to the opposite side as a 
basey or to the base prodiAcedj the cosines of the other two 
sides mil be to each other as the cosines of the segments of 
the base. 

By the application of equation 8, (Sec. 11), to the last 
figure, we have, 

jB cob. AO = cos.J.i> cos.i>C 

Similarly, B qoq.BO = co8.DO cob.BB 

Dividing one of these equations by the other, omitting 
common factors in numerators and denominators, we 
have, 

COB. AO COB. AjD 

^^i^^^^^^^^BMM^^M ■■■■IB ^■^—^^^^^—■—^^■^■^^ 

COB.BO COB.BD 
Or, COB. AO : cob. BO = cos.J.i> : cob.BD. 

PROPOSITION Ili. 

If from any angle of a spherical triatigUj a perpendictdar 
be let fall on the base, or on the base produced^ the tangents 
of the segments of the base will be reciprocally proportional 
to the cotangents of the segments of the angle. 

By the application of Equation 2, (Sec. II), to the last 
figure, we have, 

B sin.cz> = tan.J.i> cot.J.GZ>. 
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Similarly, B sin. (72) « tan.jBD cotBOD 
Therefore, by equality,' 

tan.AZ> cot. ACB = tan.jBi> cptBCB 
Or, tan.^i> : tan.jBi) = cotBOI) : cot.J.(7i>. 

PROPOSITION IV. 

2%e «ame c?ow«<rw(7<&n remaining^ the cosines of the angles 
at the extremities of the segments of the base are to each 
other as the sines of the segments of the opposite angle. 

Equation 7, (Sec. II), applied to the triangle AOBy gives 

B cos. J. =a COS. CD Qin.ACD (*) 

Also, jB cos.jB = co&.CD sm.BOD (0 

Divi^ng equation ( * ) by ( 0, gives 

COS. J. _ Bin. A 01) 

cos.jB Biji.BOD 
Or, COS.J? : cos.J. = Bin.BOD : Bin.ACD. 

PROPOSITION V. 

TJhe same construction remaining^ the sines of the segments 
<^ the base are to each other as the cotangerUs of the adjacent 
angles. 
Equation 1, (Sec. II), applied to the triangle A CDj gives 

B Bin. AD = tan. CD cot. J. («) 
Similariy, B Bin.BD == tan. CD cotB (0 
Dividing («) by (0, gives 

Bin.AjD __ cot.A 
sin.i?i> cot.-B 
Or, Bin.52> : sin.u42> == coi.B : cotA 
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PROPOSITION VI. 

The same construction remaining^ the cotangents of the two 
sides are to each other as the cosines of the segments of the 
angle. 

Equation 9, (Sec. II), applied to the triangle A (72), gives 

E COS. A CD = cot A O tan. CD ( « ) 

Similarly, B cos.BCJ) = cot.jB(7tan.CZ) (0 

Dividing («) by (0, gives 

COS. J. CD cot. AC 

coQ.BOI> coLBO 
Or, cot AC : cotBC = co&.AOB : cob.BOB. 

PROPOSITION VII. 

The cosine of any Me of a spherical triangle^ is equal to 
the product of the cosines of the other two sides, plus the 
product of the sines of those sides multiplied by the cosine 
of the included angle. 

Let ABO be a spherical triangle, 
and OB a perpendicular from the 
angle C to the side -4jB, or to 
the side AB produced. Then, by 




Prop. 2, 

C0Q.A 0: COS. OB=coQ.AB : cos.jBi> (1) 
When OB falls within the tri- 
angle, *^ 

BB=^{AB—AB); 

and when OB falls without the triangle, 

BB = {AB — AB). 

Hence, cos.BB = cos.(^2> — AB) 

Now, coQ.{AB — AB) = coQ.{AB — AB)y 

because each of them is equal to 

COB. AB COB. AB + Bin. AB Bin. AB, (Eq. 10, Prop. 2; 
Sec. I, Plane Trig.). 
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This value of cos. BD^ put in proportion ( 1 ), gives 

eoA-AC: cos. CB = eo^.AD : cos.^jB oos.^i>+sin.^^ sin. AD (2) 

Dividing the last couplet of proportion (2) by cos.-4i), 
observing that 

sin.^D . .y. 

-r^ =s tan.jli), 

cos.-a2> 

and we have 

COS. J. (7 : COB. OB = 1 : cos.-4jB + sin.J.JB tan.-42) (3) 

By applying equation 6, (Sec. II), to the triangle ACDy 
taking the radius as unity, we have • 

COS.J. = cot.-4(7tan.J[i> (k) 

But, tan. Jl C cot. Jl Q =1, (Eq. 6, Sec. I, Plane Trig.) ( I ) 

Multiply equation (^). by tan. AO^ observing equation 
{I) J and we have 

tan. J. (7 COS. J. = tan.^D. 

Substituting this value of tan. J.i>, in proportion (3), 
we have 

C0S.J. (7: COS. C!B = 1 : cos.-4jB + sin.-4jB tan. J. (7 cos.-4 (4) 

Multiplying extremes and means, gives 

cos.(7JB=cos.-4(7 COS. J.jB+sin.-4J? (cos.JK? tan.A(7) cos. J.. 

fllTl A^ \ 

But, tan. J. (7= — —7-7.^ or, cos. J. (7 tan. J. (7= sm.AQ. 

COS. J. 

Therefore, cos. (75= cos. ^(7 cos.^J?+ sin.J.jB bvol.AO 
cos.J.. 

If the sides opposite the angles, JL, jB, and (7, be re- 
spectively represented by a, i, and c, this equation 
becomes, 

cos.a = cos.6 cos.<? + 8in.6 sin.c cos.-4. 

This formula conforms to the enunciation in respect to 
the side a. Now, by interchanging h and a, and B and A^ 
in the last equation, we get the formula for cos. J, which is, 

co8.J=cos.a co8.^+sin.« sin.^ cos.5. 
29* 
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Intercbaiiging c and a, and C and Ay we get the formula 

for C08.C?, which is, 

co8.caco6.a co8.i + sin.a Bia.b cos. (7. 
Hence, we have the three symmetrical formulae : 

cos.a »■ COS.6 COS.C? + sin.J Bm.e cos.A^ 
co8.(aBCOS.a cos.tf + sin.a sin.(? cos.jS > {S) 
cos.c » cos.a C0S.6 + sin.a sin.J cos.Cj 

From these, hy simple transposition and division, we 
deduce the following formulae for the cosines of the 
angles of any spherical triangle, viz : • 

cos.a — C0S.6 cos.(?^ 



COS. A = 



COS.J& 



COS. 



sin.5 sin.tf 
C0S.6 — cos.a cos.c? 

sin.a sin.c 
cos.<? — cos.a C0S.5 



{S') 



sin.a sin.5 * 

By means of these equations we can find the cosine of 
any of the three angles of a spherical triangle in terms 
of the functions of the sides ; but in their present form 
they are not suited for the employment of logarithms, 
and we should be compelled to use a table of natural 
sines and cosines, and to perform tedious numerical ope- 
rations, to obtain the value of the angle. 

They are, however, by the following process, trans- 
formed into others well adapted to the use of logarithms. 

In Eq. 84, Sec. I, Plane Trig., we have 
1 + COS. J. = 2cos.'J-4. 

Therefore, 2co8.'}^ - 1 + co«-^-coS;^ cos..^ 

sm.o sm.c 

(sin.5 sin.c — cos. 6 cos.c) + cos.a , x 
« i . . 1 . (m). 

sm.5 sm.er 

But, cos.(6 + c) = C0S.6 cos.<? — sin.c sin. 6, (Equation 
9, Section I, Plane Trig.). By comparing this equation 
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with the second member of equation {m), we perceive 
that equation («») is readily reduced to 

COS. a — cos.(6+ (?) 



2co&.'iA 



siu.i Bin.c 



Considering {b+c) as one are, and then making appli- 
cation of equation { 18 ), Plane Trigonometry, we have, 

^. /a + b+e\ . /b + c — a\ 
2sm. (— ^_) Bm. (— 2_) 

2C0S.' iA = ; 1 : . 

^ Sin. 6 sm.(? 

X>4.J + ^ — « b + C+a ..^ J. cr J. 

But, ^ x= ~ a ; and if we put S to 



represent 



2 2 

b + e + a 



, we shall have, 



Or, 



, A Bin.S sin.(S — a) 
COS.* — = z ^^^ ^. 

2 6in.( sm.c 

COS. - = ^ sin.Aysin.(Ay— g)^ 
2 ^ sin.6 sin.(? 



The second member of this equation gives the value 
of the cosine when the radius is unity. To a greater 
radius, the cosine would be greater; and in just the same 
proportion as the radius increases, all the trigonometrical 
lines increase ; therefore, to adapt the abpve equation to 
our tables where the radius is i2, we must write It in the 
second member, as a j&ctor; and if we put it under the 
radical sign, we must write jB\ 

For the other angles we shall have precisely Rimilar 
equations : 

That is, co«. 4 = \/ ^'^''''.'^ Bm.{S-a) 

2 ^ sin.6 8in.<? 



COS. ~ = ^/ Ji'^^ri.S &m.{S—b) 



(T) 



sm.a sin.(7 



COS. ^= ./ l^Bm.S uin.{S 
2 V Bin.a sin.6 



'') 
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To deduce from formulse {S)j formulae for the rines of 
fhe half of each of the augles of a spherical triangle, we 
proceed as follows : 

From Eq. 35, Sec. I, Plane Trig., we have 

2sin.' ^ J. s 1 — COS. J.. 

Snbstitating the value of cos. J., taken from formnlsB 
{S)j and we have, 

co8.a — COS. J COS.C 



2sin.»J-4 = l — 



Qiu.b &m.e 



(ain.b sin.(? + cos.i cos.c) — cos.a , . 
8m.6 sm.tf 

But, cos.(i CO <?) = sin.J sin.c + cos.J cos.e, (Eq. 10, 
Sec. I, Plane Trig.). 

This equation reduces equation (o) to 

sin.b sin.c 

Considering (6 co(?) as a single arc, and applying equa- 
tion 18, Sec. I, Plane Trig., we have 

2sin 



m. (—2—) sm. (—2—^ 



28in.« J^ » : ^, ; . ' f 1. (^) 

sm.6 sm.tf 

T, . a + b — G a + b + e ^t t j. a 

But, — s= c = S — <?, if we put S^ 



Also, ?+4i:* = ^±f -J^^S-J. 

Dividing equation W) by 2, and making these substi« 
tutions, we have 

sin.'J^ = Bi°>('S-^)BiD.(^-&) 

sm.6 sm.c 

when radius is unity. 
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When radius is JZ^ we have 

^ ^ 8in.6 Biu.c 

CI- -1 1 • 1 7> 4 /B*&m.(S—a) &m.{S—e) 
Similarly, sin.ijB = V ^ A ^ 



sm.a 8in.(? 



.(U) 



And, sin.J(7 = V ' :^ ^ c^^ a 



sin.a 8in.( 



The above equations are now adapted to our tables. We 
shall show the application of these formulae, and those iu 
group (T), hereafter. 



PROPOSITION VIII. 

The cosine of any of the angles of a spherical triangle^ is 
iqual to the product of the sines of the other two angles mul- 
tiplied by the cosine of the included side, minus the product 
of the cosines of these other two angles. 

Let Jlj5(7be a spherical triangle, and 
A'B'Q' its supplemental or polar tri- 
angle, the angles of the first being de- 
noted by J., jS, and (7, and the sides 
opposite these angles by a, 6, c^ respect- 
ively; A\ jB', (7', a', 6', c\ denoting the 
angles and corresponding sides of the 
second. 

By Prop. 6, Sec. I, we have the following relations be- 
tween the sides and angles of these two triangles. 

A' = 180° — a, J?' = 180° — }, (7' « 180° — c\ 

of =180° — ^,6' =180° — 5, (?' =180° — a 

The first of formulae (^), Prop. 7, when applied to the 
polar triangle, gives 

cos.a' ■« C0S.6' coB.c' + sin. J' sin.^' cos. J.' (1) 
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which, by substituting the values of a', 5', c/, and A\ 
becomes 

cos.(180°— A)=cos.(180^— 5) cos.(180^— 0) + sin.(180^ 
— B) sin.(180° — C) cos.(180° — a), ( 2 ) 

But, 

cos.(180°— Jl) =— C08.J., etc., sin.(180^— jB)=sin.-B,etc; 

and placing these values for their equals in eq. ( 2 ), and 
changing the signs of both members of the resulting 
equation, we get 

cos.^ = sin. J? sin.(7 cos.a — cos.jB cos. (7, 

which agrees with the enunciation. 

By treating the other two of formulce (^), Prop. 7, in 
the same manner, we should obtain similar values for the 
cosines of the other two angles of the triangle ABO\ 
or we may get them more easily by a simple permuta- 
tion of the letters J., -B, (7, a, etc. 

Hence, we have the three equations 

COB. A = sin.-B sin.(7cos.a — cos.jB cos.(71 
cos.j5 = sin.JL sin.Ccos.J — cos. J. cos. (7 > (H 
COS. (7 = sin. J. sin.jB cos.c — cos. J. cos.jB J 

By transposition and division, these equations become 

COS. J. + COS. jB cos. O io\ 

cos.a =» ; — -—, — -. { 3 ) 

Bin.B sm.(7 

^ , COS.jB + COS. J. COS. (7 

C0S.6 = .; J—. — — 

sm.J. sm.c7 

COS. (7 + COS.A COS.jB 

COS.C? = . . . — ^ 

From these we can find formulae to express the sme or 
the cosine of one half of the side of a spherical triangle, 
in terms of the functions of its angles ; thus : 

Add 1 to each member of eq. (3), and we have 

COS.A + COS.S COS. (7 + sin.jB sin. (7 



1 4 C08.a 



sin.jB sin. 6^ 
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COB. JL + coa,{B — Cf) 
Bm.B sin. (7 

But, 1 + cos.a = 2co8.* Ja ; hence, 

sin.B sin.C/ 

and sin'je co8.-4 + cos.(-B — 0) = 2cos.J(^ +B — (7)cofl.J 
{A+O—B) (Eq.17, Sec. I, Plane Trig.), we have 

2co8.' ia = 2co8.K^ + B- C)coB.i{A + 0-^B) 

sin.B sin. 6^ 

Make A + B+0=-2S; then A + B—0'=2S—20, 
A + 0—B = 2S—2B, K^ + 5~ (7) = S— (7, and J(J. 
+ 0—B)^S—B; whence 

2C08:' Ja - 2co8.(^gco_s^^-^) 

8in.-S sin. (7 

. /coB.(S--C)cosJS— B) 

or, cos.Ja = V — p - - Vy 

' , sin.jB8in.(7 

Similarly, co8.i5 = V . i^J sin.C > ^"^^ 

and, co8.i. = ^22ti^-A)co^pB} 

To find the sin.Ja in terms of the ftinctions of the 
angles, we must subtract each member of eq. (3) from 1, 
by which we get 

^ - COS.Jl + COS.-B C08.(7 

1— cos.a-=l ; — w^—ri 

But, 1-— cos.a*= 28in.' Ja ; hence we have. 



^ , , - (sin.S sin. — cos.-B cos. 0) — cos. J. 
" sm.-B sm.C' 

Operating upon this in a manner analogous to that by 
vrhich cos.^a was found, we get. 
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. , f — cos.iS' cobJS — A) ) J 
I biii.jB sm.c; J 



sin. J<? = } 



— COB.S C08.(/S— €f) ^ J 

Bin.^ sin.JS / 



If the first equation in ( W) be divided by the first in 
{V)y we shall have, 

tan ia- / -cos./g C08.{S-A) U 

' . \ COB.{S— B) C08.(/S— O) i 

And corresponding expressions may be obtidned for 
tan.^i and tan.^. 



NAPIER'S ANALOGIES. 

If the value of cos.^?, expressed in the third equation 
of group {S)j Prop. 7, be substituted for cos.c, in the 
second member of the first equation of the same group, 
we have, 

oos.ass cos.a cos.'& + sin.a Bin.h coa.h cos. (7+ sin.& sin.c cos.^; 
which, by writing for cos.*6 its equal, 1 — sin.* J, becomes, 
oos.aasoos.a — cos.a sin. '&+ sin.a 8in.& cos.& cos. (7+8in.& sin.c cos.jL 

Or, 0=a — cos.o sin.*6+sin.a sin.6 cos.6 cos.C+sin.& sin.c cos.X 

Dividing through by sin.J, and transposing, we find, 

COS.A sin.tf»cos.a sin.( — sin.a coB,b cos. (7; 

, J _ cos.a sin.5 — sin.a cos.6 cob.O , , 

^ * sin.c 

By substituting the value- of cos.^, in the second of tiie 
equations of group (S), Prop. 7 ; or, merely writing £ for 
-4, and interchanging 5 and a, in the above value, fof 
cos. Ay we obtain, 

_ cos.5 sin.a— sin.J cos.a cos. ft ,^^ 
.COfi.B = : (2) 
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Adding eqimtionB (1) and (2), member to member, 
we have, 

. . ^ 8in.(a + 6) — sin.(a + 6) C08.(7 

COS. J. + COS,jB = ^^ — ■ — '- — : — 1— I— ^ ; 

Bin.e 

by remembering that sin.a cos. J + cos.a 8in.J« sin.(a+ J). 
(See Eq. (7 ), Sec. I, Plane Trig.). 

Whence, cos.A + cos.5- (1— cos.(7) ?E:^t±3. (3 ) 

Bin.c 

In any spherical triangle we have, (Prop. I), 

sin. J. : 8in.j5 :: sin.a : sin.i; 

And therefore, sin. J. + sin.JS : sin.j& : : sin.a + sin.} : 

Bin.b. 

XT • A t ' T> (sin.a + sin. J) sin.S 
Hence, sm.A + 8in.^=«^ ; — --^ . 

sm.6 

x> . sin.5 sm.O ^ ^ i ^ sin.-B . ,, , 
But, — ; — r- = —. — , which value of — ; — -, m the above 
sm.o sin.c sin.i 

equation, gives 

sm.tf 

Dividing equation (4) by equation (3), member by 
member, we obtain, 

sin.J. + sin.S sin. (7 sin.a + sin.6 ,.. 
cos.J. + cos.^ 1 — COS. (7 sin.(a + 6) 

Comparing this equation with Equations (20) and (26), 
Sec. I, Plane Trigonometry, we see that it can be re- 
duced to 

tan.i(^ + B) = cot.i(7x «^°-« +f °-^ (6) 

sm.(a + 6) 

Again, fipom the proportion, 

sin.J. : sin.-B :: sin.a : sin.J, 
we likewise have, 

sin. J. — sin.i? : 8in.j& :: sin.a — 8in.5 : 8in.5; 
80 
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ftlTl H 

hence, sin. A — &m.B =■ (sin.a — sm.b) . ' , = (sinui— 

^ 'sin.o 

sin. 6) . 

8in.(? 

Dividing this equation by equation (3), member by 
member, we obtain, 

Bin. A — sin.jS sin. (7 sin.a — sin.i 
^ __. X • 

cos. J. + cos.jB 1 — COS. (7 8in.(a + 6) 

Comparing this with Equations (22) and (26), Sec I, 

Plane Trigonometry, we see that it will reduce to 

,/ J -r^x - r^ sin.a — sin.i ._. 

tan.KA - 5) = cotiC X 3i^.(^ ^ ^^ . (7) 

Now,sin.a+sin.6 = 2sin.(— o— )cos.(--o~); Eq. (15), 
Sec. I, Plane Trig.). 

and, sin. (a + 6) =» 28in.(^^^-y-) cos.(^^^^-^; Eq. (30), 

Sec. I, Plane Trig.). 

Dividing the first of these by the second, we have 

/a — b\ 

I • I C0S.( — 7i — ) 

sm.a + sm.6 __ \ 2 / 

Writing the second member of this equation for its 
first member in Eq (6), that equation becomes 

tan. l(A + B)^ cot. ^g ^^"' ^ TS - (^) 
By a similar operation, Eq. (7) may be reduced to 

tan. HA -B)^ cot. ^ j"' ^^T % (9) 

Sin. J(a + b) 

Equations (8) and (9) maybe resolved into the pro- 
portions 
cos. J(a + h) : cos. J(a — 6) : : cot. \ C : tan. \(A + B) ; 
sin. \{a + h) : sin. J(a — 6) : : cot. \C : tan. \{A — B). 

These proportions are known as Napier's 1st and 2d 



SECTION III. 851 

Analogies, and may be advantageously used in the solu- 
tion of spherical triangles, when two sidea and the irir 
eluded angle are given. 

When expressed in language, these proportions fur- 
nish the following rules : 

1. The cosine of the half sum of any two sides of a spheri- 
eal triangle is to the cosine of the half difference of the same 
sides, as the cotangent of half the included angle is to the 
tangent of the half sum of the other two angles. 

2. The sine of the half sum of any two sides of a spheric 
eal triangle is to the sine of the half difference of the same 
sides, as the cotangent of half the included angle is to the 
tangent of the half difference of the other two angles. 

The half sum, and the half difference of two angles 
of a spherical triangle, may be found by these rules, when 
two sides and the included angle are given ; and by add- 
ing the half sum to the half difference, we get the 
greater of these two angles, and by subtracting the half 
difference fix)m the half sum, we get the smaller. The 
third side may then be found by proportion. 

We have analogous proportions applicable to the case 
in which two angles and the included side of a spherical 
triangle are given. 

To deduce these, let us represent the angles of the tri- 
angle by A, B, and 0, and the opposite sides by a, i, and 
e ; -4.', B', (7, a', V, e', denoting the corresponding angles 
and sides of the polar triangle. 

Now, Eq. ( 9 ) is applicable to any spherical triangle, 
and when applied to the polar triangle, it becomes 

tan. \{A'-B') ^ cot. \a "l'^' ^}f, " ^'l («) 

*^ sm. J(a' + 6') 

But by Prop. 6, Sec. I, Spherical Geometry, we have 

A'= 180° — a, jB' = 180"— 6, (?' = 180'' — tf, 

a' = 180°— ^, 6' = 180°— 5, c' = 180°— (7. 

Whence, J(.4'— 5')=KJ-«). W + ^0 - 180°- ti+J?, 
j(a' — V) - \{B — A), \(} - W —V. 



"^ 
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By the substitution of these values in Eq. (»»), that 
equation becomes 

or, ta..i(«-J)-S^^^^tan.i., ip) 

since tan. J(6 — a) = — tan. J(a — 6), and sin. i{B — ^) =» 
— sin. J(J. — B). 

By applying Eq. ( 8 ) to the polar triangle, and treating 
the resulting equation in a manner similar to the above, 
we find 

-■'•«'■+'>- ISfijrl "^ »^ "" 

Equations (p) and {q) may be resolved into the fol- 
lowing proportions. 

sin. J(A + B) : sin. J(J. — B) :: tan. J<j : tan. J(a — b); 
COS. }(A + B) : cos. J( J. — B) :: tan. J{? : tan. J(a + 6). 

These proportions are called Napier's 3d and 4th 
Analogies, and when expressed in words become the fol- 
lowing rules: 

1. The cosine of the half sum of any two angles of a 
upherieal triangle is to the cosine of the half difference of the 
same angles^ as the tangent of half the included side is to the 
tangent of the half sum of the other two sides. 

2. The sine of the half sum of any two angles of a spheri- 
cal triangle is to the sine of the half difference of the same 
angles, as the tangent of half the included side is to the tan- 
gent of the half difference of the other two sides. 

The half sum, and the half difference of two sides of 
a spherical triangle, may be found by these rules, when 
two angles and the included side are given ; and by add- 
ing the half sum to the half difference, we get the greater 
of these sides, and by subtracting the half difference 
from. the half «um, we get the smaller. 
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SPHEBICAL TRIGONOMETRT APPLIED. 
SOLUTION OF BIGHT-ANGLED SPHERICAL TMANOLES. 

A GOOD general- conception of the sphere is essential 
to a practical knowledge of spherical trigonometiy, and 
this conception is best obtained by the examination of 
an artificial globe. By tracing out npon its surface the 
various forms of right-angled and oblique-angled tri- 
angles, and viewing them from different points, we may 
soon acquire the power of making a natural representa- 
tion of them on paper, which will be found of much as- 
sistance in the solution and interpretation of problems. 

For instance, suppose one side of a right-angled 
spherical triangle to be 66°, and the angle between this 
side and the hypotenuse to be 24®. What is the hypote- 
nuse, and what the other side and angle ? 

A person might solve this problem by the application 
of the proper equations or proportions, without really 
comprehending it ; that is, without being able to form a 
distinct notion of the shape of the triangle, and of its 
relation to the surface of the sphere on which it is 
rituated. 

If we refer this triangle to the common geograph.\cal 
globe, the side 56® may be laid off on the equator, or on 
a meridian. In the first case, the hypotenuse will be the 
arc of a great circle drawn through one extremity of tli 
side 56®, above or below the equator, and making wi 
80* X 
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it an angle of 24° ; the other side will be an arc of a 
meridian. In the second case, the side 56° falling on a 
meridian, the hypotenuse will be the arc of a great circle 
drawn through one extremity of this side, on the right 
or left of the meridian, and making with it an angle of 
24° ; the other side will be the arc of a great circle, at 
right angles to the meridian in which the given side lies. 

Generally speaking, the apparent form of a spherical 
triangle, and consequently the manner of representing 
it on paper, will differ with the position assumed for the 
eye in viewing it. From whatever point we look at a 
sphere, its outline is a perfect circle in the axis of which 
the eye is situated; and when the eye is, as will be here- 
after supposed, at an infinite distance, this circle will be 
a great circle of the sphere. All great circles of the 
sphere whose planes pass through the eye, will seem to 
be diameters of the circle which represents the outline 
of the sphere. 

We will now suppose the eye to be in the plane of the 
equator, and proceed to construct our triangle on paper. 

Let the great circle, 
PASA'y represent the out- 
line of the sphere, the di- 
ameter AA' the equator, 
and the diameter PS the 
central meridian, or the 
meridian in whose plane 
the eye is situated. Let 
AB = 56°, represent the 
given side, and^^ (7,making 
with AB the angle BAC-= 
24°, the hypotenuse, then will BC, the arc of a meridian, 
be the other side at right angles to AB^ and the triangle, 
ABOf corresponds in all respects to the given triangle. 

Again measure off 56° from P to Q^ draw the arc DQ^ 
make the arc A'G equal to 24°, and draw tlie quadrant 
PBQ. The triangle PQR will also represent the given 
triaDgle in every particulai. 
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We know from the construction, that DV^^ 24®, is 
greater than BQ^ and that J. (7 is greater than AB^ that 
is, greater than 56°. 

In lilce manner, we know that A'^ = 24°, is greater 
than QB,^ and that PR is greater than PQ^ because PR 
is more nearly equal toPG^, =90°, thanP^ is to PA, =90°. 

For illustration and explanation, we also give the fol- 
lowing example : 

In a right-angled spherical triangle, there are given, 
the hypotenuse equal to 150° 33' 20", the angle at the 
base, 23° 27' 29", to find the base and the perpendicular. 
Let A'BC in the last figure, represent the triangle in 
which A'Qr- 150° 33' 20", the L BA'G^ 23° 27' 29", 
and the sides A^B and BQ are required. 

This problem presents a right-angled spherical tri- 
angle, whose base and hypotenuse are each greater than 
90° ; and in cases of this kind, let the pupil observe, 
tluit the base is greater than the hypotenv^ey and the oblique 
angle opposite the base, is greater than a right angle. In 
all cases, a spherical triangle audits supplemental triangle 
make a lune. It is 180° from one pole to its opposite, 
whatever great circle be traversed. It is 180° along the 
equator ABA'y and also 180° along the ecliptic AC A'. 
The lune always gives two triangles; and when the 
sides of one of them are greater than 90°, we take the 
triangle having supplemental sides ; hence in this case 
we operate on the triangle ABQ. 

-4.(7 is greater than AB^ therefore A'B is greater than 
the hypotenuse AO. 

The \_^AOB is less than 90°; therefore, the adjacent 
angle A'CB is greater than 90°, the two together being 
equal to two right angles. 

These facts are technically expressed, by saying, that 
the sides and opposite angles are of the same affection.* 

* Same affection : that is, both greater or both less than 90°. Dif" 
/cretU affection : the one greater, the other less than 90°« 
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Now, if the two sides of a right-angled spherical triangle 
are of the name affection^ the hypotenuse will be less than 
90° ; and if of different affection^ the hypotenuse will be 
greater than 90**. 

If, in every instance, we make a natural construction 
of the figure, and use common judgment, it will be im- 
possible to doubt whether an arc must be taken greater 
or less than 90°. 

We will now solve the triangle AOB: AO^ 180^ — 
150° 33' 20" = 29° 26' 40". 

To find BO, we use Eq. (3) or (13), Prop. 8, Sec. 11., 

thus: 

5, sin. 29° 26' 40" . 9.691594 

Ay sin. 23^ 27' 29" . 9.599984 
a, sin. 11° 17' 7" . 9.291578 

To find AB, we use equation (1) or (H), thus: 

a, tan. 11° 17' 7" . 9.300016 
Ay cot. 23^ 27' 29" . 10.362674 

c,8in. 27° 22' 32" . 9.662690 
180 

^'5s-152<» 37' 28" 

PRACTICAL PROBLEMS IN RIGHT-ANGLED SPHERICAL 

TRIGONOMETRY. 

1. In the right-angled spherical 
triangle ABQ, given AB = 118^ 21' a^ 
4", and the angle A = 23° 40' 12", to 
find the other parts. **^ 

. f J.(?, 116° 17' 55"; the angle (7, 100° 69' 26"; 
I and 5(7, 21° 5' 42". 

2. In the right-angled spherical triangle ABOy given 
AB 63^ 14' 20", and the angle A 91° 26' 63", to find 
the other parts. 

. ^AOy 91° 4' 9" ; the angle (7, 53° 15' 8"; 
^^•l and jSC; 91° 47' 10". 
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8. Ill the right-angled spherical triangle ABO, given 
AB 102» SO' 25", and the angle A 113» 14' 87", to 
find the other parts. 

. (AC, 84° 51' 36"; the angle 0, lOP 46' 66"; 

l and 5(7, 118» 46' 27". 
4. In the right-angled spherical triangle ABO, given 
AB 480 24' 16", and BO 69° 88' 27", to find the 
other parts. 

. f ^C, 70° 23' 42"; the angled, 66° 20' 40"; 
* I and the angle 0, 52° 82' 56". 
6. In the right-angled spherical triangle ABO, given 
AB 151° 23' 9", and BO 16° 35' 14", to find the 
other parts. 

. (AO, 147° 16' 51"; the angle 0, 117° 87' 25"; 
I and the angle ^ 31° 62' 49". 

6. In the right-angled spherical triangle ABO, given 
AB 73° 4' 81", and ^C86° 12' 15," to find the other 
parts. 

A fBO, 76° 61' 20" ; the angle A, 77° 24' 23" ; 
"** \ and the angle O, 73° 29' 40". 

7. In the right-angled spherical triangle ABO, given 
AO 118° 82' 12", and AB 47° 26' 36", to find the 
other parts. 

. (BO, 184° 66' 20"; the angle A, 126° 19' 2"; 
"** t and the angle 0, 66° 68' 44". 

8. In the right-angled spherical triangle ABO, given 
AB 40° 18' 23", and AO 100° 8' 7", to find the 
other parts. 

. f The angle A, 98° 38' 63"; the angle 
t 0, 41° 4' 6" ; and BO, 103° 13' 62". 

9. In the right-angled spherical triangle ABO, given 
AO 61° 8' 22", and the angle A 49° 28' 12", to find 
the other parts. 

JAB, 49° 86' 6"; the angle O, 60° 29' 20' 
t and BO, 41° 41' 32". 

10. In the right-angled spherical triangle ABOf , 
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AB 29^ 12' 60", and the angle 87^ 26' 21", to find 
the other parts, 

{Ambiguous ; the angle A, 65** 27' 57", or its 
supplement; AOy 68** 24' 13", or its sup- 
plement; jB(7, 46® 66' 2", or its supplement 

11. In the right-angled spherical triangle ABQ^ given 
AB 100° 10' 3", and the angle 90** 14' 20", to find 
the other parts. 

rAOy 100** 9' 52", or its supplement; BO, 
An$. < 1° 19' 65", or its supplement ; and the 
L angle J., 1° 21' 12", or its supplement. 

12. In the right-angled spherical triangle ABO, given 
AB 64** 21' 35", and the angle 61® 2' 15", to find 
the other parts. 

rBO, 129® 28' 28", or its supplement; AO, 

An8.< 111® 44' 34", or its supplement; and the 

L angle A, 123° 47' 44", or its supplement 

13. In the right-angled spherical triangle ABOy given 
AB 121® 26' 25", and the angle O 111® 14' 37", to 
find the other parts. 

{The angle A, 136"^ 0' 5", or its supplement; 
AOj 66° 16' 38", or its supplement; and 
BOy 140° 30' 67", or its supplement 



QUADRANTAL TRIANGLES. 

The solution of right-angled spheri- 
cal triangles includes, also, the solu- 
tion of qtuidrantal triangles, as may be 
seen by inspecting the adjoining fig- aL , 

ure. When we have one quadrantal \ \ 
triangle, we have four, which with one 
right-angled triangle, Jill up the whole hemisphere. 

To effect the solution of either of the four quadrantal 
triangles, AFO, AP'O, A'PO, or A'P'O, it is sufficient 
to solve the small right-angled spherical triangle ABG. 
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To the half lune AP'By we add the triangle ABOy 
and we have the quadrantal triangle AP'C\ and by sub- 
tracting the same from the equal half lune APB^ we 
have the quadrantal triangle PAQ. 

When we have the side, AQ^ of the same triangle, we 
have its supplement, JL'(7, which is a side of the triangles 
A' PC, and A'P'C. When we have the side, CB, of 
the small triangle, by adding it to 90°, we have P'(7, a 
side of the triangle A'P^C\ and subtracting it from 90®, 
we have PCj^ side of the triangles APC, and A PC. 

PROBLEM I. 

In a quadrantal triangle^ there are given the quadrantal 
sidcy 90°, a side adjacent, 42° 21', and the angle opposite 
this last side, equal to 86° 31^ Required the other parts. 

By this enunciation we cannot decide whether the triangle AFC 
or AFC, is the one required, for -4C = 42° 21' belongs equally 
to both triangles. The angle AFC = AFC = 36° 31' == AB. 

We operate wholly on the triangle ABC 

To find the angle A, call it the middle part. 
Then, R cos. CAB = R sm.FA C «= cot.^ C tsmAB. 



cot. AC == 42° 21' 
tan.^J5 » 36° 31' 

COS. CAB =r 35° 40' 51" 

90° 


10.040231 
9.869473 

9.909704 


FAC :=^ 54° 19' 9" 
FAC^ 125° 40' 51" 





To find the angle 0, call it the middle part. 
R COS. ACB aa sin. CAB cos. AB, 

sin. 0^5 = 35° 40' 51" 9.765869 

eoB.AB « 36° 31' . 9.905085 

cobACB r=^ 62° 2' 45" 9.670954 

180° 

ACF - A'CF mm 117° 57' IS'' 
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and c ; the side a being opposite [_ J., the edde h oppo^ 
site L Bj etc. 

EXAMPLES. 

1. In the triangle ABO,a=. 70^ 4' 18" ; J - 68o 21' 27'' ; 
and c, 59° 16' 28" ; required the angle A. 

The formula for this is the first equation in group 7, 
Prop. 7, Sec. in, which is 

A /R* Bin.S Bm.{S — aV J 
* 2 \ sin.6 sin.(? / 

We write the second member of this equation thus : 

showing four distinct fetctors under the radical. 

^ , . , ,. B 

The logarithm corresponding to - — -, is that of sin.J 

B 

subtracted from 10; and of -= — is that of sin.c sub- 

tracted from 10, which we call nnxomplemenU 
BC^a= 70<> 4' 18" 



5 H» c = 59« 16' 23" sin. 


com. .065697 


C«6« 63° 21' 27" sin. 


com. .048749 


2)192<» 42^" 8" 


■ 


8 = 96° 21' 4" sin. 


9.997326 


iSf - a = 26° 16' 46" sin. 


9.646168 




2 ) 19.757930 


M = 40° 49' 10" COS. 

2 


9.878965 


^ == 81° 38' 20" 





WTien we apply the equation to find the angle J., wa 
mite a first, at the top of the column ; when we apply 
the equation to find the angle jB, we write h at the top 
of the column. Thus, 



SECTION lY. 865 

To find the angle B. 



^iB^s/—"'''^'^'"'^^~^^ 



sm.a S1I1.C 



«v/ (^) (-^) (sm./8r) sm.(S— 6) 

h « 63^ 21' 27'' 

c = 59« 16' 23" 8in.com. . .065697 

a = 70^ 4^ 18" sin.com. . .026875 

2 )192^ 42' 8'^ 

iSf= 96° 21' 4" sin. . . 9.997326 
^_ 6 « 32° 59' 37" sin.. . 9.736034 

2 )19.825872 

}J5= 35° 4' 49" COS. . 9.912936 

2 



^ » 70° 9' 38" 

By the other equation in formnlsB (37, Prop. 7, Sec. 
Ill), we can find the angle 0; but, for the sake of variety, 
we will find the angle by the application of the third 
equation in formulse ( CT, Prop. 7, Sec. III). 

mn.}C— \/ ^^^°'^'^r"^^ 8^P(^— «) 
V gin.6 sin.a 

0= 59° 16' 23"' 

a» 70° 4' 18" sin.com. .026817 

h » 63° 21' 27" sin.com. .048479 

2 )192° 42' 8" 

iS=:96° 21' 4" 
^_a = 26° 16' 46" sin. . 9.646158 
^—6 = 32° 59' 37" sin. . 9.7360 34 

2 ) 19.457488 

J (7- 82° 23' 17" sin . 9.778744 
2_ 

0«64° 46' 34" 
86* 
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To show the harmony and practical utility of these two 
sets of equations, we will find the angle J., from the 
equation 

«^°-*^ =\/ G£) Cl^) «^^-(^-^) Bm.(^-c). 
a= 70« 4' 18" 

6= 63<> 21' 27" sin.com. .048749 
c=» 59<> 16' 23" rin.com. .065697 

2 ) 192^ 42' 8" 

iS=. 96*> 21' 4" 
fir_6=: 32« 59' 37" sin. 9.736034 

S—c =. 37« 4' 41" sin. 9.7802 47 

2 ) 19.630727 

iA = 40*> 49' 10" sin. 9.815363 

, 2 

^ » 81** 38' 20" 

2. In a spherical triangle ABOy given the angle JL, 88® 
19' 18"; the angle B, 48^ 0' 10''; and the angle (7, 
121** 8' 6" ; to find the sides a, J, e. 

By passing to the triangle polar to this, we have, 
(Prop. 6, Sec. I, Spherical Geometry), 

A = 38° 19' 18" supplement 141** 40' 42" ' 
B = 48<> 0' 10" supplement 131** 59' 50" 
(7= 121** 8' 6" supplement 58** 51' 54" 

We now find the angles to the spherical triangle, 
the sides of which are these supplements. 
Thus, . 141« 40' 42" 



ISl" 59' 50" 


sin.com. 


.128909 


58'» 51' 54" 


sin.com. 


.067551 


2)332<' 82* 26" 






166° 16' 18" 


sin. 


9.375375 


24" 85* 31" 


sin. 


9.619253 




2 

4 


) 19.191088 


66° 47' 87}" 


COS. 


9 595544 
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60° 47' 37i" 
^ 

angle == 121° 35' 15" 

supp. =s 58° 24' 45" = a of tlie original triangle. 
In the same manner we find h = 60° 14' 25" ; c = 89° 1' 14". 

It is perhaps better to avoid this indirect process of 
computing the sides of a spherical triangle when the 
angles are given, by the application of the equations in 
group V or TT, Prop. 8, Sec. HI. We will illustrate 
their use by applying the second equation in group (TF), 
for computing the side 6. This equaltion is 

. -- / — COS. /S COS. (/S — B)\\ 

\ sin.^ sin.G / 

A^ 38° 19' 18" 

^= 48° O'lO" 

C7=121° 8' 6" 

2 ) 207° 27^ 34" 

S^ 103° 43' 47"— OOS./S- + Bin.l3° 43' 47"= 9.375376 

B = 48° O'lO" oos.(/S— ^) = 55° 43' 37" = 9.750612 

(£[_£)« 55° 43' 37" 2 ) 19.125988 

square root = 9.562994 
sin.^ = 38° 19' 18" = 9.792445 
sin. C= 121° 8' 6" = 9.932443 

2 ) 19.7248 88 

square root « 9.862444 = 9.862444 

diff. — 1.700550 
Add 10; for radius of the table, 10 

Tabular sin.ift = 80° 7' 14" =^9^00550 

2 

I = 60° 14' 28", nearly. 
PRACTICAL PROBLEMS. 

1. In any triangle, -4jB(7, whose sides are a, 5, (?, given 
I =.118^ 2' 14", c = 120° 18' 33", and the included angle 
A — 27^ 22' 84", to find the other parte. 



An$. 
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. / a - 28" 57' 13", angle ^ = 91' 26' 44, and — 
^"'' I 102" 6' 52". 

2. Given, A = 81° 38' 17", B = 70° 9' 88", and (7=. 

64° 46' 32", to find the sides a, b, c. 

. / a = 70° 4' 13", h =» 63° 21' 24", and e = 69° 16' 
^»"-\ 21". 

3. Given, the three sides, a == 93° 27' 84", 6 =» 100° 4' 
26", and c = 96° 14' 50", to find the angles A, B, and C. 

. / J[ =» 94° 39' 4", B = 100° 32' 19", and C« 96° 
t 58' 35". 

4. Given, two sides, 5 = 84° 16', e = 81° 12', and the 
angle C=» 80° 28', to find the other parts. 

''The result is ambiguous, for we may consider 
the angle B as acute or obtuse. If the angle 
B is acute, then A = 97° 13' 45'', B = 83° 11' 
24", and a = 96° 13' 33". If jB is obtuse, then 
A = 21° 16' 43", B = 96° 48' 36", and a = 

21° 19' 29". 

5. Given, one side, c=64° 26', and the angles adjacent, 

A =• 49°, and B = 52°, to find the other parts. 

.^ f 6 = 45° 56' 46", a = 43° 29' 49", and O- 98« 
' t 28' 4". 

6. Given, the three sides, a = 90°, 6=90°, c = 90°, to 
find the angles A, B, and O. 

Am. A = 90°, B = 90°, and C= 90°. 

7. Given, the two sides, a = 77° 25' 11", e = 128° 18' 
47", and the angle C = 131° 11' 12", to find the other 
parts. 

A ( 6 = 84° 29' 20", A = 69° 13' 59" and B = 72° 28' 
• \ 42". 

8. Given, the three sides, a — 68° 84' 13", h = 59° 
21' 18", and e = 112° 16' 32", to find the angles A, B, 
and 0. 

AruJ^ = 45° 26' 38", £ = 41° 11' SC , C = 184° 63' 
\ 55". 
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9. Given, a = 89*> 21' 87", J= 97* 18' 89", e — 86*> 58' 
46", to find A, B, and O. 

A^ i-A^^ 88° 57' 20", B = 97° 21' 26", O = 86° 47' 
I 17". 

10. Given, a = 81° 26' 41", e = 43° 22' 18", and the 
angle J.=12° 16', to find the other parts. 

{Ambiguous; h = 73° 7' 34", or 12° 17' 40"; 
angle J?=157° 3' 44/', or 4° SS" 30"; C= 16° 
14' 27", or 168° 45' 88". 

11. In a triangle, ABO, we have the angle -4=56° 18' 
40", 5= 89° 10' 38"; AJ), one of the segments of the 
base, is 82° 54' 16". The point D falls upon the base 
AB, and the angle G is obtuse. Required the sides of 
the triangle and the angle Q. 



'Ambiguous 

. , 135^ 57' 
-<an«. < J230 igf 



(7=135° 25', or 
c=122° 29', or 
a= 89° 40*, or 
b= 49° 23' 41". 



90° 20' 

12. Given, A = 80° 10' 10", B = 58° 48' 36", C = 91° 
62' 42", to find a, 6, and e. 
Aiu. a "79° 88' 22", 6-58° 89' 16", tf = 86° 12' 60". 
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APPLICATIONS OP SPHERICAL TRIGONOMETRY TO 
ASTRONOMY AND GEOGRAPHY. 



^ 



SPHERICAL TRIGONOMETRY APPLIED TO ASTRONOMY. 

Spherical Trigonometry becomes a Science of incalcu* 
lable importance in its connection with geography, navi- 
gation, and astronomy; for neither of these subjects can 
be understood without it ; and to stimulate the student 
to a study of the science, we here attempt to give him a 
glimpse at some of its points of application. 

Let the lines in the 
annexed figure represent 
circles in the heavens 
above and around us. 

Let Z be the zenith, or 
the point just overhead, 
Sch the horizon, PZR 
the meridian in the hea- 
vens, and P the pole of 
the celestial equator ; Ph 
is the latitude of the 
observer, and PZ is the 
co.latitude. Qcq is a portion of the equator, and tne 
dotted, curved line, mS^S^ parallel to the equator, is the 
parallel of the sun's declination at some particular time ; 
and in this figure the sun's declination is supposed to be 
north. By the revolution of the earth on its axis, the 
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Bun is apparently brought from the horizon, at S, to the 
meridian, at m; and from thence it is carried down on 
the same curve, on the other side of the meridian ; and 
this apparent motion of the sun (or of any other celestial 
body,) makes angles at the pole P, which are in direct 
proportion to their times of description. 

The apparent straight line, Zc, is what is denominated^ 
in astronomy, the prime vertical; that is, the east and west 
line through the zenith, passing through the east and west 
points in the horizon. 

When the latitude of the place is north, and the decli- 
nation is also north, as is represented in this figure, the 
Bun rises and sets on the horizon to the north of the east 
and west points, and the distance is measured by the arc, 
eSy on the horizon. 

This arc can be found by means of the right-angled 
spherical triangle cqS, right-angled at q. Sq is the sun's 
declination, and the angle Scq is equal to the co.latitude 
of the place ; for the angle Fch is the latitude, and the 
angle Scq is its complement. 

The side cq, a portion of the equator, measures tho 
angle cPq, the time of the sun's rising or setting before 
or after six o'clock^ apparent time: Thus we perceive that 
this little triangle, cSq^ is a very important one. 

When the sun is exactly east or westy it can be deter 
mined by the triangle ZPS' \ the side PZ is known, 
being the co.latitude ; the angle PZS' is a right angle, 
and the side PS' is the sun's polar distance. Here, then, 
are the hypotenuse and side of a right-angled spherical 
triangle given, from which the other parts can be com- 
puted. The angle ZPS' is the time from noon, and the 
Bide ZS' is the sun's zenith distance at that time. 

The following problems are given, to illustrate tni* 
important applications that can be made of the rig 
fuigled triangle cqS. 
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PRACTICAL PROBLEMS. 

1. At what time will the sun rise and Bet in Lat. 48® 
M*., when its declination is 21° N.? 

In this problem, we mast make qS=s21^, P^^=48^=stlie angle 
Pch, Then the angle Scq b= 42^. It is required to find the arc 
cq, and convert it into time at the rate of four minutes to a degree. 
This will give the apparent time after six o'clock that the sun sets^ 
and the apparent time before six o'clock that the sun rises, (no 
allowance being made for refraction). 

Making cq the middle part, we have 

R £u.cq » tan.21® tan.48** 
tan.21« = 9.584177 
tan.48^ = 10.045563 



cq^ 25^ 14C 5" = 25.2346<' 9.629740, rejecting 10. 

4 



1* 40"* 56* 
Adding to 6* 

Sun sets p. m., 7* 40*" 66', apparent time, 

From 6* 

Taking 1* 40" 66' 

Sun rises A. M., 4* 19"* 4% apparent time. 

From this we derive the following rule for finding the apparent 
time of sunrise and sunset, assuming that tiie declination under* 
goes no change in the interval between these instants, which W9 
may do without much error. 

RULE. 

To the logarithmic tangent of the sun's declination^ add ih4 
logarithmic tangent of the latitude of the observer ; andy after 
rejecting ten from the result, find from the tables the are of 
which this is the logarithmic sine, and convert it into tirne at 
the rate of 4 minutes to a degree. 

This timCf added to 6 o'clocTcj will give the time of sunset^ 
and, subtracted from 6 o'clock, will give the time (ff sunrise^ 
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fvien the latitude jsui decUnation are loth north or loth 
south ; bvt when one is north, and the other southj the addir 
tUm gives the time of sunrise^ and the subtraction the time of 
sunset. 

2. At what time will the sun set when its declination 
is 23° 12' K, and the latitude of the place is 42° 40' K ? 

Ans. 7* 88"* 4*, apparent time. 

8. What will be the time of sunset for places whose 
latitude is 42° 40' N., when the sun's declination is 15^ 
21' south ? Ans. 5^ 1^ 23*, apparent time. 

4. What will be the time of sunrise and sunset fox 
places whose latitude is 52° 80' IT., when the sun's decli- 
nation is 18° 42' south ? 

. f Rises 7* 44'* 42' 1 ... 

^^- I Sets 4Hun.i8.]\^VV^renttime. 

6. What will be the time of sunset and of sunrise at 
St. Petersburgh, in lat 69° 56', north, when the sun's 
declination is 23° 24', north ? What will be its ampli- 
tude at these instants ? Also, at what hours will it be 
due east and west, and what will be its altitude at such 
times? 

^ Sun sets at 9* 18"* 80' p.m. 1 apparent 
Sun rises at 2* 46*" 30' a.m. J time. 

Sun rises N. of east Igo^ 2(5' 18" 
Ans. ^ Sun sets N. of west J 

Sun is east at 6* 58** 2' a.m. 
Sun is west at 6* 1"» 58' p.m. 
^ Alt. when east and west is 27° 18' 57". 



ON THE APPLICATION OF OBLIQUE-ANGLED SPHERICAL 

TRIANGLES. 

One of the most important problems in navigation 
and astronomy, is the determination of the formula for 
82 
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time. This problem will 
be understood by the tri- 
angle PZS. When the 
son is on the meridian, it 
is then apparent noon. 
When not on the meri- 
dian, we can determine 
the interval from noon, 
by means of the triangle 
PZS; for we can know 
all its sides; and the 
angle at P, changed into ^ 

time at the rate of 15*^ to one hour, will give the time 
from apparent noon, when any particular altitude, as 
TS, may have been observed. PiS^ is known, by the sun's 
declination at about the time ; and PZ is known, if the 
observer knows his latitude. 

Having these three sides, we can always find the sought 
angle at the pole, by the equations already given in 
formulae {T, or Z7, Prop. 7, Sec. HI); but these formula 
require the use of the coMtitude and the co.altitudej and 
the practical navigator is very averse to taking the trou- 
ble of finding the complements of arcs, when he is quite 
certain that formulae can be made, comprising but the 
arcs themselves. 

The practical man, also, very properly demands the 
most concise practical results. No matter how much 
labor is spent in theorizing, provided we arrive at prac- 
tical brevity; and for the especial accommodation of 
seamen, the following formula for finding time has been 
deduced. 

From the symmetrical formulae {S') Prop. 7, Sec. Ill, 
we have, 

CO&.ZS — COQ.PZ COS. PaS 



COS.P 



sin.PZ &m.PS 



Now, in place of cos.ZA we take Bm.ST^ which is, in 
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fact, the same thing ; and in place of cos.PZ, we take 
Bin.lat., which is-s^o the same. 

In short, let A == the altitude of the sun, L = the la- 
titude of the observer, and 2> « the sun's polar distance. 

Then, COS.P = sin.^- sin.Z co s.J 

cos.i/ sin.2> 

But, 2sin.4P =. 1 — C08.P. (See Eq. 82, Prop. 2, 
Sec. I, Plane Trig.) 
Therefore, 

2sin.« iP = 1 sJQ'^ — sin.Z cos.2> 

****^ -^^ cos.i sin.D 

__ ^s.j& sin.i) + sin.Z cos .J) — sin. J. 
^ cos.i sin.5 '" 

sin.(i + i>) — sin. J. 
cos.i/ sin.i> * 

Considering {L + 2>) as a single arc, and (applying 
Equation 16, Sec. I, Plane Trig.), we have, after dividing 
by 2, 

C08.(— ^ ) sm.(-^-^ ). 

Sin. \P =■ 

eos.X sin.i) 

But, ^ ^ A, 

and if we assume S = — -^-o--^- — > 

we shaU have, sin.' JP = cos.S Bm.(S-.A) 

cos.i sin.x) 

Or, 8m.}P = >/coB.^ «f •(.'^=J). 

^ cos.i sm.i> 

This is the final result, when the radius is unity ; when 
the radius is H times greater, then the sin.^P will be H 
times greater ; and, therefore, the value of this sine, cor- 
responding to our tables, is, 

sin.iP = \/(^^) (^^) COB.S sinAS — A). 
^ Vcos-i/ Vsin.I// ^ ^ 
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PRACTICAL PR0BL15MS, 



1. In lat. 39° 6' 20" North, when the sun's declination 
was 12° 3' 10" North, the true altitude* of the sun's cen- 
ter was observed to be 80° 10' 40", fixing. What was 
the apparent time ? I' 

Alt. SO^ICSO" 

Lat 39^ 6' 20" cos.oonL .110146 

RD. 77^ 56' 50" sin.com. .009680 





2 ) 147° 13' 40" 
S = 730 36' 50" 


COS. J^9A^^16 

sin./ 9.837299 

2 ) 19.407541 

sin. 9.703770 


iS- 


- A) = 43° 26' 20" 

30° 22' 5" 
2 



F = 60^ 44' 10" 

This angle, converted into time at the rate of 15° to 
one hour, or 4 minutes to 1**, gives 4* 2*" 56* from appa- 
rent noon; and as the sun was rising, it was before 

noon or 

7* 67*" 4' A. M, 

If to this the equation of time were applied, we should 
have the mean time ; and if such time were compared 
with that of a clock or watch, we could determine its 
error. A good observer, with a good instrument, can, 
in this manner, determine the local time within 4 or 6 
seconds. 

m 

2. In lat. 40° 21' North, the true altitude of the sun, in 
the forenoon, was found to be 86** 12^, when the declina- 

* The instrument used, the manner of taking the altitude, its cor- 
rection for refraction, semi-diameter, and other practical or circum- 
stantial details, do not belong to a work »f thii kind, but to a work on 
practical Astronomy or Navigation. 
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tion of the sun was 8® 20' South. What was the appa- 
rent time ? An». 9* 42" 40 a. m. 

3. In latitude 21° 2' South, when the sun's declination 
was 18° 82' North, the true altitude, in the afternoon, 
was found to be 40° 8'. What was the apparent time 
of day ? Ans. 2* 3"* 57* p. m. 

SPHERICAL TRIGONOMETRY APPLIED TO GEOGRAPHY. 

If we wish to find the shortest distance between two 
places over the surface of the earth, when the dis- 
tance is considerable^ we must employ Spherical Trigo- 
nometry. 

Suppose the least distance between Rome and New 
Orleans is required ; we would first find the distance in 
degrees and parts of a degree, and then multiply that 
distance by the number of miles in one degree. 

In the solution of this problem, it is supposed that we 
have the latitude and longitude of both places. Then 
the distances, in degrees, from the north pole of the 
earth to Rome and to New Orleans are the two sides of 
a spherical triangle, the difference of longitude of the 
two places is the angle at the pole included between 
these sides, and the problem is, to determine the third 
side of a spherical triangle, when we have two sides and 
the included angle given. 

Let P be the north pole, B the position of Rome, and 
IT that of New Orleans. 

Lat. Long. 

New Orleans, 29" 57' 80" K 90* W. 

Rome, 41» 53' 54" N. 12° 28' 40" E. 

Whence, PR = 48° 6' 6", 

PN = 60° 2' 30". 

Angle NPR =• 102° 28' 40". 
82* 
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\ 
I 
1 
I 
I 



We now employ Na- 
pier's 1st and 2d Analo- 
gies, and find the dis- 
tance, in degrees, to be 
78^ 48' 15". This re- 
duced to miles, at the 
rate of 69.16 miles to 
the degree, will make 
the distance 5450.1 
miles. 

The angle at N is 
47° 48' 13" and at i2, 59° 
'34' 47". 

The third side of a spherical triangle can be found by 
a single formula, as we shall see by inspecting formulse 
(/y) Prop. 7, Sec. in. 

Let Q be the included angle, and c the unknown side 

opposite; then, 

cos.c — cos.a C08.6 




^^ 



COS. (7 = 



sin.a sin. 6 



Adding 1 to each member, and reducing, observing at 
the same time that 1 + cos. (7= 2cos.' J(7, we have, 

o ,1^7 sin.a sin.5 — co8.a cos.5 + cos.<? 

sin.a sin.6 

Whence, 2cos.' J(7 sin.a sin.5 = cos.e? — cos.(a + b) ; 
or, coB.c = cos.(a + b) + 2co8.' J(7 sin.a sin.5. 

The second member of this equation is the algebraic 
sum of two decimal flections, and expresses the value of 
the natural cosine of the side sought. 

This case of Spherical Trigonometry, namely, that in 
which two sides and the included angle are given, to 
find the third side, is very extensively used in practical 
astronomy, in finding the angular distance of the moon, 
from the sun, stars, and planets. For this purpose, the 
right ascension and declination of each body must be 
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found for the same moment of absolute time. Their 
diflference in right ascen- 
sion gives the included 
angle, P, at the celestial 
pole. The declination 
subtracted from 90°, if it 
be north, and added to 
90°, if it be south, will 
give the sides, PZ and 
PS. 

In the following exam- 
ples, we give the right 
ascension and declination 
of the bodies, and from 

these the student is required to compute the distance 
between them. 

The right ascensions are given in time. Their differ- 
ence must be changed to degrees for the included angle. 




MEAN TIME GREENWICH. 



June 24, 1860. 



MOON'S 


JUPITER'S 




R.A. 


Dec. 


B. A. 


Dee. 


Distanee. 


]i« in* 8« 


o / // 


h. m. 8. 


O t It 


O t It 


At noon, 10 51 36.5 


3 35 24 N. 


8 4 27.6 


20 51 36.8 N. 


44 8 12 


<« 8 h., 10 58 1 


2 47 43 


8 4 34.2 


20 51 17.8 


45 53 47 


« 8 h., 11 4 24.6 


1 59 56.2 


8 4 40.8 


20 50 58.7 


47 39 18 


« 9 h., 11 10 47.6 


1 12 6.1 


8 4 47.4 


20 50 39.6 


49 24 43 




Octolei 


^ 6, 1860. 




)iZ.X 


Dee. 


S.A. 


Dee. 


Diiiance. 


h. m. 8. 


O t 


h. m. 8. 


O 1 H 


O t It 


At noon, 5 41 20.8 


26 8 ON. 


12 49 29.8 


5 18 42.6 8. 


107 37 2 


*• Zh., 5 48 30.1 


26 3 20 


12 49 56.7 


5 21 85.4 


106 8 19 


<< 8 lu, 5 55 40 


25 57 19.4 


12 50 24.1 


5 24 28.2 


104 39 19 


« 9 h., 8 2 50.5 


25 49 58.1 


12 50 51.4 


5 27 20.9 


103 10 


«12h., 8 10 1.8 


25 41 15.8 


12 51 19.0 




5 80 18.5 


101 40 U 



880 SPHEBIOAL TRIGONOMETRY. 



SECTION VI. 



REGULAR POLYEDRONS. 

A Beggar Polyedron is a polyedron liaying all its fiuses equal 
and regular polygons, and all its polyedral angles equal. 

The snm of all the plane angles bounding any polyedral angle iB 
less than four right angles ; and as the angle of the equilateral tri- 
angle is I of a right angle, we have | x 3<4, | x 4<4, and | x 5<4; 
but I X 6=4, 1 X 7]>4, and so on. Hence, it follows that three, 
and only three, polyedral angles may be formed, having the equi- 
lateral triangle for faces; namely, a triedral angle and polyedral 
angles of four and of five faces. 

There are, therefore, three distinct regular polyedrons bounded 
by the equilateral triangle. 

1. The Tetraedron, having four faces and four solid angles. 

2. The Octaedron, having eight faces and six solid angles. 

3. The Icosaedron, having twenty faces and twenty solid angles. 
With right plane angles we can form only a triedral angle; hence, 

with equal squares we may bound a solid having six faces and eight 
equal triedral angles. This solid is called the HexaedroiL 

The angle of the regular pentagon being f of a right angle, wa 
have f X3<^4; but |x4>4; hence, with plane angles equal to 
those of the regular pentagon, we can form only a triedral angle. 
The solid bounded by twelve regular pentagons, and having twenty 
solid angles, is called the Dodecaedron. 

There are, then, but five regular polyedrons, viz. : The tetrctedhm, 
the octaedroriy and the icosaedron, each of which has the equilateral 
triangle for faces; the hexaedron, whose faces are equal squares, 
and the dodecaedron, whose faces are equal regular pentagons. 

It is obvious that a sphere may be circumscribed about, or in< 
scribed within, any of these regular solids, and conversely: and 
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diat these sph«ies will Have a common center^ wliiob may also be 
taken as the center of the polyedron. 

Any regular polyedron may be regarded as made np of a nnmber 
of regular p3rramids^ whose bases are severally the faces of the 
polyedron^ and whose common vertex is its center. Each of these 
pyramids will have^ for its altitude^ the radius of the inscribed 
sphere; and since the volume of the pyramid is measured by one 
third of the product of its base and altitude, it follows that the 
volume of any regular polyedron is measured by its surface multi- 
plied by one third of the radius of the inscribed sphere. 



PROBLEM. 

Given J the name of a regular polyedrony and the dde of the hound- 
ingpofygon^ to find the incUnatum of its faces; the radii of the in- 
tcribed and circumscribed spTieres ; the area of its surface; and its 
vohrni^. 

Let AB be the intersection of two adjacent faces of the polye- 
dron, and C and D the centers of these faces, being the center 
of the polyedron. Draw the radii, 
00 and OD, of the inscribed, and 
the radii OA and OB,of the circum- 
scribed sphere ; also from and D 
let fall the perpendiculars CE and 
DBy on the edge ABy and draw OE; 
then will the angle DEO measure 
the inclination of the faces of the 
polyedron, and the angle DEO is 
one half of this inclination. 

Let /denote the inclination of the 
ftoes, m the number of faces which 
meet to form a polyedral angle^ n the 
number of sides in each face, and 
suppose the edge of the polyedron to 
be uniiy. 

The surface of the sphere of which is the center, and radius 
unity, will form, by its intersections with the planes, AOE, AOD, 
DOEy the right-angled spherical triangle doe, right-angled at e. 
In tho right4uigled triangle DEO, the angle DOE b equal to 
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and is measured by the arc de. The angle dae^ of the spherical 
triangle, is equal to _ — y and the angle ade 



2m ' ° 2n 

Now, by Napier's Rules we have 

co&.d(ie ass sin.o^ cos.d«. 
cos.<fcr^ 



or 



; 



co8.& = °:""7; (1) 

sm. ooe 



and, . Gos.cuf as cot.t^ cotoKfe (2) 

Substituting in eq. (l),for the angles doe and ade^ their yalueSi 

we find 

cos.360^ 

2n 

Equation (3 ) gives the value of the sine of one half of the incli- 
nation of the planes ; and by means of this equation we may readily 
find the radii of the inscribed and circumscribed spheres. 

In the triangle BED, we have 

DE= BE cotBDE^ }cot. 5^, 

since AB = 1, and BE = iAB. 
In the triangle DOE, we have 

OD = DE tan. }i = }cot. ?^ tan.Ji (4) 

From the triangle A OD, we find 

eo8.D0A : 1 :: OD : OA 

whence OA = 

cos.Z>0^ 

But the angle DO A is measured by the arc ad; hence, substi- 
tuting in this last equation the values of co8,DOA and OD, taken 
from eqs. (2) and (4), we have 

360^ .. 1 .. 1 



OA = I tan.}7 cot. 



2n cot.360^ cot.360^ 



2m 2n 

^ tan.}/ tan. ?^, (5) 

2m 



by writing tan. for — , and reducing. 

cot. 
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Equation (4) gives the value of OD^ the radius of the inscribed 
sphere, and equation ( 5 ) gives that of OA^ the radius of the cir- 
cumscribed sphere. The area of one of the faces of the poljedron 
is equal to one half of the apothegm multiplied by the perimeter. 

The apothegm, as found above, is equal to } cot. ; hence, we 

2n 

octc\o 

have }n X } cot , for the area of one of the faces; and multi- 

plying this by the number of faces of the polyedron, we shall have 
the expression for its entire area. The expression for the surface 
multiplied by one third of the radius of the inscribed sphere, gives 
the measure of the volume of the polyedron. 

In what precedes, we have supposed the edge of the polyedron 
to be unity. Having found the radii of the inscribed and circum- 
scribed spheres, the surfaces, and the volumes of such polyedrons, 
to determine the radii, surfaces, and volumes of regular polyedrons 
having any edge whatever, we have merely to remember that the 
homologous dimensions of similar bodies are proportional; their 
surfaces are as the squares of these dimensions ; and their volumes 
as the cubes of the same. 

Formula ( 8 ) gives, for the inclination of the adjacent faces of 

The Tetraedron, 70° 31^ W^ 

" Hexaedron, 90*» 0(K (KX^ 

" Octaedron, 109*» 28^ W^ 

" Dodecaedron, 116° 33'' 54^^ 

" Icosaedron, 138° IV 23^^ 

The subjoined table gives the surfaces and volumes of the regulaf 
polyedrons, when the edge is unity. 

Surfaces. Volumes. 

Tetraedron, 1.7320508 0.1178513 

Hexaedron, 6.0000000 1.0000000 

Octaedron, 3.4641016 0.4714045 

Dodecaedron, 20.6457288 7.6631189 

Icosaedron, 8.6602540 2.1816950 
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NATURAL AND LOGARITHMIC 



SINES, COSINES, AND TANGENTS, 
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LOGARITHMS OF NUMBERS 



PROM 



1 TO 10000* 



N. 


Log. 


N. 


Log. 


N. 


Log. 


N. 


Log. 


1 


000000 


26 


1 414973 


61 


1 707670 


76 


1 880614 


2 


301030 


27 


1 431364 


62 


1 716003 


77 


1 886491 


3 


477121 


28 


1 447158 


53 


1 724276 


78 


1 892095 


4 


602030 


29 


1 462398 


64 


1 732394 


79 


1 897627 


6 


698970 


30 


1 477121 


66 


1 740363 


80 


1 903090 


6 


778151 


31 


1 491362 


56 


1 748188 


81 


1 908485 


7 


8450S)8 


32 


1 605150 


57 


1 756875 


82 


1 913814 


8 


903090 


33 


1 618614 


58 


1 763428 


83 


1 919078 


9 


954243 


34 


1 531479 


69 


1 770852 


84 


1 924279 


10 


1 000000 


35 


1 644068 


60 


1 778151 


86 


1 929419 


11 


1 041393 


36 


1 656303 


61 


1 786330 


86 


1 984496 


12 


1 079181 


37 


1 568902 


62 


1 792392 


87 


1 939519 


13 


1 113943 


38 


1 679784 


63 


1 799341 


88 


1 944483 


14 


1 146128 


39 


1 591065 


64 


1 806180 


89 


1 940390 


15 


1 176091 


40 


1 602060 


65 


1 812913 


90 


1 964243 


16 


1 204120 


41 


1 612784 


66 


1 819544 


91 


1 959041 


17 


1 230449 


42 


1 623249 


67 


1 826075 


92 


1 963788 


18 


1 255273 


43 


1 633468 


68 


1 832509 


93 


1 968483 


19 


1 278754 


44 


1 643453 


69 


1 838849 


94 


1 973128 


20 


1 301030 


45 


1 653213 


70 


1 845098 


95 


1 977724 


21 


1 322219 


46 


1 662578 


71 


1 851258 


96 


1 982271 


22 


1 342423 


47 


1 672098 • 


72 


1 857333 


97 


1 986772 


23 


1 361728 


48 


1 681241 


73 


1 863323 


98 


1 991226 


24 


1 380211 


49 


1 690196 


74 


1 869232 


99 


1 996635 


25 


1 397940 


60 


1 698970 


75 


1 875031 


100 


2 000000 



Note. In the following table, in the last nine columns of each page, where 
the first or leading figures change from 9's to O's, points or dots are now 
introduced instead of the 0*s through the rest of the line, to cutch the eye, 
and to indicate that from thence tiie corresponding natural number in 
the first column stands in the next loioer line, and its annexed first two 
figures of the Logarithms in the second column. 
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N. 





I 


2 


3 


4 
1734 


5 


6 


7 


8 


9 




100 


000000 


0434 


0868 


1301 


2166 


2598 


3029 


3461 


3891 




101 


4321 


4750 


5181 


5609 


6038 


6466 


6894 


7321 


7748 


8174 




102 


SoOi) 


9026 


9451 


9876 


.300 


.724 


1147 


1570 


1993 


2416 




103 


01-2837 


3259 


3680 


4100 


4521 


4940 


6360 


6779 


6197 


6616 




104 


7033 


7451 


7868 


8284 


8700 


9116 


9632 


9947 


.361 


.775 




105 


021189 


1603 


2016 


2428 


2841 


3262 


3664 


4075 


4486 


4896 




loa 


53U.> 


5715 


6125 


6533 


6942 


7350 


7757 


8164 


8671 


8978 




107 


9384 


9789 


.195 


.600 


1004 


1408 


1812 


2216 


2619 


3021 




108 


033424 


3826 


4227 


4628 


5029 


6430 


6830 


6230 


6629 


7028 




109 


7426 


7825 


8223 


8620 


9017 


9414 


9811 


.207 


.602 


.998 




110 


041393 


1787 


2182 


2676 


2969 


3362 


3755 


4148 


4540 


4932 




111 


5323 


5714 


6105 


6495 


6885 


7275 


7664 


8053 


8442 


8830 




112 


9218 


9606 


9993 


.380 


.766 


1153 


1538 


1924 


2309 


2694 




113 


053078 


3463 


3846 


4230 


4613 


4996 


6378 


6760 


6142 


6524 




114 


6905 


7286 


7666 


8046 


8426 


8805 


9186 


9563 


9942 


.320 




116 


030698 


1075 


1452 


1829 


2206 


2582 


2958 


3333 


3709 


4083 




116 


4458 


4832 


5203 


5580 


5953 


6326 


6699 


7071 


7443 


7815 




117 


8186 


8557 


8928 


9298 


9668 


..38 


.407 


.776 


1145 


1614 




118 


071882 


2250 


2617 


2985 


3362 


3718 


4085 


4451 


4816 


6182 




119 


5547 


6912 


6276 


6640 


7004 


7368 


7731 


8094 


8457 


8819 




120. 


9181 


9543 


9904 


.266 


.626 


.987 


1347 


1707 


2067 


2426 




121 


082785 


3144 


3503 


3861 


4219 


4676 


4934 


6291 


5647 


6004 




122 


6360 


6716 


7071 


7426 


7781 


8136 


8490 


8845 


9198 


9562 




123 


9905 


.258 


.611 


.963 


1315 


1667 


2018 


2370 


2721 


3071 




124 


093422 


3772 


4122 


4471 


4820 


6169 


5518 


6866 


6215 


6562 




125 


6910 


7257 


7604 


7951 


8298 


8644 


8990 


9336 


9681 


1026 




126 


100371 


0715 


1059 


1403 


1747 


2091 


2434 


2777 


3119 


34(i2 




127 


3804 


4146 


4487 


4828 


6169 


5510 


5851 


6191 


6531 


6871 




128 


7210 


7»49 


7888 


8227 


8565 


8903 


9241 


9579 


9916 


.263 




129 


110590 


0926 


1263 


1699 


1934 


2270 


2606 


2940 


3275 


3609 




130 


3943 


4277 


4611 


4944 


5278 


5611 


6943 


6276 


6608 


6940 




131 


7271 


7603 


7934 


82G5 


8595 


8926 


9256 


958(J 


9915 


0245 




132 


120574 


0903 


1231 


1560 


1888 


2216 


2644 


2871 


3198 


3525 




133 


3852 


4178 


4504 


4830 


5166 


5481 


5806 


6131 


6456 


6781 




134 


7105 


7429 


7753 


8076 


8399 


8722 


9045 


9368 


9690 


..12 




135 


130334 


0655 


0977 


1298 


1619 


1939 


2260 


2580 


2900 


3219 




136 


3539 


3858 


4177 


4496 


4814 


6133 


5451 


67()9 


()086 


6403 




137 


6721 


7037 


7354 


7671 


7987 


8303 


8618 


8934 


9249 


95(>4 




138 


9879 


.194 


.508 


.822 


1136 


1450 


1763 


2076 


2389 


2702 




139 


143015 


3327 


3630 


3951 


4263 


4574 


4885 


5196 


5507 


6818 




140 


6128 


6438 


6748 


7058 


7367 


7676 


7985 


8294 


8603 


8911 




141 


9219 


9527 


9835 


.142 


.449 


.766 


1063 


1370 


1676 


1982 




142 


152288 


2694 


2900 


c205 


C610 


3816 


4120 


4424 


4728 


5032 




143 


5336 


5640 


6943 


6246 


6549 


6852 


7154 


7457 


7759 


8061 




144 


8362 


8064 


89C5 


9266 


1567 


9868 


.168 


.469 


.769 


1068 




145 


161368 


1667 


1967 


22()6 


2564 


2863 


3161 


34(:0 


3758 


4055 




146 


4253 


4650 


4947 


5244 


5541 


C838 


6134 


6430 


6726 


70-^2 




147 


7317 


7613 


7908 


8203 


8497 


8792 


9086 


9380 


9674 


99()8 




148 


170C62 


0555 


0848 


1141 


1434 


1726 


2019 


2311 


2()03 


2895 




149 


3186 


3478 


3769 


4060 


4351 


4641 


4932 


5222 


5512 


5802 I 


k 
















1 


S ^ A 



18 



I 
6 


LOGARITHMS 


N. 





1 


2 


3 4 


6 6 


7 


8 


9 


260 


397940 


8114 


8287 


8461 


8634 


8806 


8981 


9164 


9328 


9501 


261 


9674 


9847 


..20 


.192 


.366 


.638 


.711 


.883 


1056 


1228 


262 


401401 


1573 


1745 


1917 


2089 


2261 


2433 


S605 


2777 


2949 


263 


3121 


32*)2 


3464 3636 


3807 


3978 


4149 


4320 


4492 


4663 


264 


4834 


6005 


5176 5346 


5517 


5688 


5868 


6029 


6199 


6370 












171 












256 


6540 


6710 


6881 


7051 


7221 


7391 


7561 


7731 


7901 


8070 


266 


8240 


8410 


8579 


8749 


8918 


9087 


9257 


9426 


9595 


9764 


267 


9933 


.102 


.271 


.440 


.609 


.777 


.946 


1114 


1283 


1451 


268 


411620 


1788 


1953 


-.124 


-.293 


2461 


•:6-29 


2796 


2964 


3132 


269 


3300 


3467 


3635 


3803 


£970 


4137 


4305 


4472 


4639 


4806 


260 


4973 


5140 


6307 


.'474 


6641 


5808 


5974 


6141 


6308 


6474 


261 


6641 


6807 


6973 


7139 


'i30o 


-|472 


7638 


7804 


7970 


8136 


262 


8301 


fc467 


8633 


8798 


8964 


S129 


9295 


9460 


9626 


9791 


263 


9966 


.121 


.286 


.451 


.616 


.781 


.946 


1110 


1275 


1439 


264 


421604 


1788 


1933 


t:097 


2261 


2426 


2690 


2764 


2918 


3082 


265 


3246 


3410 


3574 


3737 


3901 


4065 


4228 


4392 


4555 


4718 


26<> 


4882 


6046 


6208 


c371 


j:634 


5697 


6860 


6023 


6186 


6349 


267 


6611 


6674 


6836 


6999 


7161 


7324 


7486 


7648 


7811 


7973 


268 


8136 


8297 


8469 


8621 


8783 


8944 


9106 


9268 


9429 


9591 


269 


9762 


9914 


..76 


.236 


.398 


.669 


.720 


.881 


1042 


1203 


270 


431364 


1526 


1686 


1846 


2007 


2167 


2328 


2488 


2649 


2809 


271 


2969 


3130 


3-290 


3450 


3610 


3770 


3930 


4090 


4249 


4409 


272 


4569 


4729 


4888 


5048 


5207 


5367 


5526 


6685 


6844 


6004 


273 


6163 


6322 


6481 


6640 


6800 


6967 


7116 


7276 


7433 


7592 


274 


7751 


7909 


80J7 


8226 


8384 
158 


8642 


8701 


8869 


9017 


9176 


276 


9333 


9491 


964S 


9806 


r/964 


.122 


.279 


.437 


.594 


.752 


276 


440909 


1056 


1224 


1381 


1538 


1696 


1852 


2009 


2166 


^^323 


277 


2480 


2637 


2793 


2950 


3103 


3263 


3419 


3576 


3732 


3839 


278 


4046 


4201 


4357 


4513 


4669 


4826 


4981 


5137 


6293 


6449 


279 


6604 


5760 


5916 


6071 


6226 


6382 


6637 


6692 


6848 


7003 


280 


7158 


7313 


7468 


7623 


7778 


7933 


8088 


8242 


8397 


8552 


281 


8701) 


8861 


9016 


9170 9324 


9478 


9633 


9787 


9941 


.95 


282 


450249 


0403 


0557 


0711 0865 


1018 


1172 


1326 


1479 


1633 


283 


1786 


1940 


2093 


•2247 


2400 


2653 


2706 


2859 


3012 


3165 


284 


3318 


34 a 


3(i24 


3777 


3930 


4082 


4235 


4387 


4640 


4692 


2-6 


4845 


4997 


5150 


5302 


5454 


5603 


5758 


5910 


6062 


6214 


286 


6366 


6518 


6670 


6821 


6973 


7126 


.276 


7428 


7579 


7731 


287 


7882 


8033 


8184 


8336 


8487 


8638 


8789 


8940 


9091 


9242 


288 


9392 


9543 


9ftJ4 


9845 


9995 


.146 


.296 


.417 


.59/ 


.748 


289 


400898 


1048 


1198 


1348 


1499 


L649 


1799 


1948 


2098 


2248 


290 


2398 


2548 


2697 


2847 


2997 


3146 


3296 


3445 


3594 


3744 


291 


3893 


4042 4191 


4340 


4490 


4639 


4788 


4936 


5086 


5234 


292 


5383 


6532 


5680 


6829 


6977 


6126 


6274 


6423 


6671 


6719 


293 


6868 


7016 


7164 


7312 


7460 


7608 


7756 


7904 


8052 


8200 


294 


8347 


8495 


S643 


8790 


8938 
147 


9085 


9233 


9380 


9627 


9676 


295 


9822 


9969 


.116 


.263 


.410 


.567 


.704 


.851 


.998 


1146 


29o 


4? 1292 


1438 


1585 


1732 


1878 


2025 


2171 


2318 


£464 


2610 


297 


2766 


2903 


3049 


3196 


3341 


3487 


3633 


3779 


£925 


4071 


2:)H 


4216 


4362 


4508 


4653 


4799 


4944 


5090 


5236 


6381 


6626 


299 


6671 


5816 


6962 


6107 


6252 


6397 


6642 


6687 


6832 


6976 



OF NUMBERS. 7 


N. 





I 


2 


3 


4 


6 


6 


7 
8133 


8 


9 


300 


477121 


7266 


7411 


7555 


7700 


7844 


7989 


8278 


8422 


301 


8666 


8711 


8855 


8999 


9143 


9287 


9481 


9675 


9719 


9863 


302 


480007 


0151 


0294 


0438 


0582 


07i5 


0869 


1012 


1156 


1299 


303 


1443 


1586 


1729 


1872 


2016 


2159 


2302 


2445 


2588 


2731 


304 


2874 


3016 


3159 


33(^2 


3445 
142 


3587 


3730 


3872 


4015 


4157 


305 


4300 


4442 


4585 


4727 


4869 


6011 


5153 


5296 


5437 


5579 


305 


6721 


5863 


6005 


6147 


6289 


6430 


6572 


6714 


6855 


6997 


307 


7138 


7280 


7421 


7563 


7704 


7845 


7986 


8127 


8269 


8410 


303 


8551 


8692 


8833 


8974 


9114 


9265 


9396 


9537 


9667 


9818 


309 


9959 


..99 


.239 


.380 


.52 J 


.661 


.801 


.941 


1081 


1222 


310 


491362 


1502 


1642 


1782 


1922 


2062 


2201 


2341 


2481 


2621 


311 


2760 


2900 


3040 


3179 


3319 


3458 


3597 


3737 


3876 


4015 


312 


4155 


4294 


4433 


4572 


4711 


4850 


4989 


5128 


6^67 


5406 


313 


5544 


6683 


6822 


5960 


e099 


6238 


6376 


(»515 


6(53 


6791 


314 


6930 


7068 


7206 


7344 


7483 


7621 


7759 


7897 


8035 


8173 


315 


8311 


8448 


F586 


8724 


8862 


8999 


9137 


L275 


94:2 


9650 


316 


9687 


9824 


99u2 


..99 


.236 


.374 


.511 


.648 


.785 


.922 


317 


501059 


1196 


1333 


1470 


1607 


1744 


1880 


i0I7 


C154 


2291 


318 


2427 


2564 


2700 


2837 


2973 


3109 


3246 


3382 


3518 


3655 


319 


3791 


3927 


4Jo3 


4199 


4335 


4471 


4007 


47^3 


1878 


5014 


320 


6160 


5283 


6421 


5557 


5693 


6828 


5964 


609) 


r234 


6370 


321 


6505 


6640 


0776 


6911 


7046 


7181 


7316 


7451 


7586 


7721 


322 


7856 


7991 


812J 


8260 


8395 


8530 


8664 


8799 


8934 


9008 


323 


9203 


9337 


9471 


96J(> 


9/40 


9874 


• • » 47 


.143 


.277 


.411 


324 


510345 


0679 


0S13 


0947 


1081 
134 


1215 


13.9 


1482 


1616 


1750 


326 


1883 


2017 


2151 


2284 


2418 


2651 


2684 


2818 


2951 


3034 


326 


3218 


3351 


3484 


3617 


3750 


3883 


401> 


4149 


4282 


4414 


327 


4548 


4681 


4813 


4946 


5079 


L211 


.534i 


5476 


5609 


5741 


328 


6874 


6006 


6139 


6271 


6403 


1635 


6668 


6800 


6932 


70o4 


329 


7196 


7328 


7460 


7592 


7724 


i855 


7987 


8119 


8251 


8382 


330 


8614 


8646 


8777 


8909 


9040 


9171 


9303 


9434 


9566 


9097 


331 


9828 


9959 


..90 


.221 


.353 


.484 


.615 


.745 


.876 


1007 


332 


621138 


1269 


1400 


1530 


1661 


1792 


1922 


2053 


2183 


2314 


333 


2444 


2575 


2705 


2835 


2966 


3096 


3226 


3356 


3486 


3616 


334 


3746 


3876 


4006 


4136 


4266 


4396 


4526 


4656 


4785 


4915 


336 


6045 


6174 


6304 


5434 


5563 


6693 


5822 


5951 


6081 


6210 


336 


6339 


6469 


6598 


6727 


6856 


6985 


7114 


7243 


7372 


7oOl 


337 


7630 


7769 


7888 


8016 


8145 


8274 


8402 


8531 


8660 


8788 


338 


8917 


9045 


9174 


9302 


9430 


9559 


9687 


9815 


9943 


..72 


339 


630200 


0328 


0456 


0584 


0712 


0840 


0968 


1096 


1223 


lo51 


340 


1479 


1607 


1734 


1862 


1960 


2117 


2245 


2372 


2500 


2627 


341 


2754 


2882 


3009 


3136 


3264 


3391 


3618 


3645 


3772 


3899 


342 


4026 


4153 


4280 


4407 


4534 


4661 


4787 


4914 


6041 


6167 


343 


6294 


6421 


5547 


6674 


5800 


5927 


6053 


6180 


6306 


6432 


344 


6668 


6686 


6811 


6937 


7060 
129 


7189 


7315 


7441 


7667 


7693 


346 


7819 


7945 


8071 


8197 


8322 


8448 


8574 


8699 


8825 


8951 


346 


. 9076 


9202 


9327 


9452 


9578 


9703 


9829 


9954 


..79 


.204 


347 


640329 


0456 


0580 


0706 


0830 


0956 


1080 


1205 


1330 


1454 


848 


1679 


1704 


1829 


1953 


2078 


2203 


2327 


2452 


2576 


2701 


849 


2826 


2960 


3074 


3199 


3323 3447 


3671 


3696 


3820 


3944 1 



. e 






LOGARITHMS 






xN. 





1 
4192 


2 


3 


4 


6 


6 


7 


8 


9 


350 


544068 


4316 


4440 


4664 


4688 


4812 


4936 


5060 


5183 


351 


5307 


6431 


6565 


5378 


6805 


6926 


6049 


6172 


6296 


6419 


3512 


6543 


6666 


6789 


6913 


7036 


7159 


7282 


7405 


7529 


7662 


353 


7775 


7898 


8021 


8144 


8267 


8389 


8512 


8635 


8758 


8881 


354 


9003 


9126 


9249 


9371 


9494 

122 

0717 


9616 


9739 


9861 


9984 


.196 


355 


560228 


0351 


0473 


0695 


0840 


0962 


1064 


1206 


1328 


356 


1450 


1572 


1694 


1816 


1938 


2060 


2181 


2303 


2425 


2547 


357 


2668 


2790 


2911 


3033 


3165 


3276 


3393 


8519 


3640 


3762 


358 


3883 


4004 


4126 


4247 


4368 


4489 


4610 


4731 


4852 


4973 


359 


6094 


6215 


6346 


5467 


6578 


5699 


5820 


6940 


6061 


6183 


360 


6303 


6423 


6544 


6664 


6785 


6905 


7026 


7146 


7267 


7387 


361 


7507 


7627 


7748 


7868 


7988 


8108 


8228 


8349 


8469 


8689 


362 


8709 


8829 


8948 


9068 


9188 


9303 


9428 


9548 


9667 


9787 


363 


9907 


.26 


.146 


.266 


.386 


.604 


.624 


.743 


.863 


.982 


364 


661101 


U21 


1340 


1469 


1578 


1698 


1817 


1936 


2066 


2173 


365 


2293 


2412 


2531 


2660 


2769 


2887 


3006 


3125 


3244 


3362 


366 


3481 


3600 


3718 


3837 


3955 


4074 


4192 


4311 


4429 


4648 


367 


4666 


4784 


4903 


6021 


6139 


5267 


5376 


6494 


6612 


6730 


368 


6848 


6966 


6084 


6202 


6320 


6437 


6666 


6673 


6791 


6909 


369 


7026 


7144 


7262 


7379 


7497 


7614 


7732 


7849 


7967 


8064 


370 


8202 


8319 


8436 


8564 


8671 


8788 


8906 


9023 


9140 


9257 


371 


9374 


9491 


9608 


9726 


9882 


9959 


..76 


.193 


.309 


.426 


372 


67U543 


0660 


0776 


0893 


1010 


1126 


1243 


1369 


1476 


1592 


373 


1709 


1825 


1942 


2068 


2174 


2291 


2407 


262£ 


2639 


2756 


374 


2872 


2988 


3104 


3220 


3336 
116 


3462 


3568 


3F,j4 


3800 


C916 


375 


4031 


4147 


4263 


4379 


4494 


4610 


4726 


4841 


4957 


6072 


376 


5188 


6303 


6419 


6534 


5660 


6766 


5880 


6996 


6111 


6226 


377 


63 11 


6467 


6672 


6687 


6802 


6917 


7032 


7147 


7262 


7377 


378 


7492 


7607 


7722 


7836 


7951 


8066 


8181 


8295 


8410 


8525 


379 


8639 


8754 


8868 


8983 


9097 


9212 


9326 


9441 


9655 


9669 


380 


9784 


9898 


..12 


• 

.126 


.241 


.356 


.469 


.583 


.697 


.811 


381 


680925 


1039 


1153 


1267 


1381 


1495 


1608 


1722 


1836 


1950 


382 


20o3 


2177 


2291 


2404 


2518 


2631 


2746 


1858 


2972 


3085 


383 


3199 


3312 


3426 


3639 


3652 


3766 


3879 


J992 


4105 


4218 


384 


4331 


4444 


4567 


4670 


4783 


4896 


5009 


1)122 


6236 


6348 


386 


54G1 


6574 


5686 


5799 


6912 


6024 


6137 


r.260 


6362 


6476 


386 


6687 


6700 


6812 


6926 


7037 


7149 


7262 


7374 


7486 


7599 


387 


7711 


7823 


7935 


8047 


8160 


8272 


8384 


8496 


8608 


8720 


388 


8832 


8944 


9056 


9167 


9279 


9391 


9503 


9616 


9726 


9834 


389 


9960 


..61 


.173 


.284 


.396 


.607 


.619 


.730 


.842 


.963 


390 


691065 


1176 


1287 


1399 


1510 


1621 


1732 


1843 


1966 


2066 


391 


2177 


2288 


2399 


2610 


2621 


2732 


2843 


2964 


3064 


3175 


39-2 


3286 


3397 


3508 


3618 


3729 


3840 


3950 


4061 


4171 


4282 


393 


4393 


4603 


4614 


4724 


4834 


4945 


6056 


6166 


5276 


6386 


394 


5496 


5603 


5717 


6827 


6937 
110 


6047 


6157 


6267 


6377 


6487 


395 


f697 


6707 


6817 


6927 


7037 


7146 


7256 


7366 


7476 


7586 


396 


7695 


7805 


7914 


8024 


8134 


8243 


8353 


8462 


8572 


8681 


397 


8791 


8900 


9009 


9119 


9228 


9337 


9446 


L656 


9666 


9774 


398 


f*883 


9992 


.101 


.210 


.319 


.428 


.637 


.646 


765 


.864 


899 


600973 


1082 


1191 


1299 


1408 


1517 


1625 


1734 


1843 


1951 









OF NUMBERS. 




9 




N. 





1 


3 


8 


4 


5 


6 


7 


8 


9 




400 


602050 


3169 


2277 


3386 


2494 


2603 


3711 


2819 


2928 


3036 




401 


3144 


3253 


3361 


3469 


3673 


3686 


3794 


3902 


4010 


4118 




403 


4236 


4334 


4442 


4550 


4668 


4766 


4874 


4982 


5089 


5197 




408 


5803 


5413 


5521 


5638 


5736 


6844 


5951 


6059 


6166 


6274 




404 


6381 


6489 


6596 


6704 


6811 

108 


6919 


7026 


7133 


7241 


7348 




405 


7455 


7662 


7669 


7777 


7884 


7991 


8098 


8205 


8312 


8419 




406 


8536 


8633 


8740 


8847 


8954 


9061 


9167 


9274 


9381 


9488 




407 


9594 


9701 


9808 


9914 


..21 


.128 


.234 


.341 


.447 


.664 




408 


610360 


0767 


0873 


0979 


1086 


1192 


1298 


1405 


1611 


1617 




409 


1733 


1839 


1936 


3043 


2148 


2264 


2360 


2466 


2672 


2678 




410 


3784 


3890 


2996 


8103 


3207 


3813 


3419 


3525 


3630 


3736 




411 


3843 


3947 


4053 


4159 


4264 


4370 


4475 


4681 


4686 


4792 




413 


4897 


5003 


6108 


6318 


6319 


5424 


5529 


5634 


6740 


5846 




413 


5950 


6055 


6160 


6366 


6370 


6476 


6681 


6686 


6790 


6895 




414 


7000 


7105 


7210 


7315 


7420 


7526 


7629 


7734 


7839 


7943 




416 


8048 


8153 


8267 


8363 


8466 


8571 


8676 


8780 


8884 


8989 




416 


9393 


9)98 


9302 


9406 


9511 


9615 


9719 


9824 


9928 


..32 




417 


630136 


0340 


0344 


0448 


0562 


0666 


0760 


0864 


0968 


1072 




418 


1176 


1380 


1384 


1488 


1582 


1696 


1799 


1903 


2007 


2110 




419. 


3314 


3318 


2421 


3635 


2628 


2732 


2836 


2939 


3042 


3146 




430 


8349 


3353 


8466 


8569 


3663 


3766 


3869 


3973 


4076 


4179 




431 


4383 


4386 


4488 


4591 


4695 


4798 


4901 


5004 


6107 


5210 




433 


5313 


5415 


5518 


6631 


6724 


6827 


5929 


6032 


6136 


6238 




433 


6340 


6443 


6546 


6648 


6751 


6853 


6956 


7068 


7161 


7263 




434 


7366 


7468 


7571 


7673 


7776 
103 


7878 


7980 


8082 


8185 


8287 




435 


8389 


8491 


8593 


8695 


8797 


8900 


9002 


9104 


9206 


S308 




436 


9410 


9513 


9613 


9715 


9817 


9919 


..21 


.123 


.224 


.326 




437 


630438 


0530 


0631 


0733 


0836 


0936 


1038 


1139 


1241 


1342 




438 


1444 


1545 


1647 


1748 


1849 


1961 


2062 


2163 


2266 


2366 




439 


3457 


3559 


2660 


3761 


2862 


2963 


3064 


3166 


3266 


3367 




430 


3468 


3569 


3670 


3771 


8872 


3978 


4074 


4176 


4276 


4376 




431 


4477 


4578 


4679 


4779 


4880 


4981 


5081 


6182 


6283 


5383 




433 


5484 


5684 


5685 


5785 


6886 


5986 


6087 


6187 


6287 


6388 




433 


6488 


6588 


6688 


6789 


6889 


6989 


7089 


7189 


7290 


7390 




434 


7490 


7590 


7690 


7790 


7890 


7990 


8090 


8190 


8290 


8389 




435 


8489 


8589 


8689 


8789 


8888 


8988 


9088 


9188 


9287 


9387 




436 


9486 


9586 


9686 


9785 


9886 


9984 


..84 


.183 


.283 


.382 




437 


640481 


0581 


0680 


0779 


0879 


0978 


1077 


1177 


1276 


1376 




438 


1474 


1573 


1672 


1771 


1871 


1970 


2069 


2168 


2267 


2366 




439 


3465 


3563 


2662 


3761 


2860 


2959 


3058 


3166 


3265 


3364 




440 


3453 


3561 


3650 


3749 


3847 


3946 


4044 


4143 


4242 


4340 




441 


4439 


4537 


4636 


4734 


4832 


4931 


5029 


5127 


5226 


6324 




443 


5423 


5521 


5619 


5717 


6815 


5913 


6011 


6110 


6208 


6306 




443 


6404 


6503 


6600 


6698 


6796 


6894 


6992 


70S9 


7187 


7286 




444 


7383 


7481 


7579 


7676 


7774 

93 

8750 


7872 


7969 


8067 


8165 


8262 




445 


8360 


8458 


.8556 


8653 


8848 


8945 


9043 


9140 


9237 




446 


9335 


9433 


9530 


9627 


9724 


9821 


9919 


..16 


.113 


.210 




447 


650308 


0405 


0502 


0599 


0696 


0793 


0890 


0987 


1084 


1181 




448 


1378 


1875 


1472 


1569 


1666 


1762 


1869 


1956 


2053 


2160 




449 


8346 


3343 


3440 


2530 


2633 


3730 


3836 


3923 


3019 


3116 I 
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10 


LOGARITHMS 




N. 





1 


o 


3 


4 


6 


6 


7 


8 


9 


450 


653*213 


3309 


3405 


3502 


3598 


3695 


3791 


3888 


3984 


4080 


451 


4177 


4273 


43<»9 


4465 


4o(>'2 


4658 


4754 


4860 


4946 


6043 


45-2 


5138 


5235 


5331 


6427 


65*26 


6619 


6716 


6810 


6906 


6003 


453 


6098 


6194 


6*290 


6386 


G482 


6577 


6673 


6769 


6864 


6960 


464 


7056 


7152 


7*247 


7343 


7438 

96 

8393 


7634 


7629 


7726 


7830 


7916 


455 


SOU 


8107 


8*202 


8298 


8488 


8684 


8679 


8774 


8S70 


456 


8965 


9U60 


i*155 


9-250 


9346 


9441 


(;636 


9631 


9736 


9831 


457 


*>!>lo 


..11 


.1«> 


.201 


.296 


.391 


.486 


.681 


.676 


.771 


458 


660S65 


0960 


1055 


1150 


1245 


1339 


1434 


16-29 


1633 


1716 


459 


1813 


1907 


2002 


2096 


2191 


2286 


3380 


3476 


3668 


2663 


460 


2758 


2852 


2947 


3041 


3135 


3230 


3334 


a418 


3613 


3607 


461 


3701 


37t>5 


aS89 


3983 


4078 


4172 


4266 


4360 


4454 


4648 


46*2 


4(>42 


473{> 


48:0 


49-24 


6018 


6112 


6-206 


6299 


6393 


6487 


463 


5581 


56.5 


57i)9 


6862 


6956 


6050 


6143 


6-237 


6331 


6434 


464 


6518 


6612 


6705 


6799 


6892 


6966 


7079 


7173 


7366 


7360 


465 


7453 


7546 


7640 


7733 


7826 


7920 


8013 


8106 


8199 


8393 


466 


8386 


8479 


8572 


8665 


8759 


8852 


8945 


9038 


9131 


9334 


467 


9ol7 


9410 


9503 


9596 


9689 


9782 


9876 


9967 


..60 


.163 


468 


6;0-241 


0339 


0431 


05*24 


0617 


0710 


0603 


0695 


0968 


1060 


469 


1173 


1265 


1358 


1451 


1643 


1636 


1728 


1831 


1913 


3006 


470 


2098 


2190 


2283 


2375 


2467 


2560 


2662 


3744 


2836 


2929 


471 


30-21 


3113 


3205 


3297 


3390 


3482 


3574 


3666 


3768 


3860 


473 


394-2 


4034 


41*26 


4218 


4310 


4402 


4494 


4686 


4677 


4769 


473 


48<)1 


4953 


5045 


5137 


62*28 


63-20 


6412 


6503 


6696 


6687 


474 


5778 


5870 


5962 


6053 


6145 

91 

7059 


6236 


63-28 


6419 


6611 


6603 


475 


6694 


6785 


6876 


6968 


7151 


7242 


7333 


7424 


7616 


476 


7607 


7698 


7789 


7881 


7972 


8063 


8154 


8246 


8336 


8427 


477 


8518 


8609 


8700 


8791 


8882 


8972 


9064 


9165 


9-246 


9337 


478 


94-28 


9519 


9610 


9700 


9791 


9682 


9973 


..63 


.154 


.845 


479 


680336 


0426 


0517 


0607 


0698 


0789 


0879 


0970 


1060 


1161 


480 


1241 


1332 


1422 


1513 


1603 


1693 


1784 


1874 


1964 


3066 


481 


2145 


2235 


*23*26 


-2416 


2506 


2696 


2686 


2777 


2867 


2967 


48-2 


3047 


3137 


3-227 


3317 


3407 


3497 


3587 


3677 


3767 


3867 


483 


3947 


4037 


41-27 


4217 


4307 


4396 


4486 


4676 


4666 


4766 


484 


4854 


4935 


50-25 


5114 


6*204 


6*294 


6383 


6473 


6663 


6662 


485 


5742 


5831 


5921 


6010 


6100 


6189 


6*279 


6368 


6468 


6647 


486 


663(1 


6726 


6815 


6904 


6994 


7083 


7172 


7*261 


7361 


7440 


487 


76-29 


7618 


7707 


7796 


7886 


7976 


8064 


8153 


8242 


8331 


488 


84-20 


8509 


8598 


8687 


8776 


8865 


8953 


9042 


9131 


9-220 


489 


9309 


9398 


9486 


9575 


9664 


9753 


9841 


9930 


..19 


.107 


490 


690193 


0285 


0373 


0362 


0550 


0639 


0728 


0816 


0905 


0993 


491 


h;81 


1170 


1-258 


1347 


1435 


15*24 


lb 12 


liOO 


1789 


1877 


49*2 


1«65 


2053 


2142 


*2230 


•2318 


•2406 


2494 


•2583 


-2671 


-2769 


493 


2847 


2935 


3(>-23 


3111 


3199 


3-287 


3375 


3463 


3561 


3639 


494 


b727 


3815 


3903 


3991 


4078 

88 

4956 


4166 


4254 


4342 


443(t 


4517 


495 


460') 


1 
4<i93 47SI 


4868 


5044 


5131 


6210 


6307 


6394 


49v> 


548-2 


55»>9 5i»5 i 


5744 


5832 


5919 


6007 


6ttM 


6182 


6269 


4J»7 


t>35() 


5444 


Uool 


6618 


6706 


6793 


6880 


6968 


7056 


7142 


498 


7229 


7317 


7404 


7491 


7578 


7666 


7762 


7839 


7926 


8014 


4»9 


8101 


8188 


8276 


8362 


8449 


8636 


8623 


8709 


8796 


8b88 









OF NUMBERS. 


11 




N. 





1 


2 


3 


4 


5 


6 


7 


8 


9 




600 


698970 


9057 


9144 


9231 


9317 


9404 


9491 


9578 


9664 


9751 




601 


9838 


9924 


..11 


r.98 


.184 


.271 


.368 


.444 


.531 


.617 




603 


700704 


0790 


0877 


0963 


1050 


1136 


1222 


1309 


1395 


1482 




608 


1668 


1654 


1741 


1827 


1913 


1999 


2086 


2172 


2258 


2344 




604 


2431 


2517 


2603 


2C89 


2775 

86 

3635 


2861 


2947 


3033 


3119 


3205 




605 


3291 


3377 


3463 


3549 


3721 


3807 


3895 


3979 


4065 




603 


4151 


4236 


4322 


4408 


4494 


4579 


4665 


4761 


4837 


4922 




607 


5003 


5094 


5179 


5265 


5360 


5436 


6522 


5607 


5693 


6778 




608 


6864 


5949 


6035 


6120 


6206 


6291 


6376 


6462 


6547 


6632 




609 


6718 


6803 


6888 


6974 


7059 


7144 


7229. 


7316 


7400 


7485 




610 


7570 


7655 


7740 


7826 


7910 


7996 


8081 


8166 


8251 
9100 


8336 




611 


8421 


8506 


8691 


8676 


8761 


8846 


.8931 


9016 


9185 




612 


9270 


9355 


9440 


9524 


9609 


9694 


9779 


9863 


9948 


..33 




613 


710117 


0202 


0287 


0371 


0466 


0540 


0625 


0710 


0794 


0879 




614 


0963 


1048 


1132 


1217 


1301 


1385 


1470 


1664 


1639 


1723 




615 


1807 


1892 


1976 


2030 


2144 


2229 


2313 


2397 


2481 


2566 




616 


2650 


2734 


2818 


2902 


2986 


3070 


3154 


3238 


3326 


3407 




617 


3491 


8575 


3659 


3742 


3826 


3910 


3994 


4078 


4162 


4246 




618 


4330 


4414 


4497 


4581 


4665 


4749 


4833 


4916 


5000 


5064 




619 


5167 


5251 


6335 


6418 


6502 


6686 


5d69 


5763 


5836 


5920 




620 


6003 


6087 


6170 


6254 


6337 


6421 


6504 


6688 


6671 


6764 




621 


6838 


6921 


7004 


7088 


7171 


7264 


7338 


7421 


7604 


7687 




522 


7671 


7754 


7837 


7920 


8003 


8086 


8169 


8263 


8336 


8419 




623 


8602 


8585 


8668 


8751 


8834 


8917 


9000 


9083 


9166 


9248 




624 


9331 


9414 


9497 


9680 


9663 

82 

0490 


9746 


9828 


9911 


9994 


..77 




626 


720159 


0242 


0325 


0407 


0673 


06-6 


0738 


0821 


0903 




526 


0986 


1068 


1161 


1233 


1316 


1398 


1481 


1663 


1646 


1728 




627 


1811 


1893 


.975 


2068 


2140 


2222 


2305 


2387 


2469 


2562 




628 


2634 


2718 


2798 


2881 


2963 


3045 


3127 


3209 


3291 


3374 




629 


3456 


3538 


3620 


3702 


3784 


3866 


3948 


4030 


4112 


4191 




630 


4276 


4358 


4440 


4522 


4604 


4686 


4767 


4849 


4931 


5013 




631 


5095 


5176 


5258 


6340 


5422 


5603 


6685 


5667 


5748 


6830 




632 


5912 


5993 


6075 


6156 


6238 


6320 


6401 


6483 


6664 


6646 




633 


6727 


6809 


6890 


6972 


7063 


7134 


7216 


7297 


7379 


7460 




634 


7641 


7623 


7704 


7785 


7866 


7948 


8029 


8110 


8191 


8273 




636 


8354 


8435 


8516 


8597 


8678 


8769 


8841 


8922 


9003 


9084 




636 


9165 


9248 


9327 


9403 


9489 


9570" 


96bl 


9732 


9813 


9893 




637 


9974 


..55 


.136 


.217 


.298 


.378 


.469 


.440 


.621 


.702 




638 


730782 


0863 


0944 


1024 


1105 


1186 


1266 


1347 


1428 


1508 • 




639 


1589 


1669 


1750 


1830 


1911 


1991 


2072 


2162 


2233 


2313 




540 


2394 


2474 


2565 


2636 


2716 


2796 


2876 


2956 


3037 


3117 




641 


3197 


3278 


3368 


3438 


3518 


3698 


3679 


3769 


3839 


3919 




642 


3999 


4079 


4160 


4240 


4320 


4400 


4480 


4560 


4640 


4720 




643 


4-00 


4S80 


49G0 


6040 


6120 


6200 


5279 


5359 


6439 


6619 




644 


5^99 


5679 


6?69 


6838 


6918 

80 

6716 


5998 


6078 


6157 


6237 


6317 




645 


6397 


6478 


6656 


6636 


6795 


6874 


6964 


7034 


7113 




646 


7193 


7272 


7362 


7431 


7611 


7590 


7670 


7749 


7829 


7908 




647 


7987 


8067 


8146 


8226 


8306 


8384 


84(}3 


8643 


8()22 


8701 




648 


8;81 


8880 


8939 


9018 


9097 


9177 


9266 


9335 


9414 


949? 




649 


9672 


9651 


9731 


9810 


9889 


9968 


..47 


.126 

1 


.206 

\ 


.284 I 
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LOGARITHMS 






N. 


! 

1 


1 


2 


3 


4 


5 


6 


7 


8 


9 


550 


740363 


0442 


0321 


0560 


0678 


0757 


0836 


0915 


0994 


1073 


551 


1152 


1230 


1309 


13HR 


1467 


1546 


1624 


1703 


1782 


1860 


55*2 


1939 


2018 


2096 


2175 


2254 


2332 


2411 


2489 


2568 


2646 


553 


2725 


2804 


2882 


2961 


3039 


3118 


8196 


3275 


3353 


3431 


554 


3510 


3558 


8667 


3745 


3823 

79 

4606 


9902 


8960 


4058 


4136 


4215 


555 


4293 


4371 


4449 


4528 


4684 


4762 


4840 


4919 


4997 


556 


5075 


5153 


5231 


5309 


5387 


5465 


5543 


5621 


6699 


5777 


557 


5855 


5933 


6011 


6089 


6167 


6245 


6323 


6401 


6479 


6566 


558 


6634 


6712 


6790 


6868 


6945 


7023 


7101 


7179 


7256 


7334 


5:*9 


7412 


7489 


7567 


7645 


7722 


7800 


7878 


7966 


8033 


8110 


560 


8188 


8266 


8343 


8421 


8498 


8576 


8653 


8731 


8806 


8886 


561 


8963 


9040 


9118 


9195 


9272 


9350 


9427 


9504 


95R3 


9659 


562 


9736 


9814 


9891 


9968 


..45 


.123 


.200 


.277 


.354 


.481 


563 


750508 


0586 


0663 


0740 


0617 


0694 


0971 


1048 


1125 


1203 


564 


1279 


1356 


1433 


1510 


1687 


1664 


1741 


1818 


1895 


1973 


565 


2048 


2125 


2202 


2279 


2356 


2433 


2509 


2586 


2663 


3740 


566 


2816 


2893 


2970 


3047 


3123 


3200 


8277 


8353 


3430 


8506 


567 


3582 


3660 


3736 


3813 


3889 


•3966 


4042 


4119 


4195 


4373 


568 


4348 


4425 


4501 


4578 


4654 


4730 


4807 


4883 


4960 


5036 


569 


5112 

• 


5189 


5265 


5341 


5417 


5494 


5570 


5646 


5722 


5799 


570 


5875 


5951 


6027 


6103 


61S0 


6256 


6332 


6406 


6484 


6560 


571 


6636 


6712 


6788 


6864 


6940 


7016 


7092 


7168 


7244 


7330 


572 


7396 


7472 


7548 


7624 


7700 


7775 


7851 


7927 


8003 


8079 


573 


8155 


8230 


8306 


8382 


8458 


8533 


8609 


8685 


8761 


8836 


574 


8912 


8988 


9068 


9139 


9214 

74 

9970 


9390 


9366 


9441 


9517 


9593 


575 


96)8 


9743 


9819 


9894 


..45 


.121 


.196 


.272 


.347 


576 


760422 


0498 


0573 


0649 


0724 


0799 


0875 


0950 


1025 


1101 


577 


1176 


1251 


1326 


1402 


1477 


1552 


1627 


1702 


1778 


1853 


578 


1923 


2003 


2078 


2153 


2228 


2303 


2378 


2453 


2529 


2604 


579 


i.679 


2754 


2829 


2904 


2978 


3053 


3128 


2203 


3278 


3353 


580 


3428 


3503 


3578 


3653 


3727 


3802 


8877 


3952 


4027 


4101 


581 


4176 


4251 


4326 


4400 


4475 


4550 


4624 


4699 


4774 


4848 


582 


4923 


4998 


5072 


5147 


5221 


5296 


5370 


5445 


5520 


5594 


583 


5669 


5743 


5818 


5892 


5966 


6041 


6115 


6190 


6264 


6338 


584 


6413 


6487 


6562 


6636 


6710 


6785 


6859 


6933 


7007 


7083 


586 


7156 


7230 


7304 


7379 


7453 


7527 


7601 


7675 


7749 


7823 


686 


7898 


7972 


8046 


8120 


8194 


8268 


8342 


8416 


8490 


8564 


587 


8638 


8712 


8786 


8860 


8934 


9008 


9082 


9166 


9230 


9303 


588 


9377 


9451 


9525 


9699 


9673 


9746 


9820 


9894 


9968 


..42 


589 


770115 


0189 


0263 


0336 


0410 


0484 


0557 


0631 


0705 


0778 


590 


0852 


0926 


0999 


1073 


1146 


1220 


1293 


1367 


1440 


1514 


591 


1687 


1G61 


1734 


1808 


1881 


1965 


2028 


2102 


2175 


2248 


592 


2322 


2395 


2468 


3542 


2615 


2688 


2762 


2835 


2908 


2981 


593 


3055 


3128 


3201 


3274 


3348 


3421 


3494 


3567 


3640 


3713 


694 


3786 


3860 


3933 


4006 


4079 
73 

4809 


4162 


4225 


4298 


4371 


4444 


595 


4517 


4590 


1663 


4736 


4882 


4955 


5028 


5100 


0173 


596 


5246 


5319 


6392 


5466 


5538 


5610 


5683 


5756 


5829 


5903 


597 


5974 


6047 


6120 


6193 


6266 


6338 


6411 


6483 


6556 


6629 


598 


6701 


6774 


6846 


6919 


6992 


7064 


7137 


7209 


7282 


7354 


599 


7427 


7499 


7572 


7644 


7717 


7789 


7862 


7984 8006 


8079 





OF NUMBERS. 


13 


N. 





1 


2 


3 


4 


6 


6 


7 


8 


9 


600 


778151 


8224 


8296 


8368 


8441 


8613 


8585 


8658 


8730 


8802 


601 


8874 


8947 


9019 


9091 


9163 


9236 9308 


9380 


9452 


9524 


602 


9696 


6669 


9741 


9813 


9886 


9957 


..29 


.101 


.173 


.245 


603 


780317 


0389 


0461 


0633 


0305 


0677 


0749 


0821 


0893 


0966 


604 


1037 


1109 


1181 


1253 


1324 

72 

2042 


1396 


1468 


1640 


1612 


1684 


605 


1766 


1827 


1899 


1971 


2114 


2186 


2258 


2329 


2401 


606 


2473 


2544 


2616 


2688 


2759 


2831 


2902 


2974 


3046 


3117 


607 


3189 


3260 


3332 


3403 


3476 


3646 


3618 


3689 


3761 


3832 


1 608 


3904 


3975 


4046 


4118 


4189 


4261 


4332 


4403 


4476 


4646 


I 609 


4617 


4689 


4760 


4831 


4902 


4974 


6045 


6116 


5187 


6259 


610 


6330 


6401 


6472 


6543 


6615 


6686 


5767 


5828 


6899 


5970 


611 


6041 


6112 


6183 


6264 


6325 


6396 


6467 


6638 


6609 


6680 


m2 


6751 


6822 


6893 


6964 


7036 


7106 


7177 


7248 


7319 


7390 


613 


7460 


7631 


7602 


7673 


7744 


7816 


7886 


79u6 


8027 


8098 


. 614 


8168 


8239 


8310 


8381 


8451 


8622 


8593 


8663 


8734 


8804 


615 


8876 


8946 


9016 


9087 


9167 


9228 


9299 


9369 


9440 


9610 


616 


9581 


9661 


9722 


9792 


9863 


9933 


...4 


..74 


.144 


.215 


617 


790285 


0366 


0426 


0496 


0667 


0637 


0707 


0778 


0848 


0918 


618 


0388 


1059 


1129 


1199 


1269 


1340 


1410 


1480 


1650 


1620 


619 


1691 


1761 


1831 


1901 


1971 


2041 


2111 


2181 


2252 


2322 


620 


2392 


2462 


2532 


2602 


2672 


2742 


2812 


2882 


2952 


3022 


621 


3092 


3162 


3231 


3301 


3371 


3441 


3611 


3581 


3651 


3721 


622 


3790 


3860 


3930 


4000 


4070 


4139 


4209 


4279 


4349 


4418 


623 


4488 


4568 


4627 


4697 


4767 


4836 


4906 


4976 


5045 


6115 


624 


5186 


6254 


6324 


5393 


5463 
69 

6158 


5532 


5602 


6672 


5741 


5811 


625 


5880 


5949 


6019 


6088 


6227 


6297 


6366 


6436 


6605 


626 


6674 


6644 


6713 


6782 


6852 


6921 


6990 


7060 


7129 


7198 


627 


7268 


7337 


7406 


7475 


7546 


7614 


7683- 


7752 


7821 


7890 


628 


7960 


8029 


8098 


8167 


8236 


8305 


8374 


8443 


8613 


8682 


629 


8661 


8720 


8789 


8858 


8927 


8996 


9066 


6134 


9203 


9272 


630 


9341 


9409 


9478 


9547 


9610 


9685 


9754 


9823 


9892 


9961 


631 


800026 


0098 


0167 


0236 


0305 


0373 


0442 


0611 


0580 


0648 


632 


0717 


0786 


0854 


0923 


0992 


1061 


1129 


1198 


1266 


1336 


633 


1404 


1472 


1641 


1603 


1678 


1747 


1816 


1884 


1952 


2021 


634 


2039 


2158 


2226 


2295 


2363 


2432 


2600 


2568 


2637 


2705 


636 


2774 


2842 


2910 


2979 


3047 


3116 


3184 


3252 


3321 


3389 


636 


3457 


3526 


3594 


3662 


3730 


3798 


3867 


3936 


4003 


4071 


637 


4139 


4208 


4276 


4354 


4412 


4480 


4548 


4616 


4685 


4753 


638 


4821 


4889 


4957 


5025 


5093 


6161 


5229 


5297 


5365 


64S3 


639 


5601 


6669 


6637 


5705 


6773 


5841 


5908 


5976 


6044 


6112 


640 


6180 


6248 


6316 


6384 


6451 


6519 


6687 


6655 


6723 


6790 


641 


6858 


6926 


6994 


7061 


7129 


7157 


7264 


73o2 


7400 


7467 


642 


7635 


7603 


7670 


7738 


7808 


7873 


7941 


8008 


8076 


8143 


643 


8211 


8279 


8346 


8414 


8481 


8549 


8616 


8684 


8751 


8818 


644 


8886 


8953 


9021 


9088 


9156 


9223 


9290 


9368 


9425 


9492 


646 


9560 


9627 


9694 


9762 


9829 


9896 


9964 


..31 


..98 


.165 


646 


810233 


0300 


0367 


0434 


0501 


0596 


0636 


0703 


0770 


0837 


647 


0904 


0971 


1039 


1106 


1173 


1240 


1307 


1374 


1441 


1508 


648 


1575 


1642 


1709 


1776 


1843 


1910 


1977 


2044 


2111 


2178 


649 


2246 


2312 2379 2445 


2512 


2679 


2646 


2713 2780 


[m. \ 



14 


LOGARITHMS | 


N. 





1 


3 


3 


4 


5 


6 


7 


8 


9 


650 


812913 


2980 


3047 


3114 


3181 


3247 


3314 


3381 


3448 


3514 


651 


3581 


3648 


3714 


3781 


3848 


3914 


3981 


4048 


4114 


4181 


652 


4248 


4314 


4381 


4447 


4514 


4581 


4647 


4714 


4780 


4847 


6^ 


4913 


4980 


6046 


6113 


6179 


6246 


5312 


5378 


5446 


5611 


654 


5578 


6644 


5711 


6777 


6843 
67 

6606 


6910 


6976 


6043 


6109 


6176 


665 


6241 


6308 


6374 


6440 


6673 


6639 


6706 


6771 


6838 


656 


6904 


6970 


7036 


7102 


7169 


7233 


7301 


7367 


7433 


7499 


667 


7566 


7631 


7698 


7764 


7830 


7896 


7962 


8028 


8094 


8160 


668 


8226 


8292 


8358 


8424 


8490 


8566 


8622 


8688 


8754 


8820 


669 


8886 


8951 


9017 


9083 


9149 


9216 


9281 


9346 


9413 


9478 


660 


9544 


9610 


9676 


9741 


9807 


9873 


9939 


...4 


..70 


.136 


661 


820201 


0267 


0333 


0399 


0464 


0530 


0595 


0661 


0727 


0793 


662 


0858 


0924 


0989 


1056 


1120 


1186 


1251 


1317 


1383 


1448 


663 


1514 


1679 


1645 


1710 


1775 


1841 


1906 


1972 


2037 


3103 


664 


2168 


2233 


2299 


2364 


2430 


2496 


2560 


2626 


3691 


3766 


665 


2822 


2887 


2952 


3018 


3063 


3148 


3213 


3279 


3344 


3409 


666 


3474 


3639 


3605 


3670 


3736 


3800 


3865 


3930 


3996 


4061 


667 


4126 


4191 


4256 


4321 


4386 


4451 


4616 


4581 


4646 


4711 


668 


4776 


4841 


4906 


4971 


6036 


6101 


6166 


6231 


6396 


6361 


669 


6426 


6491 


5556 


6621 


6686 


6751 


6816 


6880 


6945 


6010 


670 


6075 


6140 


6204 


6269 


6334 


6399 


6464 


6528 


6693 


6668 


671 


6723 


6787 


6852 


6917 


6981 


7046 


7111 


7175 


7340 


7305 


672 


7369 


7434 


7499 


7563 


7628 


7692 


7757 


7821 


7886 


7951 


673 


8015 


8080 


8144 


8209 


8273 


8338 


8402 


8467 


8531 


8695 


674 


8660 


8724 


8789 


8853 


8918 
65 

9561 


8982 


9046 


9111 


9176 


9339 


675 


9304 


9368 


9432 


9497 


9625 


9690 


9754 


9818 


9883 


676 


9947 


..11 


..75 


.139 


.204 


.268 


.332 


.396 


.460 


.625 


677 


830589 


0653 


0717 


0781 


0846 


0909 


0973 


1037 


1102 


1166 


678 


1230 


1294 


1358 


1422 


1486 


1650 


1614 


1678 


1742 


1806 


679 


1870 


1934 


1998 


2062 


2126 


2189 


2253 


2317 


2381 


3446 


680 


2509 


2573 


2637 


2700 


2764 


2828 


2892 


2966 


3020 


3063 


681 


3147 


3211 


3275 


3338 


3402 


3466 


3530 


3693 


3667 


3721 


682 


3784 


3848 


3912 


3975 


4039 


4103 


4166 


4230 


4294 


4367 


683 


4421 


4484 


4548 


4611 


4675 


4739 


4802 


4866 


4929 


4993 


684 


5056 


5120 6183 


5247 


5310 


6373 


5437 


5500 


6564 


5627 


685 


6691 


5754 1 5817 


5881 


5944 


6007 


6071 


6134 


6197 


6261 


686 


6324 


6387 1 6451 


6514 


6677 


6641 


6704 


6767 


6830 


6894 


687 


6957 


7020 7083 


7146 


7210 


7273 


7336 


7399 


7463 


7625 


688 


7588 


7652 ! 7715 


7778 


7841 


7904 


7967 


8030 


8093 


8166 


689 


8219 


8282 8345 


8408 


8471 


8534 


8597 


8660 


8733 


8786 


690 


8849 


8912 8975 


9038 


9109 


9164 


9227 


9289 


9363 


9415 


691 


9478 


9541 9G04 


9667 


9729 


9792 


9855 


9918 


9981 


..43 


692 


840106 


0169 0232 


0294 


0367 


0420 


0482 


0546 


0608 


0671 


693 


0733 


0796 0869 


0921 


0984 


1046 


1109 


1172 


1234 


1297 


694 


1359 


1422 1485 


1547 


1610 

62 

2235 


1672 


1735 


1797 


1860 


1922 


695 


1985 


2047 2110 


2172 


2297 


2360 


2422 


2484 


2647 


696 


2609 


2672 2734 


2796 


2859 


2921 


2983 


3046 


3108 


3170 


697 


3233 


3295 3357 


3420 


3482 


3544 


3606 


3669 


3731 


3793 


698 


3855 


3918 3980 


4042 


4104 


4166 


4229 


4291 


4353 


4416 


699 


4477 


4539 4601 


4664 


4726 


4788 


4850 


4912 


4974 


6036 



OF NUMBERS. 15 


N. 





1 


2 


3 


4 


6 


6 


7 


8 


9 


700 


845098 


5160 


6222 


5284 


6346 


6408 


6470 


5532 


5694 


6656 


701 


5718 


5780 


5842 


6904 


5966 


6J2d 


60J0 


6151 


6213 


6276 


702 


6337 


6399 


6461 


6523 


6585 


6o46 


6708 


6770 


6832 


0894 


703 


6955 


7017 


7079 


7141 


7202 


7264 


7326 


7388 


744^ 


7511 


704 


7573 


7634 


7676 


7758 


7819 

62 

8435 


7831 


7943 


8004 


8066 


8128 


705 


8189 


8251 


8312 


8374 


8497 


8559 


8620 


8682 


8743 


703 


8805 


8866 


8928 


8989 


9051 


9112 


9174 


9235 


9297 


9358 


707 


9419 


9481 


9542 


9604 


9365 


9726 


9788 


9849 


9911 


9972 


708 


850033 


0095 


0156 


0217 


0279 


0340 


0401 


0462 


0524 


0585 


709 


0646 


0707 


0769 


0830 


0891 


0962 


1014 


1076 


1136 


1197 


710 


1258 


1320 


1381 


1442 


1603 


1664 


1625 


1686 


1747 


1809 


711 


1870 


1931 


1992 


2053 


2114 


2176 


2236 


2297 


2368 


2419 


712 


2480 


2541 


2602 


2663 


2724 


2785 


2846 


2907 


2968 


3029 


713 


3090 


3150 


3211 


3272 


3333 


3394 


3465 


3516 


3577 


3637 


714 


3698 


3769 


3820 


3881 


3941 


4002 


4063 


4124 


4185 


4245 


715 


4303 


4367 


4428 


4488 


4549 


4610 


4670 


4731 


4792 


4852 


716 


4913 


4974 


5034 


5095 


5156 


5216 


6277 


6337 


6398 


5459 


717 


5519 


5580 


5640 


5701 


6761 


6822 


6882 


6943 


6003 


6064 


718 


6124 


6185 


6245 


6306 


6366 


6427 


6487 


6548 


6608 


6668 


719 


6729 


6789 


6860 


6910 


6970 


7031 


7091 


7152 


7212 


7272 


720 


7332 


7393 


7453 


7513 


7574 


7634 


7694 


7756 


7815 


7875 


721 


7935 


7995 


8056 


8116 


8176 


8236 


8297 


8357 


8417 


8477 


722 


8537 


8597 


8657 


8718 


8778 


8838 


8898 


b958 


9018 


9078 


723 


9138 


9198 


9258 


.9318 


9379 


9439 


9499 


95:)9 


9619 


9679 


724 


9739 


9799 


9859 


9918 


9978 

60 

0578 


..38 


..98 


.168 


.218 


.2/8 


725 


860338 


0398 


0458 


0518 


0637 


0697 


0767 


0817 


0877 


726 


0937 


099S 


1056 


1116 


1176 


1236 


1295 


1355 


1416 


1476 


727 


1534 


1594 


1664 


1714 


1773 


1833 


1893 


1952 


2012 


2072 


728 


2131 


2191 


2251 


2310 


2370 


2430 


2489 


2549 


2608 


26(>8 


729 


2728 


2787 


2847 


2906 


2966 


3025 


3085 


3144 


3204 


3263 


730 


3323 


3382 


3442 


3501 


3561 


3620 


3680 


3739 


3799 


3868 


731 


3917 


3977 


4036 


4096 


4155 


4214 


4274 


4333 


4392 


4452 


732 


4511 


4670 


4()30 


4689 


4148 


4808 


4867 


4926 


4985 


6045 


733 


5104 


6163 


5222 


5282 


5341 


6400 


6459 


6519 


5578 


6637 


734 


6696 


5756 


5814 


6874 


6933 


5992 


6051 


6110 


6169 


62?8 


735 


6287 


6346 


6405 


6465 


6624 


6583 


6642 


6701 


6760 


6819 


736 


6878 


6937 


6996 


7055 


7114 


7173 


7232 


7291 


7350 


7409 


737 


7467 


7526 


7585 


7644 


7703 


7762 


7821 


7880 


7939 


7998 


738 


8056 


8115 


8174 


8233 


8292 


8350 


8409 


8468 


8527 


8586 


739 


8644 


8703 


8762 


8821 


88i9 


8938 


891)7 


9056 


9114 


9173 


740 


9232 


9290 


9349 


9408 


9466 


9625 


9684 


9642 


9701 


9760 


741 


9818 


9877 


9935 


9994 


..63 


.111 


.170 


.228 


.287 


.345 


742 


870404 


0462 


0521 


0679 


0638 


0696 


0755 


0813 


0872 


0930 


743 


0989 


1047 


UOo 


1164 


1223 


1281 


1339 


1398 


1456 


1515 


744 


1573 


1631 


1690 


1748 


1803 

59 

2389 


1866 


1923 


1981 


2040 


2098 


745 


2156 


2215 


2273 


2331 


2448 


2606 


2564 


2622 


2681 


746 


2739 


2797 


2865 


2913 


29/2 


3030 


3088 


3146 


3204 


3^62 


747 


3321 


3379 


3437 


3495 


3553 


3611 


3669 


3T87 


3785 


3844 


748 


3902 


3960 


4018 


4076 


4134 


4192 


4260 


4308 


4860 


4424 


749 


4482 


4540 


4698 


4656 


4714 


4772 


4830 


4888 


4946 


,5003 (^ 
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LOGARITHMS 




N. 





1 


2 


3 


4 


5 


6 


7 


8 


9 


760 


876031 


5119 


6177 


6235 


5293 


6351 


5409 


6466 


6524 


5682 


751 


6&10 


5698 


5766 


6813 


6871 


6929 


6987 


6046 


6102 


6160 


762 


6218 


6276 


6333 


6391 


6449 


6607 


6664 


6622 


6680 


6737 


763 


6795 


6863 


6910 


6968 


7026 


7083 


7141 


7199 


7266 


7314 


764 


7371 


7429 


7487 


7644 


7602 

57 

8177 


7659 


7717 


7774 


7832 


7889 


766 


7947 


8004 


8062 


8119 


8234 


8292 


8349 


8407 


8464 


756 


8622 


8579 


8637 


8694 


8752 


8809 


8866 


8924 


8931 


9039 


757 


9096 


9163 


9211 


9268 


9325 


9383 


9440 


9497 


9565 


9612 


758 


9669 


9726 


9784 


9841 


9898 


9956 


..13 


..70 


.127 


.185 


. 759 


880242 


0299 


0366 


0113 


0471 


0528 


0580 


0642 


0699 


0756 


760 


0814 


0871 


0928 


0985 


1012 


1099 


1156 


1213 


1271 


1328 


761 


1385 


1442 


1499 


1566 


1613 


1670 


1727 


1784 


1841 


1898 


762 


1965 


2012 


2069 


2126 


2183 


2240 


2297 


2364 


2411 


2468 


763 


2625 


2581 


2638 


2696 


2762 


2809 


9866 


2923 


2980 


3037 


764 


3093 


3160 


3207 


3264 


3321 


3377 


3434 


3491 


3548 


3605 


765 


3661 


3718 


3775 


3832 


3888 


3945 


4002 


4059 


4115 


4172 


766 


4229 


4285 


4342 


4399 


4466 


4612 


4669 


4625 


4682 


4739 


767 


4795 


4852 


4909 


4966 


6022 


6078 


5136 


5192 


6248 


6306 


768 


5361 


6418 


6474 


6531 


5687 


5644 


5700 


6767 


5813 


6870 


769 


6926 


6983 


6039 


6096 


6162 


6209 


6265 


6321 


6378 


6434 


770 


6491 


6647 


6604 


6660 


6716 


6773 


6829 


6885 


6942 


6998 


771 


7064 


7111 


7167 


7233 


7280 


7336 


7392 


7449 


7605 


7661 


772 


7617 


7674 


7730 


7786 


7842 


7898 


7956 


8011 


8067 


8123 


773 


8179 


8236 


8292 


8348 


8404 


8460 


8616 


8573 


8629 


8665 


774 


8741 


8797 


8853 


8909 


8965 

56 

9526 


9021 


9077 


9134 


9190 


9246 


775 


9302 


9358 


9414 


9470 


9582 


9638 


9694 


9760 


9806 


776 


9862 


9918 


0974 


..30 


..86 


.141 


.197 


.253 


.309 


.366 


777 


890421 


0477 


0533 


0589 


0646 


0700 


0766 


0612 


0868 


0924 


778 


0980 


1035 


1091 


1147 


1203 


1259 


1314 


1370 


1426 


1482 


779 


1537 


1693 


1649 


1705 


1760 


1816 


1872 


1928 


1983 


2039 


780 


2096 


2150 


2208 


2262 


2317 


2373 


2429 


2484 


2540 


2695 


781 


2651 


2707 


2762 


2818 


2873 


2929 


2986 


3040 


3096 


3151 


782 


3207 


3262 


3318 


3373 


3429 


3484 


3640 


3595 


3651 


8706 


783 


3762 


3817 


3873 


3928 


3984 


4039 


4094 


4150 


4205 


4261 


784 


4316 


4371 


4427 


4482 


4638 


4693 


4648 


4704 


4769 


4814 


785 


4870 


4925 


4980 


6036 


6091 


5146 


5201 


5257 


5312 


5367 


786 


5423 


6478 


5633 


6688 


6644 


5699 


6754 


6809 


6864 


6920 


787 


6976 


6030 


6085 


6140 


6195 


6261 


6306 


6361 


6416 


6471 


788 


6526 


6581 


6636 


6692 


6747 


6802 


6857 


6912 


6967 


7022 


789 


7077 


7132 


7187 


7242 


7297 


7352 


7407 


7462 


7617 


7672 


790 


7627 


7683 


7737 


7792 


7847 


7902 


7957 


8012 


8067 


8122 


791 


8176 


8231 


8283 


8341 


8396 


8461 


8506 


8561 


8615 


8670 


792 


8725 


8780 


8835 


8890 


8944 


8999 


9064 


9109 


9164 


9218 


793 


9273 


9328 


9383 


9437 


9492 


9647 


9602 


9656 


9711 


9766 


794 


9821 


9875 


9930 


9986 


..39 

55 

0586 


. .«74 


.149 


.203 


.258 


.312 


795 


900367 


0422 


0476 


0531 


0640 


0695 


0749 


0804 


0669 


796 


0913 


0968 


1022 


1077 


1131 


1186 


1240 


1295 


1349 


1404 


797 


1458 


1513 


1567 


1622 


1676 


1736 


1786 


1840 


1&94 


1948 


798 


2003 


2057 


2112 


2166 


2221 


2275 


2329 


2384 


2438 


3493 


799 


2547 


2601 


2655 


2710 


2764 


2818 


2873 2927 


2981 


8086 
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N. 





1 


2 


3 


4 


6 


6 


7 


8 


9 




800 


903090 


3144 


3199 


3253 


3307 


3361 


3416 


3470 


3624 


3578 




801 


3633 


3687 


3741 


3795 


3849 


3904 


3958 


4012 


4066 


4120 




802 


4174 


4229 


4283 


4337 


4391 


4445 


4499 


4553 


4607 


46(;i 




803 


4716 


4770 


4824 


4878 


4932 


4986 


5040 


5094 


5148 


5202 




804 


5256 


5310 


5364 


5418 


5472 

64 

6012 


5526 


5580 


5634 


5683 


5742 




P05 


6796 


5850 


5904 


6958 


6066 


6119 


6173 


6227 


6281 




806 


6335 


6389 


6443 


6497 


6551 


6604 


6658 


6712 


6766 


6820 




807 


6874 


6927 


6981 


7035 


7089 


7143 


7196 


7250 


7304 


7368 




806 


7411 


7465 


7519 


7573 


7626 


7680 


7734 


7787 


7841 


7895 




803 


7949 


80D2 


8056 


8110 


8163 


8217 


8270 


8324 


8378 


8431 




810 


8485 


8539 


8592 


8646 


8899 


8763 


8807 


8860 


8914 


8967 




811 


9021 


9074 


9128 


9181 


9235 


9289 


9342 


9396 


9449 


9503 




812 


9556 


9610 


9663 


9716 


9770 


9823 


9877 


9930 


9984 


...37 




813 


910091 


0144 


0197 


0251 


0304 


0358 


0411 


0464 


0518 


0571 




814 


0624 


0678 


0731 


0784 


0838 


0391 


0944 


0998 


1051 


1104 




815 


1158 


1211 


1264 


1317 


1371 


1424 


1477 


1530 


1584 


1637 




816 


1690 


1743 


1797 


1850 


1903 


1966 


2009 


2083 


2115 


2169 




817 


2222 


2275 


2323 


2381 


2436 


2488 


2541 


2694 


2645 


2700 




818 


2753 


2806 


2859 


2913 


2966 


3019 


3072 


3125 


3178 


3231 




819 


3284 


3337 


3390 


3443 


3496 


3549 


3602 


3665 


3708 


3761 




820 


3814 


3867 


3920 


3973 


4026 


4079 


4132 


4184 


4237 


4290 




821 


4343 


4396 


4449 


4502 


4565 


4608 


4660 


4713 


4766 


4819 




822 


4872 


4925 


4977 


5030 


5083 


5136 


5189 


5241 


5594 


5347 




823 


6400 


5453 


5505 


5558 


6611 


5664 


6716 


5769 


5822 


5875 




824 


5927 


5980 


6033 


6085 


6138 


6191 


6243 


6296 


6349 


6401 




825 


6454 


6507 


6559 


6612 


6664 


6717 


6770 


6822 


6876 


6927 




826 


6980 


7033 


7085 


7138 


7190 


7243 


7295 


7348 


7400 


7453 




827 


7505 


7558 


7611 


7663 


7716 


7768 


7820 


7873 


7926 


7978 




828 


8030 


8083 


8185 


8188 


8240 


8293 


8345 


8397 


8450 


8502 




829 


8565 


8607 


8669 


8712 


8764 


8816 


8869 


8921 


8973 


9026 




830 


9078 


9130 


9183 


9236 


9287 


9340 


9392 


9444 


9496 


9549 




831 


9601 


9653 


9706 


9758 


9810 


9862 


9914 


9967 


..19 


..71 




832 


920123 


0176 


0228 


0280 


0332 


0384 


0436 


0489 


0541 


0593 




833 


0645 


0697 


0749 


0801 


0853 


0906 


0968 


1010 


1062 


1114 




834 


1166 


1218 


1270 


1322 


1374 


1426 


1478 


1530 


1582 


1634 




835 


1686 


1738 


1790 


1842 


1894 


1946 


1998 


2050 


2102 


2164 




836 


2206 


2258 


2310 


2362 


2414 


2466 


2518 


2570 


2622 


2674 




837 


2725 


2777 


2829 


2881 


2933 


2985 


3037 


3089 


3140 


3192 




838 


3244 


3296 


3348 


3399 


3451 


3503 


3555 


3607 


3658 


3710 




839 


3762 


3814 


3865 


3917 


3969 


4021 


4072 


4124 


4147 


4228 




840 


4279 


4331 


4383 


4434 


4486 


4538 


4689 


4641 


4693 


4744 




841 


4796 


4848 


4899 


4951 


5003 


5054 


5103 


5167 


5209 


5261 




842 


6312 


5364 


5416 


5467 


5618 


6570 


5621 


5673 


5725 


5776 




84J 


6828 


6874 


5931 


5982 


6034 


6085 


6137 


6188 


6240 


6291 




844 


6342 


6394 


6445 


6497 


6548 
52 

7032 


6600 


6651 


6702 


6754 


6805 




845 


6867 


6908 


6959 


7011 


7114 


71C6 


7216 


7268 


7319 




846 


7370 


7422 


7473 


7524 


7676 


7627 


7678 


7730 


7783 


7832 


f 


847' 


7883 


7936 


7986 


8037 


8088 


8140 


8191 


8242 


8293 


8346 




848 


8396 


8447 


8498 


8549 


8601 


8652 


8703 


8754 


8805 


8857 




849 


8908 8959 


9010 


9031 


9112 


9163 


9216 


9266 


9317 


9368 , 
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LOGARITHMS 




N. 





I ! 


2 


3 [ 4 


5 


6 


7 8 


9 


850 


929419 


9473 


9521 


9572 


9623 


9674 


97*25 


9776 


9827 


9679 


851 


9930 


9981 


..32 


..83 


.134 .185 


.-236 


.-287 


.nas 


.389 


8c2 


930 UO 


(M91 


a>42 


0592 


0643 0694 


0745 


0796 


0^7 


0896 


853 


0919 


lUOO 


1051 


1102 


1153 


1-204 


1*254 


1305 


1356 


1407 


851 


1458 


1509 


1560 


1610 


1661 

51 

2169 


1712 


1763 


1814 


18ti5 


1915 


855 


1066 


2017 


2068 


2118 


2220 


2-271 


*23*22 


237*2 


•2423 


Hoti 


2474 


2524 


2575 


2626 


2677 


2727 


2778 


-28*29 -2879 


-2930 


857 


2981 


30:31 


30i!J2 


3133 


3183 


32^ 


3-285 


3335 


3386 


3437 


85S 


3487 


3538 


3589 


3639 


3690 


3740 


3791 


3841 


3892 


3943 


859 


3993 


4044 , 


4094 


4145 


4195 


4:^46 


4269 


4347 


4397 


4448 ; 

1 


860 


4498 


4549 


4599 


4650 


4700 


4751 


4801 


4852 


4902 


1 

4953 


801 


6003 


6054 


6104 


5154 


5205 


5-255 


530o 


5356 


5406 


5457 


8(>2 


6507 


6558 


6603 


5658 


5709 


5759 


5809 


5860 


5910 


5960 


8(>3 


6011 


60ul 


6111 


6162 


6212 


6-262 


6313 


6363 


6413 


&463 


8G4 


6514 


6564 


6614 


6665 


6715 


6765 


6815 


6865 


6916 


6966 


865 


7016 


7066 


7117 


7167 


7217 


7267 


7317 


7367 


7418 


7468 


866 


7618 


7568 


7618 


7668 


7718 


7769 


7819 


7869 


7919 


7969 


867 


8019 


8069 


8119 


8169 


8219 


8-26U 


83-20 


8370 


8420 


8470 


868 


8520 


8570 8620 


8670 


8720 


8770 


88*20 


88 iO 


8919 


8970 


869 


9020 


9070 


9120 


9170. 


9220 


9270 


9320 


9369 


9419 


9469 


870 


9519 


9569 


9616 


9669 


9719 


9769 


9819 


9869 


9918 


9968 


871 


940918 


0068 


0118 


0168 


0218 


0267 


0317 


0367 


0417 


0467 


S72 


0516 


0566 


0616 


0666 


0716 


0.65 


0815 


0865 


0915 


0964 


873 


1014 


10o4 


1114 


1163 


1213 


1263 


1313 


1362 


1412 


1462 


8/4 


1511 


1561 


1611 


1660 


1710 


1760 


1809 


1859 


1909 


1958 


876 


2008 


2058 


2107 


2157 


2207 


2256 


2306 


2355 


2405 


2455 


876 


2504 


2554 


2603 


26.33 


2702 


2i52 


2801 


2851 


2901 


2950 


877 


3000 


3049 


3099 


3148 


3198 


5247 


3297 


3346 


3396 


3445 


878 


3495 


3544 


3593 


3643 


3692 


3742 


3791 


3841 


3890 


3939 


879 


3989 


4038 


4088 


4137 


4186 


4236 


4285 


4335 


4384 


4433 


880 


4483 


4532 


4581 


4631 


4680 


4729 


4779 


4828 


4877 


4927 


881 


4976 


5025 


6074 


5124 


5173 


6222 


6272 


5321 


5370 


6419 


882 


5469 


6518 


6567 


6616 


5666 


6716 


6764 


5813 


6862 


6912 


883 


6901 


6010 


6059 


6108 


6157 


6207 


6256 


6305 


6354 


6403 


884 


6462 


6501 


6651 


6600 


6649 


6698 


6747 


6796 


6845 


6894 


886 


6943 


0992 


7041 


7030 


7140 


7189 


7238 


7287 


7336 


7386 


88() 


7434 


7483 


7632 


7681 


7630 


7679 


7728 


7777 


7826 


7876 


887 


7924 


7973 


8022 


8070 


8119 


8168 


8217 


8266 


8315 


8365 


888 


8413 


8462 


8611 


8660 


8609 


8667 


8706 


8765 


8804 


8863 


889 


89U2 


8951 


8999 


9048 


9097 


9146 


9195 


9244 


9292 


9341 


890 


9390 


9439 


9488 


9536 


9585 


9634 


9683 


9731 


9780 


9829 


891 


9878 


9926 


9975 


..24 


..73 


.121 


.170 


.219 


.267 


.316 


892 


950365 


0414 


0462 


0511 


0560 


0J08 


0657 


0/03 


0754 


0803 


893 


0851 


0900 


0949 


0997 


1046 


1096 


1143 


1192 


1240 


1289 


894 


1338 


1386 


1435 


1483 


1632 

48 

2017 


1580 


162J 


1677 


1726 


17/5 


895 


1823 


1872 


1920 


1969 


2036 


2114 


2l()3 


2211 


2260 


89o 


2308 


2356 


2405 


2453 


2502 


2660 


'^69y 


•^04/ 


5o9o 


2744 


897 


2792 


28-41 


2889 


2938 


2986 


3034 


3083 


3131 


3180 


3228 


898 


3276 


3326 


3373 


3421 


3470 


3618 


3566 


3615 


3663 


3711 


899 

L 


3760 


3808 


3856 


3905 


3953 


4001 


4019 


40 J8 


4146 


4191 
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N. 





1 


2 


3 


4 


5 


6 


7 


8 


9 




. 900 


954243 


4291 


4339 


4387 


4435 


4484 


4532 


4580 


4628 


4677 




901 


4725 


4773 


4821 


4869 


4918 


4966 


5014 


5062 


5110 


5158 




902 


5207 


5255 


5303 


5351 


5399 


5447 


5495 


5543 


5592 


5640 




903 


5688 


5736 


5784 


5832 


5880 


5928 


5976 


6024 


6072 


6120 




904 


6168 


6216 


6265 


6313 


6361 

48 


6409 


6457 


6505 


6553 

• 


6601 




905 


6649 


6697 


6745 


6793 


6840 


6888 


6936 


6984 


7032 


7080 




906 


7128 


7176 


7224 


7272 


7320 


7368 


7416 


7464 


7512 


7559 




907 


7607 


7655 


7703 


7751 


7799 


7847 


7894 


7942 


7990 


8038 




903 


8085 


8134 


8181 


8229 


8277 


8325 


8373 


8421 


8468 


8516 




909 


8564 


8612 


8659 


8707 


8755 


8803 


8850 


8898 


8946 


8994 




910 


9041 


9089 


9137 


9185 


9232 


9280 


9328 


9375 


9423 


9474 




911 


9518 


9566 


9614 


9661 


9709 


9757 


9804 


9852 


9900 


9947 


; 


912 


9995 


..42 


..90 


.138 


.185 


.233 


.280 


.328 


.376 


.423 




913 


960471 


0518 


0566 


0613 


0661 


0709 


0766 


0804 


0851 


0899 




914 


0946 


0994 


1041 


1089 


1136. 


1184 


1231 


1279 


1326 


1374 




915 


1421 


1469 


1516 


1563 


1611 


1658 


1706 


1753 


1801 


1848 




916 


1895 


1943 


1990 


2038 


2085 


2132 


2180 


2227 


2275 


2322 




917 


2369 


2417 


2464 


2511 


2559 


2606 


2653 


2701 


2748 


2795 




918 


2843 


2890 


2937 


2985 


3032 


3079 


3126 


3174 


3221 


3268 




919 


3316 


3303 


3410 


3457 


3504 


3552 


3599 


3646 


3693 


3741 




920 


3788 


3835 


3882 


3929 


3977 


4024 


4071 


4118 


4165 


4212 




921 


4260 


4307 


4354 
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348243 
347948 
347653 
347358 

10.347063 
346769 
346474 
346180 
346885 
345691 
346297 
246003 
244709 
244415 

10.244122 
343828 
343535 
343241 
342948 
242655 
34231)3 
342069 
341776 
341483 

10.341190 
340898 
340605 
340313 
340031 
339728 
239436 
339144 
338863 
338661 



Nvsine. 



8 k^481 
0jf48506 



N. 008. 

87462 

87448 
87434 
87420 



481 
06 
48632 
48667 
48583187406 
4860887391 
4863487377 
4866987363 
48684 87349 
4871087335 



48735 
48761 
48786 
48811 
48837 
48862 



87321 
87306 
87292 
87278 
87264 
87250 



48888*87235 



Tang. 



4891b 
48938 
48964 



48989'87178 



49014 



87164 



4904087150 



49065 
49090 
49116 
49141 
49166 
49192 
49217 
49242 
49268 
4929.J 
49318 
49344 
49369 
49394 
49419 
49446 
49470 
49495 
49621 



87221 
87207 
87193 



87136 
87121 
87107 
87093 
87079 
87064 
87050 
87036 
87021 
87007 
86993 
86978 
86964 
86949 
86936 
86921 
86906 
86892 
86878 



4964686863 



49571 
49696 
49622 



49673 



49733 



86849 
86834 
86830 



40647 86805 



86791 



49697 86777 



86763 



49748*86748 
49773 86733 
49798186719 
49824'86704 
4984986690 
4987486675 
49899(86661 



49934 
49960 
49976 
60000 



N. COP. 



86646 
86632 
86617 
86603 



60 
69 
58 
57 
66 
56 
54 
63 
62 
51 
60 
49 
48 
47 
46 
45 
44 
43 
42 
41 
40 
39 
38 
37 
36 
35 
34 
33 
32 
31 
30 
29 
28 
27 
26 
25 
34 
23 
22 
21 
20 
19 
18 
17 
16 
15 
14 
13 
13 
11 
10 
9 
8 
7 
6 
5 
4 
3 
3 
1 




Nj'inf. 



60 Degreea. 



L ^0°) Hatunil aiasi 



, B. 937531 , 
937458 I 
937395 ] 
937313 } 



1 9,701368 , 
701636 5 
7018l)a ° 
703019 I 



B. 761439 , 
761731 ? 
762033 T 
763314 * 



763479 1 
763770 1 
7U40B1 t 
704352 J 
9.764643 J 



„ 10 asasfii E 
33U2eg ,£ 
sw?!*;? If 

9376B6 E 
S3T3U4 C 
337103, E 
£3U812 I E 
33b531 t 
33G33D G 
33d'J39 , E 
3JBa48 61)- 5 H 



705469 ? 

B.706SS3 * 

7ll5f(yel f 

70ail2 °' 

7tK>32H * 

7005^9 , 

'7Uii7S3 * 

70J9H! ^ 

70!lri0 * 

70J3a3 jj; 

H 9.70Jai9 ^ 
70aU33 ^ 
7(W3J5 ° 
708456 ^ 



7DJSia ° 

70diau " 

.1 9,709341 ° 



710Idu ^ 

7IUJ1J! ^ 

711:Wd ^ 

71141S :; 



935840 j 
93571JS ; 



J. 935346 i 
935171 J 
9351W7 ; 



S34123 i 
934U1S [ 



767366 * 
9.767645 * 
767834 , 
768124 * 
768413 * 
768T03 * 



li..J.,31 ! 

asawB [ 

223668 [ 

233;i72 ( 



53 



Log. Sines and Tangents. (81°) 'N'attml Sines. TABLE IL 




1 

2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
60 
51 
52 
53 
54 
55 
56 
57 
58 
69 
60 



Sine. 



v). 711839 
712050 
712260 
712469 
712679 
712889 
713098 
713308 
713617 
713726 
713936 

9.714144 
714352 
714561 
714769 
714978 
715186 
715394 
715602 
715809 
716017 

9.716224 
716432 
716639 
716846 
717053 
717269 
717466 
717673 
717879 
718085 

9.718291 
718497 
718703 
718909 
719114 
719320 
71y626 
719730 
719935 
720140 

9.720345 
720549 
720764 
720958 
721162 
721366 
7215 iO 
721774 
721978 
722181 

9.722386 
722588 
722791 
722994 
723197 
723400 
723603 
723803 
724007 
724210 



D. 10" 



36.0 
35.0 
33.0 
34.9 
34.9 
34.9 
34.9 
34.9 
34.8 
34.8 
34.8 
34.8 
34.7 
34.7 
34.7 
34.7 
34.7 
34.6 
34.6 
34.6 
34.6 
34.5 
34.5 
34.5 
34.5 
34.5 
34.4 
34.4 
34.4 
34.4 
34.3 
34.3 
34.3 
34.3 

1 34.3 
34.2 
34.2 
34.2 
34.2 
34.1 
34.1 
34.1 
34.1 
34.0 
34.0 
34 
34.0 
34.0 
33.9 
33.9 
33.9 
33.9 
33.9 
33.8 
33.8 
33.8 
33.8 

• 33.7 
33.7 
33.7 



Cosine. 



Cosine. 



9.933036 
932990 
932914 
932838 
932762 
932685 
932609 
932533 
932457 
932380 
932304 

9.932228 
932151 
932075 
931998 
931921 
931845 
931768 
931691 
931614 
931537 

9.931460 
931383 
931306 
931229 
931162 
931075 
930998 
930921 
930843 
930766 
.930688 
930611 
930533 
930456 
930378 
930300 
930223 
930146 
930067 
929989 
.929911 
929833 
929756 
929677 
929699 
929521 
929442 
929364 
929286 
'929207 

^.929129 
929060 
928972 
928893 
928815 
928736 
928667 
928678 
928499 
928420 



dTW 



Sine. 



2.6 
2.7 
2.7 
2.7 
2.7 
2.7 
2.7 
2.7 
2.7 
2.7 
2.7 
2.7 
2.7 
2.8 
2.8 
2.8 
2.8 
2.8 
2.8 
2.8 
2.8 
2.8 
2.8 
2.8 
2.9 
2.9 
2.9 
2.9 
2.9 
2.9 
2.9 
2.9 
2.9 
2.9 
2.9 
2.9 
3.0 
3.0 
3.0 
3.0 
3.0 
3.0 
3.0 
3.0 
3.0 
3.0 
3.0 
3.0 
3.1 
3.1 
3.1 
3.1 
3.1 
3.1 
3.1 
3.1 
3.1 
3.1 
3.1 
3.1 



Tang. 



9.778774 
779060 
779346 
779632 
779918 
780203 
780489 
780775 
781060 
781346 
781631 

9.781916 
782201 
782486 
782771 
783056 
783341 
783626 
783910 
784196 
784479 

9.784764 
786048 
785332 
786616 
786900 
786184 
786468 
786752 
787036 
787319 

9.787603 
787886 
788170 
788463 
788736 
789019 
789302 
789685 
789868 
790161 

9.790433 
790716 
790999 
791281 
791563 
791846 
792128 
792410 
792692 
792974 

9.793256 
793638 
793819 
794101 
794383 
794664 
794946 
796227 
795508 
795789 



D,lo" 



Cotang. 



47.7 

47.7 

47.6 

47.6 

47.6 

47.6 

47.6 

47.6 

47.6 

47.6 

47.5 

47.5 

47.5 

47.6 

47.5 

47.6 

47.6 

47.4 

47.4 

47.4 

47.4 

47.4 

47.4 

47.3 

47.3 

47.3 

47.3 

47.3 

47.3 

47.3 

47.2 

47.2 

47.2 

47.2 

47.2 

47.2 

47.2 

47.1 

47.1 

47.1 

47.1 

47.1 

47.1 

47.1 

47.1 

47.0 

47.0 

47.0 

47.0 

47.0 

47.0 

47.0 

46.9 

46.9 

46.9 

46.9 

46.9 

46.9 

46.9 

46.8 



Cotang. 



10.221226 
220940 
220654 
220368 
220082 
219797 
219611 
219226 
218940 
218664 
218369 

10.218084 
217799 
217614 
217229 
216944 
216659 
216374 
216090 
215803 
216521 

10.215-236 
214952 
214668 
214384 
214100 
213816 
213532 
213248 
212964 
212681 

10.212397 
212114 
211830 
211547 
211264 
210981 
210oi»8 
210415 
210132 
209849 

10.209667 
209284 
209001 
208719 
208437 
208154 
207872 
207590 
207308 
207026 

10.206744 
206462 
206181 
206899 
205617 
205336 
205055 
204773 
204492 
204211 



N.aine. >i. cos. 



61504 
51629 
61654 
61579 
51t)04 
61628 



85717 
86702 
85687 
85672 
85657 
85642 



61653 86627 
51678I85612 
61703186597 



'61728 
151763 
6177b 
61803 
5182b 
51852 
61877 
61902 
61927 
61962 
61977 
62002 



ji 62061 

ii62U7b 

j 52101 

1 6212b 

152161 

'52176 



855b2 
86667 
85551 
86536 
85621 
85506 
85491 
85476 
85461 
86446 
85431 
86416 



5202bJ864«)l 



«6385 
863V 
»6365 
b634i) 
863:^ 
85310 



; 52200l862i^ 

i52225ib52<9 

5226W86204 

52276186:^49 

52299 b6234 

52324 83218 

62349 66203 

62374 85 Ibrt 

52399 Ci51V3 

62423 85167 

62448 b5 142 

5247o so 1^7 

6249b b51 12 

52522 850^0 

52647 e608l 

626?^ 850Ot> 

5269 < 85U01 

62621 b60o5 

52640 &6u20 

62671 b60<>o 

62690 849by 

52/20849^4 

62746 849^9 

! 527 7U 8494a 

1 52794 b49i:8 

l5281i^c<4yl3 

i 52b44 8485*7 

! 528o9 84882 

52893 84866 



Tang. 



62918 
6294b 
5296V 
52992 



N. COS. 



84b51 
84b36 
84820 
84806 



M .sine. 



60 

69 

58 

57 

56 

55 

64 

53 

62 

51 

6U 

49 

48 

47 

46 

46 

44 

43 

42 

41 

40 

39 

38 

37 

36 

35 

34 

33 

32 

31 

30 

29 

28 

27 

26 

25 

24 

23 

22 

21 

*^0 

19 

18 

17 

16 

16 

14 

13 

12 

11 

10 

9 

8 

7 

6 

5 

4 

8 

3 

I 





68 Degrees. 



54 



Log. Pines and Tangents. (83°) Natural Sines. 



TABLE n. 



2;nu>. 




1 
2 
3 
4 
6 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
'13 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
4t) 
47 
48 
49 
60 
51 
52 
63 
54 
55 
56 
57 
68 
69 
60 



9. 



9. 



9.7 



9. 



9.7 



736109 
736303 
736498 
736692 
736886 
737080 
737274 
7374ti7 
73766) 
737856 
738048 
738241 
738434 
738627 
738820 
739013 
739206 
739398 
739590 
739 i 83 
739976 
740167 
740359 
740550 
740/42 
740934 
741126 
741316 
741508 
741699 
7418rt9 
742080 
742271 
742462 
742652 
742842 
7430J3 
743223 
743413 
743602 
743792 
743982 
744171 
744361 
744550 
7447o9 
744928 
745117 
746306 
74.')494 
745:)83 
745871 
746059 
746248 
741)436 
74ti624 
746812 
746}i9J 
747/87 
747374 
747562 



Co?ii-<. 



1>. 11/ 



32.4 
32.4 
32.4 
32.3 
32.3 
32.3 
32.3 
32.3 
32.2 
32.2 
32.2 
32.2 
32.2 
32.1 
32.1 
32.1 
32.1 
32.1 
32.0 
32.0 
32.0 
32.0 
32.0 
31.9 
31.9 
31.9 
31.9 
31.9 
31.8 
31.8 
31.8 
31.8 
31.8 
31.7 
31.7 
31.7 
31.7 
31.7 
31.6 
31.6 
31.6 
ol.6 
31.6 
31.6 
31.6 
31.5 
31.6 
31.6 
31.4 
31.4 
31.4 
31.4 
31.4 
31. 3 
31.3 
bl.3 
ol.3 
31.3 
31.2 
31.2 



Cosine. 

9.923591 
923509 
923427 
923346 
923263 
923181 
923098 
9-23016 
922933 
922851 
922768 

9.922686 
922603 
922620 
922438 
922366 
922272 
922189 
922106 
922023 
921940 
.921867 
921774 
921691 
921607 
921524 
921441 
921367 
921274 
921190 
921107 

9.921023 
920939 
920856 
920772 
920688 
920604 
920520 
920436 
920362 
92J268 

9.920184 
920099 
920015 
919931 
91^846 
919762 
919677 
919593 
919508 
919124 

9.919339 
919254 
919169 
919085 
919000 
918915 
918830 
918745 
918659 
918574 



I), lu" 



13.7 
13.7 
13.7 
13.7 
13.7 
13.7 
13.7 
13.7 
13.7 
13.7 
13.8 
13.8 
13.8 
13.8 
13.8 
13.8 
13.8 
13.8 
13.8 
13.8 
13.8 
13.9 
13.9 
13.9 
13.9 
13.9 
13.9 
13.9 
13.9 
13.9 
13.9 
13.9 
14.0 
14.0 
14.0 
14.0 
14.0 
14.0 
14.0 
14.0 
14.0 
14.0 
14.0 
14.0 
14.1 
14.1 
14.1 
14.1 
14.1 
14.1 
14.1 
14.1 
14.1 
14.1 
14.1 
14.1 
14.2 
14.2 
14.2 
14.2 



Sine. I 



Tang. 



9.812517 
812794 
813070 
813347 
813623 
813899 
814176 
814462 
814728 
816004 
815279 

9.815666 
816831 
816107 
816382 
816668 
816933 
817209 
817484 
817759 
818035 

9.818310 
818686 
818860 
819136 
819410 
819684 
819959 
820234 
820508 
820783 

9.821057 
821332 
821606 
821880 
822154 
822429 
822703 
822977 
823250 
823624 

9.823798 
824072 
824346 
824619 
824893 
825166 
825439 
825713 
825986 
826259 

9.826532 
826805 
8270i8 
827351 
827624 
82; 897 
828170 
828442 
828716 
828987 



Cotanjr. 



D. 10 ' 



46. 1 
46.1 
46 1 
46.0 
46.0 
46.0 
46.0 
46.0 
46.0 
46.0 
46.0 
4). 9 
45.9 
45.9 
45.9 
45.9 
46.9 
46.9 
46.9 
46.9 
46.8 
45.8 
46.8 
46.8 
46.8 
46.8 
45.8 
46.8 
45.8 
46.7 
45.7 
46.7 
45.7 
46.7 
45.7 
46.7 
45.7 
46.7 
46.6 
46.6 
46.6 
46.6 
45.6 
45.6 
46.6 
45.6 
45.6 
46.6 
46.6 
46.5 
45.5 
45.5 
45.5 
45.5 
45.5 
45.6 
45.4 
45.4 
45.4 
45.4 



Cotang. 



10.187482 
187206 
186930 
186653 
186377 
186101 
185826 
185648 
186272 
184996 
184721 

10.184446 
184169 
183893 
183618 
183342 
183067 
182791 
182516 
182241 
181965 

10.181690 
181416 
181140 
180866 
180690 
180316 
180041 
179766 
179492 
179217 

10.178943 
178668 
178394 
178120 
177846 
177671 
177297 
177023 
176760 
176476 

10.176202 
175928 
175656 
176381 
176107 
174834 
174561 
174287 
174014 
173741 

10.173468 
173195 
172922 
172649 
172376 
172103 
171830 
171658 
171266 
171013 



N. sine 



Tanjr. 



54464 83867 
!; 64488 83861 
64613 83835 
54537 83819 
15466183804 
54586»3788 
6461083772 
54635 83766 
54669 83740 
54683 83724 
54708 83708 
64732 83692 
54756 83676 
64781183660 
54805 83645 
54829 83629 
54854 83613 
64878183697 
64902|83681 
64927 83566 
54961 83649 
54976 83533 
54999 83517 
56024 83501 
65048^486 
56072 83469 
56097 83453 
55121 83437 
5514683421 
55169 83405 



N. COS. 



55194 



83389 



5521883373 
56:.42 183366 
55266 !b3340 
55291^3324 
55315B3308 
55339 83292 
55363 83226 
66388 83260 
5541283244 
56436183228 
83212 
83196 
83179 



55460 
65484 
65509 

55533 183 163 
55567«3147 
6558183131 
55606 83115 
66630 83098 
5505i|83u82 
55078 830o6 
65702 ;8a050 
5572683U34 
5675063017 
J 5677 6 183001 
557 99 '62^83 
50823 |82i>6ii 
55647 82b53 
56671 1«2936 
55695 ;82920 
55919162904 



N. cop.lN.8ine. 



60 
59 
58 
57 
66 
56 
54 
63 
62 
51 
60 
49 
48 
47 
46 
46 
44 
43 
42 
41 
40 
39 
38 
37 
36 
36 
34 
33 
32 
31 
30 
29 
28 
27 
26 
26 
24 
23 
22 
21 
20 
19 
18 
17 
16 
16 
14 
13 
12 
11 
10 
9 
8 
7 
6 
6 
4 
3 
2 
1 




56 Dogrees. 



TAlli.B ir, I^. SinM ind T»nB9nlit {34'^ 


K..ur^ .. 




— Si5^" 


„ nlg.BlSBH 


U7W 




t,. 


















),7475ea 




9.828987 


46 












01H«U 




a 


B39-Ai0 




59 


9 






918404 




829S33 




68 


3 






918318 




839805 


J n ,|B6 








74H310 








9 


830077 


* I<<9923 I' 560 


^ 






74*197 




918147 






45 

45 


* 1690 








748683 




918UJ3 












o4 


7 


748S71I 




817976 






830893 


I 169 560S8 




63 


8 






917891 






831165 


i 


I 1888351 5b 






9 






917805 
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1 

2 
3 
4 
6 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
61 
62 
53 
54 
65 
56 
57 
68 
59 
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9. 



Sine. 



D. 10" 



9 



9 



789342 
789504 
789665 
789827 
789988 
790149 
790bl0 
790471 
790632 
79J793 
790954 
791116 
791276 
791436 
791596 
791757 
791917 
792077 
792237 
792397 
792557 
.792716 
792876 
793036 
793196 
793364 
793614 
793673 
793832 
793991 
794150 
.794308 
794467 
794626 
794784 
794942 
795101 
795269 
795417 
795575 
795733 
.795891 
796049 
796206 
796364 
796621 
79()679 
79ti836 
796903 
797160 
797307 
.797464 
797621 
797777 
797934 
798091 
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798560 
798716 
798872 
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26.9 
26.9 
26.9 
26.9 
26.9 
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26.8 
26.8 
26.8 
26.8 
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26.7 
26.7 
26.7 
26.7 
26.7 
26.6 
26.6 
26.6 
26.6 
26.6 
26.6 
26.5 
26.5 
26.5 
26.5 
26.5 
26.6 
26.4 
26.4 
1 26.4 
j26.4 
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26.3 
26.3 
26. 3 
26.3 
26-3 
26.3 
26.3 
26.2 
26.2 
26.2 
26. 2 
26.2 
26.1 
26. 1 
26.1 
26. 1 
26. 1 
26.1 
26.1 
26.1 
26.0 
26.0 
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896433 
896335 
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896038 
895939 
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895641 
895642 
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895343 
895244 
895145 
895045 
894945 
894840 
894746 
894646 
894546 

9.894446 
894346 
894246 
894146 
894046 
893946 
893846 
893745 
893645 
893544 

19.893444 
893343 
893243 
893142 
893041 
892940 
892839 
892739 
892638 
892636 
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892334 
892233 
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892030 
891929 
891827 
891726 
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891319 
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16.6 
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16.6 

16.6 

16.6 

16.6 

16.6 

16.6 

16.6 

16.6 

16.6 

16.6 

16.7 

16.7 

16.7 

16.7 

16.7 

16.7 

16.7 

16.7 

16.7 

16.7 

16.8 

16.8 

16.8 

16.8 

16.8 

16.8 

16.8 

16.8 

16.8 

16.8 

16.9 

16.9 

16.9 

16.9 

16.9 

16.9 

16.9 

16.9 

16.9 

17.0 

17.0 

17.0 

17.0 

17.0 

17.0 

17.0 

17.0 

17.0 
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893691 
893861 
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894892 
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901642 
901901 
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902419 
902679 
902938 
903197 

9.903465 
903714 
903973 
904232 
904491 
904760 
905008 
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905784 
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907077 
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907594 
907852 
908111 
90H369 



D. 10"! 



CoUmj?. 



43.4 
43.4 
43.4 
43.4 
43.4 
43.4 
43.4 
43.3 
43.3 
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43.3 
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43.3 
43.3 
43.3 
43.3 
43.3 
43.3 
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43.2 
43.2 
43.2 
43.2 
43.2 
43.2 
43.2 
43.2 
43.2 
43.2 
43.2 
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43.2 
43.2 
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43.1 
43.1 
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LOGARITHMS 



TABLE III. 

LOGARITHMS OF NUMBERS. 

From 1 to 200, 

INCLUDING TWELVE DECIMAL PLACES. 



N. 



1 
3 
8 

4 
6 

6 
7 
8 
9 
10 

11 
13 
13 
14 
16 

16 
17 
18 
19 
20 

31 
22 
23 
24 
25 

26 
37 
38 
29 
30 

81 
3-3 
33 
34 
35 

36 
37 
38 
39 

40 



Log. 



000000 000000 
301029 995664 
477121 254720 
602059 991328 
698970 004336 

778151 260384 
846098 040014 
903089 986992 
954243 609439 
fc^me as to 1. 



041393 
079181 
113943 
146128 
176091 



686168 
246048 
362307 
0366T8 
^69056 



204119 982656 
230448 921378 
265272 505103 
278753 600953 
Same ac to 2. 

322219 2947 
342422 680822 
361727 836018 
380211 241712 
397940 008672 

414973 347971 
431363 764169 
447158 031342 
462397 997899 
8rme as to 3. 



491361 
505149 
518513 
631478 
644068 



C93834 
978320 
939878 
917042 
044350 



556302 500767 
568-201 724067 
679783 596617 
691064 607026 
Same as to 4. 



N. 



41 
42 
43 
44 
45 

46 

47 
48 
49 
60 

61 
62 
63 
64 
65 

66 
67 
68 
69 
60 

61 
62 
63 
64 
65 

66 
67 
68 
69 
70 

71 
72 
73 

74 
75 

76 
77 
78 
79 
80 



Log. 



613783 866730 
623249 290398 
633468 456680 
643452 676486 
663313 613776 

663767 831683 
673097 867926 
681241 237376 
690196 080028 
Same as to 5. 



707570 
716003 
734376 
733393 
740363 



176098 
343636 
869(>01 
759823 
689494 



748188 027003 
755874 865673 
763427 993563 
770862 011643 
Same as to 6. 



7863-29 
792391 
799340 
806179 
812913 



835011 
699498 
549453 
973984 
356643 



819543 936542 
826074 802701 
832508 912706 
888849 090737 
Same as to 7. 



851258 
857332 
863322 
869231 
875061 



3487 J 9 
496431 
860120 
719731 
21)3392 



880813 592281 
886490 7i'5172 
892094 602690 
897627 091290 
Same as to 8. 



■ N. 


Log. 


81 


908485 018879 


83 


913813 852384 


83 


919078 092376 


84 


924279 286062 


85 


929418 925714 


86 


934498 461244 


87 


939519 252619 


88 


944482 672160 


89 


949390 006646 


90 


Same as to 9. 


91 


959041 392321 


93 


963787 827346 


93 


968482 948664 


94 


973127 853600 


95 


977723 605889 


96 


982271 233040 


97 


986771 734266 


98 


991226 075692 


99 


995635 194598 


100 


Same as to 10, 


101 


004321 373783 


103 


008600 171762 


103 


012837 224705 


104 


017033 339299 


105 


021189 299070 


103 


025305 865265 


107 


029383 777685 


108 


033423 755487 


109 


037426 497941 


110 


Same as to 11. 


111 


045322 978787 


113 


049218 022670 


113 


053078 443483 


114 


056904 851336 


115 


060j97 840354 


116 


064457 9a9227 


117 


068185 861746 


118 


071882 007306 


119 


075546 961393 


120 


Same aa to 12. 
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LOGARITHMS OF THE PRIME NUMBERS 

From 200 to 1543, 

INCLUDING TWELVE DECIMAL PLACES. 
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OF NUMBERS. 



AUXILIARY LOGARITHMS. 
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7n=0.434a9.MSli) log. —I. 

By tho preceding tables — and the ausiliariea A, £, and 
C, wo can find the logftrithm of any number, ti'ue to at leant 
ten decimal places. 

But Bome may prefer to use the following direct forimild, 
which may be found in any of the atandard works on algebra: 

Log. {2+I)=log.2-|-0.06BS8C9638/'^^^ 

The result will be true to twelve decimal places, if g be 
ovpr 2000. 

Tlic log, of composite numbers can be determined by the 
combination of logarithms, already in the table, and the prime 
numbers from the formula. 

Thus, the number 3083 is a prime number, find its loga- 
rithm. 

We first find the log. of the number SOBZ. By factoring, 
we discover that this is the product of 46 into 67. 



70 NUMBERS. 

Log. 46, 1.G627578316 

L-fy. 67, 1 C3607480W 

Lfig. 3US2 3.48CC326343 

Log. 3:jC3=3.4C80326343-|: 
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NUMBERS AND THEIR LOGARITHMS, 

OFTEy USED IX COUPCTATIONS. 



Circumfcrenneof acircle todia. II Zoy. 

Surface of a sphere to diaroetorlV =3.14159265 0.4971499 
Area of a circle to rad'aia 1 J 

Aren uf a circle to diameter I = .7353982 — I.CD50899 
Capacity ofa eplieretodlameterl = .52359B8 — I.7I89986 
Capacity of a sphere to radiua 1 =4.18879U2 0.6220286 

Arc of any circle equal to the radiua =57°29578 1.7581226 
ArC04ualtoradiu.se.vpreaaetiin6ec. =206264"8 6.3144251 
Length of a Uefjree, (radius unity) =.01 745329 —2.2418773 

12 hours pipresaed in seconds, = 43200 4.6354837 

Comploraoiit of the same, =O.OU002316 — 5.36-15163 

SeOdogruos expressed in seconds, = 1296000 6.112G05U 

A gallon of distilled water, when the temperature is 62^ 
Fahrenheit, and Barometer 30 inches, is 277.i'4VV c"' 
inches. 

V2'77.274=16.65]542 nearly. 

. / ?^HI1=] 8.78925284 J^\= 1 6. 198684. 

^ .775398 ^ 

V 282"= 16.792853. 

J—^^:. .= 18.948708. 
^ .785398 

The French Metre =3.280 8992, English feet linear m( 
sure, =39,3707904 inches, the length of a pendulum ■ 
brat in g seconds. 
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